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Summary. The computational power of networks of small of bits of memory and can respond to a global start signal, and
resource-limited mobile agents is explored. Two new modeldwo sensors can communicate only when they are sufficiently
of computation based on pairwise interactions of finite-stateclose to each other.

agents in populations of finite but unbounded size are de- In this scenario, the sensors are mobile but have no con-
fined. With a fairness condition on interactions, the conceptrol over how they move, that is, they gpassively mobile

of stable computation of a function or predicate is defined.Initially, we assume that the underlying pattern of movement
Protocols are given that stably compute any predicate in thgives rise to a communication pattern that guarantees a fair-
class definable by formulas of Presburger arithmetic, whichness condition on the resulting computation. Intuitively, it is
includes Boolean combinations of threshéldmajority, and  useful to imagine that every pair of birds in the flock repeat-
equivalence module. All stably computable predicates are edly come sufficiently close to each other for their sensors to
shown to be ilNL. Assuming uniform random sampling of communicate, but it will turn out that this condition is neither
interacting pairs yields the model of conjugating automatanecessary nor sufficient for our results. While this intuition
Any counter machine witlD(1) counters of capacit¥)(n) is sufficient for understanding the protocol that follows, the
can be simulated with high probability by a conjugating au-reader is urged to read carefully the formal definitions in Sec-
tomaton in a population of size. All predicates computable tion 3.

with high probability in this model are shown to beAMRL Under these assumptions, there is a simple protocol ensur-
Several open problems and promising future directions aréng that every sensor eventually contains the correct answer.
discussed. At the global start signal, each sensor makes a measurement,

resulting in a 1 (elevated temperature) or O (not elevated tem-
Key words: Diffuse computation, finite-state agent, inter- perature) in a counter that can hold values from 0 to 4. When
mittent communication, mobile agent, sensor net, stable comtwo sensors communicate, one of them sets its counter to the
putation sum of the two counters, and the other one sets its counter to
0. If two counters ever sum to at least 5, the sensors go into a
special alert state, which is then copied by every sensor that
encounters them. The output of a sensor is 0 if it is not in the
alert state, and 1 ifitis in the alert state. If we wait a sufficient
1 Scenario: A flock of birds interval after we issue the global start signal, we can retrieve

the correct answer from any of the sensors.

Suppose we have equipped each bird in a particular flock with  NOw consider the question of whether at least 5% of the

a sensor that can determine whether the bird'’s temperature Rirds in the flock have elevated temperatures. Is there a pro-
elevated or not, and we wish to know whether at least 5 bird40C0! to answer this question in the same sense, without as-
in the flock have elevated temperatures. We assume that tfg/mptions about the size of the flock? In Section 4, we show

sensors are quite limited: each sensor has a constant numpi@t such a protocol exists. More generally, we are interested
in fundamental questions about the computational power of
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But in systems consisting of massive amounts of cheap, bulkfine the concept of stable computation of a function or predi-
produced hardware, or of small mobile agents that are tightlycate by a population protocol.

constrained by the systems they run on, the resources avail- In Section 4, we consider the question of what predicates
able at each agent may be severely limited. Such limitationgan be stably computed when interactions can occur between
are not crippling if the system designer has fine control overall pairs of agents. We show how to construct protocols for
the interactions between agents; even finite-state agents camy Presburger-definable predicate. This is a rich class of
be regimented into cellular automata [vN49] with computa- arithmetic predicates that includes threshbk]dparity, ma-
tional power equivalent to linear space Turing machines. Bujority, and simple arithmetic relations. We show that stably

if the system designer cannot control these interactions, it ifomputable predicates are closed under the Boolean opera-
not clear what the computational limits are. tions. We also show that every predicate computable in this

Sensor networks are a prime example of this phe-modelis in nondeterministic log space. An open problem is
nomenon. Each sensing unitis a self-contained physical pack0 give an exact characterization of the computational power
age including its own power supply, processor and memory©f stable computation in this model.
wireless communication capability, and one or more sensors N Section 5, we show that the all-pairs case is the weak-
capable of recording information about the local environmentest for stably computing predicates by showing that it can
of the unit. Constraints on cost and size translate into sebe simulated by any population that cannot be separated into
vere limitations on power, storage, processing, and commubon-interacting subpopulations. The questions of what addi-
nication. Sensing units are designed to be deployed in largéonal predicates can be computed for reasonable restrictions
groups, using local |OW_power wireless communication be-0n the interactions and what prOpertleS of the Underlylng In-
tween units to transmit information from the sensors back toteraction graph can be stably computed by a population are
a base station or central monitoring site. open.

Research in sensor networks has begun to explore the In Section .6' we optam the m_odel of conjugating au-
possibilities for using distributed computation capabilities of tomata by adding a-unlform.samplmg condition on interac-
such networks in novel ways to reduce communication costglions to the assumption that interactions are enabled bet\_/veen
Aggregation operations, such as count, sum, average, e)g_ll pairs of agents. This allows us to consider computations

trema, median, or histogram, may be performed on the Sent_hat are correct with high probability and to address questions

sor data in the network as it is being relayed to the basé).f expected resource use._We .ShOW that Fhis model has suffi-
station [IGE00, MFHHO2]. Flexible groups of sensors asso-Clent power to simulate, with h|gh.probab|llty, a counter ma-
ciated with targets in spatial target tracking can conserv hine withO(1) counters of capacit@)(n). We further show

resources in inactive portions of the tracking area [FZG03 hat Boolean predicates computable with high probability in

ZLL*03]. Though sensors are usually assumed to be statio :h's model are inP N RL This gives a partial characteriza-

P~ : . ion of the set of predicates computable by such machines,
ary or nearly so, permitting strategies based on relatively Sta’but finding an exagt characterizatign i< still ())/pen

ble routing, this assumption is not universal in the sensor- . . .
network literature. For example, an assumption of random. In Section 7, we describe other related work, and in Sec-

mobility and packet relay dramatically increases thethrough-'o.n zt\)/vethdlscuss dsolme of the many intriguing questions
put possible for communication between source-destinatioh®!/S€d PY tN€S€ MOJELS.
pairs in a wireless network [GT02].

The flock of birds scenario illustrates the question of char-3 A formal model
acterizing what computations are possible in a cooperative
network of passively mobile f|n|_te-state sensors. The assUMPyye define a model that generalizes the flock of birds scenario
tions we make about the motion of the sensors are that if.; 1 section 1.
is passive (not under the control of the sensors), sufficiently
rapid and unpredictable for stable routing strategies to be in-
feasible, and that each pair of sensors will repeatedly be closg
enough to communicate using a low-power wireless signal.

There is a global start signal transmitted by the base staa population protocol A consists of finiteinput and out-
tion to all the sensors simultaneously to initiate a computapyt alphabets X andY’, a finite set ofstates, aninput
tion. When they receive the global start signal, the sensorfynction 7 : X — @ mapping inputs to states, autput
take a reading (one of a finite number of possible input val-function O : Q — Y mapping states to outputs, antran-

ues) and attempt to compute some function or predicate oéjtion function § : Q x Q — Q x Q on pairs of states. If
all the sensor values. This provides a “snapshot” of the sens(p,q) = (v, ¢), we call(p,q) — (p',¢') atransition, and

sor values, rather than the continuous stream of sensor valugge defines, (p, ) = p’ andda(p, ¢) = ¢'.
more commonly considered. Sensors communicate in pairs
and do not have unique identifiers; thus, they update their

states based strictly on the pair of their current states and opxample. As a simple illustration, we formalize a version of
the role each plays in the interaction—one acting as initiatokthe count-to-five protocol from Section 1. The six states are
and the other as responder. qo, - .., gs. The input and output alphabets ake = Y =

In Section 3, we define a model of computation by {0,1}. The input function] maps0 to ¢o and1 to ¢;. The
pairwise interactions in a population of identical finite-state output functionO maps all states excep to 0 and the state
agents. Assuming a fairness condition on interactions, we degs to 1. The transition functior(g;, ¢;) is defined as follows:

.1 Population protocols
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if i + 7 > 5, then the resulti$gs, g5); if i + j < 5thenthe Lemmal.Let = = Cy, Cy, Co, ... be a computation of
result is(¢;+;, go)- population protocol4 running in populatioriP. Let F be the
set of configurations that occur infinitely oftenin and let
G be the subgraph af (A, P) induced byF. G # is a final
strongly connected component®f.A, P), and every element
of F'is final.

A population P consists of a sefl of n agentstogether
with an irreflexive relatior? C A x A that we interpret as the
directed edges of aimteraction graph. E describes which
agents may interact during the computation. Intuitively, an
edge(u,v) € E means that: andv are able to interact, with  Proof. EveryC’ € F is reachable from everg¢’ ¢ F via
u playing the role ofinitiator andw playing the role offe-  a subsequence of transitions i, so G+ is strongly con-
sponderin the interaction. Note that the distinct roles of the nected. Supposé — C’ andC € F. By fairnessC’ occurs
two agents in an interaction is a fundamental assumption ofnfinitely often in=, soC’ € F. Hence G # is final, so every
asymmetry in our model; symmetry-breaking therefore doeslement ofF is also final. m
not arise as a problem within the model. Though most of the
present paper concerns the case in whictonsists of all or-
dered pairs of distinct elements framy which is termed the 3.2 Input-output behavior of population protocols
complete interaction graph we give definitions appropriate

for generalk. As with nondeterministic Turing machines, we define notions

When a population protocol runs in a populatiofP, we of input and output, and we define what it means for a pop-
think of each agent ifP as having a state from. Pairs of  ulation protocol to compute a particular output given a par-
agents interact from time to time and change their states as fular input. The input to a population protocol is a mapping

result. Each agent also has a current output value determind@@t @ssociates an input value with each agent. The output of
by its current state. The collection of all agents’ current out-& POPulation protocol is a mapping that associates an output

puts is deemed to be the current output of the computationv@/ue with each agent. ,
These concepts are made more precise below. Unlike Turing machines, population protocols do not halt,
A population configuration is a mapping”’ : A — @ SO there is no obvious fixed time at which to view the out-

specifying the state of each member of the population(Let Put of the population. Rather, we say that the computation
andC’ be population configurations, and letv be distinct ~ CONVverges if it reaches a point after which no agent can sub-

agents. We say that goes toC” via encountere = (u, ), sequgntly change its output valug, no matter how the com-
denoted” 5 ¢ if putation proceeds. Convergence is a global property of the

population configuration, so individual agents in general do

C'(u) = 6(C(u),C(v)) not know when convergence has been reached. However, with
C'(v) = §3(C(u),C(v)) suitable stochastic assumptions on the rate at which interac-
C'(w) = C(w) forallw € A — {u,v}. tions occur, it is possible to bound the expected number of

interactions until the output stabilizes. We explore this ap-

! A
We say that” can go toC’ in one step, denoted — ', if proach in Section 6.

C = (' for some encounter ¢ E, and we callC’ — ¢ Formally, aninput assignmentis a functionz : A — X,

a transition. We write C — (" if there is a sequence of \hereA is the set of agents in the population. We Jét=
configurationsC' = Co,C1,...,C = C', such thatlC; — x4 denote the set of all input assignments. The input as-
Citq foralli, 0 <4 < k, in which case we say thdt’ is  signment determines the initial configuration of the protocol.
reachablefrom C. Namely, ifz € X, then the protocol begins in configuration

Thetransition graph G(A, P) of protocol A runningin -~ ¢ whereC, (w) = I(z(w)) for all agentsw.
population is a directed graph whose nodes are all possible  An output assignmentis a functiony : A — Y. We
population configurations and whose edges are all possiblfet )y = Y4 denote the set of all output assignments. Each
transitions on those nodes. A strongly connected componerdonfigurationC' determines an output assignmegt, where
of a directed graph ifinal iff no edge leads from a node in ye(w) = O(C(w)) for all agentsw.
the component to a node outside. A configuratidimial iff it A configurationC' is said to beutput-stableif yo = yo
belongs to a final strongly connected component of the tranfor all ¢’ reachable front. Note that we do not require that
sition graph. o o o C'" = C, only that the output be the same. An infinite compu-
_An executionis a finite or infinite sequence of popu- tation convergesif it contains an output-stable configuration
lation configurationsCy, C1, Cs, ... such that for eachh, (| in which case we say thatébnverges (or stabilizes) to
C; — Ciy1- An infinite execution idfair if for every pos-  output y = y¢. It is immediate that an infinite computation
sible transitionC' — (", if C' occurs infinitely often in the  converges to at most one output, which we call the output
execution, thei” occurs infinitely oftert. A computationis  of the computation when it exists, and we say that the out-
an infinite fair execution. put is undefined otherwise. Because of the nondeterminism
1 Note that this definition is not equivalent to the intuitive notion |nhe_rent in the choice ,Of encounters, th,e same initial .C.O”f'g'
of fairness, given in Section 1, that every permitted encounter belration may lead to different computations that stabilize to

tween agents takes place infinitely often. Our formal definition only different outputs or do not stabilize at all. We say a protocol
requires that certain configurations appear in a fair execution; it doeg IS always-convergentf every computation on every input
not specify which encounters give rise to them. On the other handz converges. In this paper, we are only interested in always-
it is also not sufficient that every permitted encounter take place in-convergent protocols.

finitely often. We require that infinitely many encounters result in An always-convergent population protocdlrunning in
specific configurationg”’. a populationP stably computes an input-output relation
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R4 as follows. For eackk € X andy € Y, Ra(z,y) holds A, ={1,...,n}. We call4,, thestandard agent seandP,,

iff there is a computation of4 beginning in configuration thestandard population of sizen. Because population pro-

C, that stabilizes to outpug. In the special case that 4 tocols depend only on the states of agents, not on their names,
is single-valued, we write F.4(x) = y for R4(z,y) and say  there is no loss of generality in assuming a fixed agent set.
that.4 stably computesthe functionF 4.

3.4 Computation on other domains

Example (continued)Continuing our count-to-five illustra-
tion, assume that the agents ase. . ., ug and the interaction ~ As defined in Sections 3.2 and 3.3, a population prototol
graph is complete. Let the input assignmelve described by computes a relatiof 4 on X x ). We call X the natural
the vector input domain and)’ thenatural output domain for A.
(0,1,0,1,1,1) In order to use population protocols to compute on other

s domains, we need suitable input and output encoding con-
assigning input symbols to the agents.. ., ug in that order.  ventions. Aninput encoding conventionfor domainD; is
The corresponding input configuration is a functionE; : X — Dy, and anoutput encoding con-

_ vention for Dy is a functionEp : Y — Do. If Ef(z) = u
1) = (a0, a1, d0: 41,01 01), (resp.Eo(y) = v), we say that representsu (resp.g(/ r)epre-
which leads to the following possible computation: sentsv). In this terminology, we can define thatural input
2.4 and output encoding conventiondo be simply the identity
(90, 91,90, 01, g1, 01) — ( ) functions onY’ and)), respectively.

6,5 E; and Ep are not required to be either one-to-one or
(40,92, 90, 00, 91, 1) = (90, 42, 40, 90, 90, 42) onto. Thus, a given element &f; (respectivelyDo) might
( ) (2,6) ( ) have zero, one, or more than one representation frespec-
tively ). We naturally associate witR 4 the represented
(quq747@7 QO7QO7q0) (3—722 (qu@a 44, QOaQO7qo)' inpUt-QUIpUt rela.tion S‘A € Di x Do, WhereSA(U/,U)
) ) holds iff there existt € X andy € ) such thatF;(x) = u,
The configurations reachable from the last one above arg;,(,y —, andR 4(z,y) holds. We say thaR 4 (under the
those with five agents assignggland one agent assigned  encoding convention&; and Eo) is representative inde-
and the outputs of all of them are equal to pendentiff for all z;, 22 € X such that; (z;) = E(z2),

(0,0,0,0,0,0). {Eo(y) | R(z1,9)} = {Eo(y) | R(z2.y)}.

Thgrefort_a,R((O, 1,0,1,1, 1)’ (0,6,0,0,0,0)) hqlds, where Thus, if Ry is representative independent asth(u,v)
gclts Itit]?s'Qiﬂuﬁ'e%lfgfaégla;g)cvg%rgﬁwﬁ?eby this protocol. In holds, then for alk: representing., there existg representing

' 9 ' v such thatR 4 (z, y) holds. We say thatl stably computes
F(0,1,0,1,1,1) = (0,0,0,0,0,0). S 4 if Ais always-convergent and representative independent.
n the special case that, is single-valued, we say that sta-

—
N2

40, 92, 40,40, 41,91

—~
=

—
=

40, 492, 40,490, 90, 92 40, 945 490, 90, 90, 90

In this example, we could have designed our protocol so th lv computes a partial function G « - D — D
the configurations themselves stopped changing, but this il- y P b Al -

. In words, if A stably computes 4, then.S 4(u, v) holds
LuhS;:]ag;iensg the fact that we only require the outputs to StoRg for every representation af, there exists a computation of

A starting from that representation that stabilizes to an out-
put representing. Moreover, since every computation df
stabilizes, ifA starts with a representation of somec Dy,

the computation stabilizes to an output that represents some
v € Do. WhenS 4 is single-valued, the computation stabi-
lizes to an output that represeidts, (u).

3.3 Families of populations

In Section 3.2, we defined what it means for a population pro
tocol A running in a fixed populatiof? to stably compute an
input-output relation. It is natural to extend these definitions
to families of population$P,, } ,cn, whereP,, is a population
over agent setl,,. Write X,, and)),, for the corresponding
input and output assignments dry. Then population proto-
col A can be regarded as stably computing a family of input- . .
output relationg R", }.cy. Equivalently, lettingv = ] &, ~ conventions for vectors of integers. .
andy = |J, V. A can be said to stably compute the rela- The symbol-count input convention assumes ?n arbi-
tion Ry = |J, R% C X x Y. In the special case that trary input alphabeX’ = {o1,...,05} andD; = N*. The
is single-valued, we write as beforey (x) = y for Ra(z,y)  k-tUPle represented by an assignment X' is £y (z) =
and say tha#d stably computes the functiafi4 : X — ). (n1,...,ny), wheren, is the number of agents to which

We now define a family of population&P,, }cx of par- assignss;. Note that 'ghek-tuple (n1,...,ng) is only repre-
ticular interest. LetP, be the population of size consist- ~ Sentable in a population of size= 3, n;.

ing of the complete interaction graph on the specific agent set  Similarly, thesymbol-count output conventionassumes
an arbitrary output alphab&t = {ry,..., 7} andDp =N

2 Arelation R is single-valued ivzVyVz(R(z,y) A R(z,2) =  and define€o (y) = (mq, ..., m¢), wherem, is the number
y=2). of agents whose current outputris

DomainZ* Integer input and output values are represented
diffusely across the population rather than being stored lo-
cally by individual agents. We describe two natural encoding
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Theinteger-based input conventioncan represend(1) Predicates. A predicate can be regarded as a function whose
integers with absolute values bounded®{r) in a popula-  output is a truth value. Thall-agents predicate output con-
tion of sizen and can represeid(1) integers of any size in vention assumes” = {0,1} and requiresveryagent to
the family of standard populations. It assumésC Z* and  agree on the output. Formally, 18{w) = 0 and 1(w) =
D; = ZF for somek. Thus, inputz € X assigns &-tuple 1 be constant output assignments Jh and let Do =
of integerse(w) to each agenw. Thek-tuple represented by {false, true, L}. We define
ris Er(r) = ), 4 x(w), the sum across the population of
all assigned input tuples.

Note that if X contains the zero vectér= (0,0,...,0)
and each of the unit vectoes = (0,...,1,...,0), wheree;
is 0 in all coordinates except farand 1 at’i, then all tupleS Thus' every Output assignment in which the agents do not
in N* for which the sum of the elements is boundedgyan agree represents.
be represented in a population of sizelf, in addition, X Let E; be an input encoding convention ovr, and let
contains—e; for eachi, then all tuples irZ* for which the g, pe the all-agents predicate output convention. We say that
sum of the absolute values of the elements is bounded by protocol.4 stably computes a predicate onD; if A stably
can be so represented. computes a total functiof' 4 : D; — Do andG 4(u) #.1

Similarly, theinteger-based output conventiorassumes  for anyw € D;. Thus, every computation o converges to
Y QyZK = Do and definesio (y) = 3_,,c 4 y(w) foroutput  an output in which all agents have the same output value 0
yel. or 1.

false if y =0
Eo(y) = true ify =1
1 otherwise

Example of an integer functioWe describe a population Example. The formal count-to-five protocol described above
protocol to compute the functiofi(m) = [m/3], the inte-  stably computes the predicate ofe X that is true iffz as-
ger quotient ofn and3. We takeX =Y = {0,1}. Aninput  signsl to at least 5 different agents.
assignment: representsn = E;(x), the number of agents
assigned., and similarly for output assignments. Given the
standard populatiof®?,,, all values ofm < n can be repre- 3.5 Symmetry in standard populations
sented, so the partial integer functi6if, (m) computed by
A running inP,, is f(m) restricted ton < n. From this, it  All agents in standard populatio®, are identical, so it
easily follows that4 computesf over the family of standard makes no difference to which agent each input symbol is as-
populations. signed. Under the all-agents predicate output convention, it
The states inQ are ordered pairsi, j) of integers such  also makes no difference which agent produces which out-
that0 < ¢ < 2and0 < j < 1. LetC be a configuration. put symbol since all agents are required to produce the same
We interpretC' as a pair of integer§-, ¢), wherer is the sum  output.
over all agents of the first coordinate of the state, aigithe Formally, a predicaté” on X is invariant under agent
sum of the second coordinate. renaming if F'(z) = F(z o m) for every permutationr on
The input mapl mapsl1 to the statg1,0) and0 to the

state (0,0). The output mapD maps statdi, ;) to j. The _ .
transition function is defined as follows((1,0), (1,0)) = Theorem 1.Every predicate o’ that is stably computable

((2,0),(0,0)), and if i + k& > 3 then&((4,0), (k,0)) = .by'a pqpulation protocol runnir)g in standard populati®t)
((i + k — 3,0), (0,1)). All other transitions are defined to IS invariant under agent renaming.
leave the pair of states unchanged.

By induction, one can show that @& is any reachable
configuration andr, g) is the integer pair represented 6y
thenm = r + 3q¢. Initially, r = m andq = 0. Transitions of
the first type can accumulate tvits to a2 but do not change
eitherr or ¢. Transitions of the second type reducdey 3 and
increase; by 1, leaving the quantity + 3¢ invariant. Eventu-
ally, no more transitions of either type will be possible. At this
time,r < 2, in which case; = |m/3], as desired. We note
that if the output map were changed to the identity (and the
output alphabel” changed accordingly), this protocol would Language acceptancéet x;, be the characteristic function
compute the ordered pdim mod 3, [m/3]). of L, thatis,x,(¢) = true iff ¢ € L. We say that4 accepts
L iff A stably computeg, under the string input convention.

We say a language s/mmetric if it is closed under per-
muting the letters in a word. The following is immediate from

ne

Proof. Suppose population protocel running inP,, com-
putes predicater 4. Let 7 be a permutation om,, and
R(z,y) the input-output relation stably computed by
Then it is easily shown thaR 4(z o 7,y o 7). SinceG 4 is
a predicate under the predicate output convention, the output
assignmeny is a constant function, spo m = y. It follows
thaty o 7 andy encode the same output, 6b4(z o ) =
G 4(x) as desired. [ |

Domain X* Strings inputs are represented diffusely across
the population, with thei*" input symbol being as-

, ., Theorem 1:
signed to thei*" agent. We assume an ordered agent set
A = {a1,...,a,} and an arbitrary input alphabef = Corollary 1. Let L C X* be a language accepted by a popu-
{o01,...,01}. Thestring input convention definesD; = lation protocol over the family of standard populations. Then

X*andE;(z) = z(a1) - ... z(an), Wwherex € X. L is symmetric.
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All that matters for acceptance of symmetric languages ighe usual leader-election protocol, namely, when two leaders
the number of occurrences of each input symbol. Ket= encounter each other, one remains a leader and the other sets

{o1,...,01} ando € X*. TheParikh map ¥ takeso to the its leader bit to 0. Otherwise, the leader bits do not change,
the vector(ny, ..., ny), wheren; is the number of times; with one exception: When a non-leader whose current output
occurs ino [Par66]. in protocol B is 1 encounters a leader whose current output

in protocol B is 0, the two agents swap leader bits. Finally,
the output bitb of a leader always follows its current output
in protocolB, that is, at the end of every encounter, the leader
updates accordingly. A non-leader sets its output bit to the
output bit of the last leader that it encountered.

Proof. Immediate from the fact tha; (z) = ¥ (o1, . . ., 0n), This works because eventualy stabilizes to an output
wherez € X, E; is the symbol-count input convention, and assignmeny and there is only a single leader. If one or more
z represents . .. o, under the string input convention.m  agents stabilize to output 1 i, then leadership transfers to
one of those agents and does not change subsequently. If all
In light of Corollary 1 and Lemma 2, we will often iden- agents stabilize to output 0 i, then leadership also does
tify a languagel with the predicat@ (L) when talking about  not change subsequently. The leader’s output value is 1 or 0
population protocols over the family of standard populationsdepending on whether the output Bfis greater than 0 or
and talk loosely abouf being accepted under the symbol- equal to 0. After the leadership and the leader’s output value
count input convention. have stabilized, then every other agent assumes the correct
output value upon its next encounter with the leader and does
not change it thereafter. ]

Lemma 2. Let L. be a symmetric language over alphaliet
of sizek. ThenL is accepted by population protocol iff
V(L) is stably computed byl under the symbol-count input
convention.

3.6 Other predicate output conventions.

Similar leader-based techniques can be used to show that
One might ask whether the class of stably computable prediether natural predicate output conventions are also equivalent
cates onY changes if we adopt a weaker output convention.to the all-agents convention, e.g., representing false by the
For example, suppose we take= {0, 1} as in the all-agents integer 0 and true by the integer 1 (i.e., one agent has output
predicate output convention, but we change the output encodt and the others have output 0).
ing function to

[ falseify=0 . . .
Eo(y) = { true otherwise 4 Computing predicates by population protocols
Call this thezero/non-zero predicate output convention In this section, we explore the predicates that are stably com-

i ) putable by population protocols running in standard popu-
Theorem 2.Let ¢ be predicate on¥’ and P a population  |ations using the predicate output convention. We consider
of sizen over the complete interaction graph. There exists apredicates with both the natural input convention and also the
protocol A that stably computes according to the all-agents  jnteger input convention. We show that families of predicates
predicate output convention iff there exists a protaBdhat  yg|ated to the well-studied family of Presburger-definable
stably computes according to the zero/non-zero predicate predicates over the integers [Pre29] are all stably computable
output convention. by population protocols. It is an open problem whether popu-
lation protocols can compute more. We conclude this section
gyith a theorem that shows our results are not sensitive to rea-
sonable changes in the conventions used for representing the
output of predicates.

Proof. The forward direction is immediate since the all-
agents predicate output convention is more restrictive than th
zero/non-zero predicate output convention.

For the converse, assuniestably computes) accord-
ing to the zero/non-zero predicate output convention. We con-
struct a protocold that stably computeg according to the
all-agents predicate output convention.

Intuitively, we wantA to simulateBB step by step. When

4.1 Boolean closure of population predicates

We begin by showing that the family of population-

B stabilizes, all agents isl should eventually choose output . .
0 if all agents in3 have chosen 0; otherwise, all agentd3in ggnmsputable predicates is closed under the Boolean opera

should eventually choose 1. The problem with this approach
is that there is no way for the agentséto know whenBhas | emma 3. Let X be an input set, and I6; be an input en-
stabilized. Hence, we need a subprotocol that runs in paralledoding convention over domaiB;. Let F and G be predi-
with the simulation of3 to monitor's outputs and distribute  cates overD; that are stably computable by population pro-
the correct output bit to the agents.4f tocols overX. Let¢ be any 2-place Boolean function. Then

The states ofA are triples((, b, q), whereq is a state of  the predicatet(F, G) is stably computable by a population
B and/ andb are single bits called “leader” and “output”, protocol with input sefX..

respectively. We call any agent with= 1 aleader Initially

£ =1,b =0, andgq is the agent’s initial state in protoc#l. Proof. Let A stably compute” and3 stably computé-. We

The output function map¥, b, ¢) to b. assume thatl and5 have the same input s&t. We construct
When two agents interact, they update their state fields aca population protocaf, also with input sef(, to stably com-

cording to protocoB. The leader fields interact according to pute{(F, G).
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C is the parallel composition ofl and B, together with a The predicates definable in Presburger arithmetic are
suitably chosen output function. L&, andQ be the states  closely related to the semilinear sets. A $etC NF is lin-
of A andB, respectively. Le€ have state§)c = Q4 X Q5. ear if there are vectorsg, v, . . ., v, € N¥ such that

The input functionl; mapss € X to state(I4(s), Iz(s)).

f c mapss ¢ L= R | B1se s Ko € N
The transition functiodc is defined by {vo +ravr 4o Bt | 11 fim € N}

A set issemilinearif it is the finite union of linear sets.

6 b b b = / b : b ,7 ’
c(pr,p2), (a1, 42)) = (1, 7o) (01, 2)) Theorem 3 (Ginsburg and Spanier) A subset oN* is semi-

where linear iff it is definable in Presburger arithmetic.
dalp1,q1) = (p1,q)) and d5(pa, q2) = (ph, ¢b). Proof. This was proved originally by Ginsburg and

. . Spanier [GS66]. Kracht gives a more recent simplified proof
The output function applie$ to the outputs of the two com- [Kra03]. -

ponent protocols. That is,

Although Presburger arithmetic seems to talk only about
Oc((q1,92)) = £(Oalqr), Os(g2))- addition, the use of quantifiers allows some predicates involv-
ing multiplication and division to be defined. Letbe a con-
stant, and let=,,, be the 2-place predicate such that,, y
fpolds iff z = y (mod m). This can be defined by a for-
mula¢,, (x,y) as follows. For any variable or constaptlet

We must show that stably compute§(F, G). Every fair
execution ofC projects onto a fair execution od (respec-
tively B) by erasing the second (respectively first) componen
of each state pair. Since every fair executiondoand5 con- . . !
verges, then also every fair executiorCotonverges. mgq be the expression that adds togethecopies ofq, i.e.,

Now, suppose a fair execution @fstabilizes to output as- mq= w' Then
signmentyc. Lety 4 andyy be the stable outputs of the corre- m times
sponding embedded computations.4fand B, respectively. ar
SinceA andB both compute predicates according to the pred-6m (2, y) = 323¢((z + z = y) Amgq = 2).
icate output convention, then all agents agree on the outputip  (; 4) is satisfied only when = y — 2 andq = z/m.

each embedded computation, andandy; each representa  gych integerg andz exist exactly when: = y (mod m)
truth valueb 4 andbg, respectively. By the definition @¢, it 5 desired.

follows thatyc represents the truth valgeb, bs). SinceA An extensionof an interpreted first-order theory results
stably computed” and 5 stably computes;, it follows that  from augmenting the theory with new predicates and new
C stably compute§(F’, ), as desired. B symbols to denote them. An extension that does not change

the class of definable predicates is caltaghservative Let

extended Presburger arithmetic result from augmenting
Presburger arithmetic with relation symbais,, denoting

equivalence modulen, for m > 2.

Corollary 2. Any Boolean formula over stably computable
predicates with a common input sEtis stably computable.

Proof. Immediate by repeated application of Lemma 31

Lemma 4. Extended Presburger arithmetic is a conservative
extension of Presburger arithmetic.
4.2 Preshurger definable predicates
g P Proof. Immediate from the fact th&t,, defines=,,,. [ ]

Presburger arithmetic [Pre29, GS66,FR74,Kra03] is the first-  Qur definition of¢,, makes essential use of quantifiers.
order theory of the integers under addition and less than. IRather surprisingly, once we augment Presburger arithmetic
is a rich but decidable theory, enabling one to define prediwith =,,, quantifiers are no longer needed.

cates such as parity and majority. In this section, we review

the properties of Presburger arithmetic and the closely-relatedheorem 4 (Presburger) Every definable predicate of Pres-
semilinear sets. In the next section, we show that every preddurger arithmetic can be defined in the extended language by
icate definable in Presburger arithmetic is stably computablé@ quantifier-free formula.

by population protocols.

The usual definition of Presburger arithmetic considers
first-order logical language with one function symbet™
constants “0” and “1”, predicate symbols=" and “<”,
the usual logical operators of\", “ V", and “=", variables
x1,9,. .., and quantifiersV” and “3". Formulas are inter-
preted with quantifiers ranging over the integers’ fs usual
integer addition. “0” and “1” have their usual meanings as in-
tegers. =" and “<” are interpreted as the integer relations of
equality and less than.

Proof. Presburger, in his original 1929 paper [Pre29], shows
&he decidability of closed formulas of Presburger arithmetic
without the “<” operator. His proof method is to transform
any closed formufainto an easily-decided normal form in
which the only quantifiers appear in subformulas expressing
=,».- While he does not explicitly consider either our extended
language or predicates definable by open formulas, his meth-
ods would seem to easily extend to our case.

It is unclear where our form of Theorem 4 first appears,
although it is well known in the folklore. This result was men-

A formula ¢(x1, ..., xy) with free variablesey, . ..,z tioned in Ginsbur :

; AN ek, Lo g and Spanier [GS66] and probably else-
definesa predicater, : Z* — {0, 1} as follows: For inte- where. Kracht presents a proof [Kra03] that he attributes to
gersus, ..., ug, Fg(ur,...,ux) = 1if ¢(x1,...,zx) eval- Monk [Mon76]. =
uates to true whenmy, ..., x; are interpreted as, ..., u,

respectively, andy (u1, . . ., ui) = 0 otherwise. 3 A closed formula is one with no free variables.
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Example. We now return to the question raised at the end ofif at least one o or ¢’ is 1. If both¢ and ¢’ are zero, the
Section 1 of whether at least 5% of the birds in the flock haveencounter has no effect.

elevated temperatures. Using the symbol-count input conven- Informally, the initiator becomes a leader if either agent
tion, the sensors in the flock encode a fdaif, z1), wherex, was a leader before the transition; the transition assigns as
is the number of birds with normal temperatures anis the ~ much of the sum of: andw’ to the initiator as possible, with
number of birds with elevated temperatures. The question wéhe remained assigned to the responder. The output bits of
wish to answer is whether; > 0.05(xz¢ + z1). This is eas-  both agents are set tbif and only if the part of the sum

ily seen to be equivalent to the predicater; > ¢ + 1. It assigned to the initiator is less thanWe now show that all

will follow from Theorem 5 that this predicate is stably com- output values converge to the truth valide), a;z; < c¢) by

putable. proving a sequence of claims about any fair execution.
4.3 Computing Presburger predicates by population The protocol converges to a single lead®efineA(C) to be
protocols the set of agents whose leader bit equalsconfigurationC'.

Then|A(Cy)| = n. Any encounter between two leaders re-
In this section, we show that every Presburger-definable precﬂuces|/1(0)| by one, and no encounter increa@@”_ By
icate is stably computable by a population protocol usingthe fairness condition, if there are two leaders, they eventually
the integer input encoding convention. We first show that allmeet. It follows that after finitely many steps(C)| = 1.
Presburger definable predicates under the symbol-count input
convention are stably computable. We then use this result to

show the computability of all Presburger definable predicateghe single leader’s value converges to
under the integer input convention. max(—s, min(s, >, a;x;)). For each agenj let u;(C) be

. . the value of it tfieldi fi tign F the defini-
Lemmabs.Let X = {o1,...,01} be an arbitrary input al- e value ofits count field in configuratidi From the defini

tion of the input mapping, we have) _; u;(Co) = >, a;xi,
where Cy is the initial configuration. Because the transi-
Stion rule preserves the sum of the count fields of the two
participating agents; _; u;(C) continues to equa}_, a;x;
throughout the computation.

1Y ar; <c. For a given configuratiorC, define A(C') as above to

2.3 . a;xz; = ¢ (mod m). be the set of agents that are leaders, and defid® =

> jeacc) lui(C)]. Call a configurationC' stable if there is

a unique leadef and one of the following conditions holds:

phabet. Leta;, ¢, and m be integer constants withn >

2. Then the following predicates on non-negative integer
x1,...,x, are stably computable in the family of standard
populations under the symbol-count input convention:

Proof. We define population protocols for computing the two
predicates as follows. Let = max(|c| + 1, m, max; |a;]),
wherem is taken to be) for the threshold protocol. In both 1. p(C) = 0.
protocols, the state spacgis the sef{0,1} x {0,1} x {u € 2. ug = s, andu; > 0 forall j # ¢.
Z : —s < u < s}, and the input functiod mapss; € X 3. ug = —s,andu; < 0forall j # ¢
to (1,0, a;). The first bit in each state is a “leader bit” that is
used to elect a unique leader who collects the value of the lin
ear combination. The second bit is an output bit that record
for each agent the output value computed by the last leader
encountered. The third field is a “count” field used to accu-
mulate the linear combination of the on the left-hand side.
The output ma@ simply maps-, b, -) to b.

We now give the transition rules_forthe two protocols and Supposeu; — s, and there is somé # ¢ for which
prove their correctness. We start with the threshold protocolu, < 0: then an encounter betweérand j sets the count

o , ] y
as the analysis is more involved; we then argue the correctse|y of the initiator (which becomes the leader)te u; and
ness of the remainder protocol by analogy with the argument i< the count field of the responder0toThis reduces by
of the threshold protocol.

By checking the three cases, it is not hard to see that in a
Stable configurationy, = max(—s, min(s, Y, a;z;)).

S We will now show that the protocol converges to a stable
Eonfiguration by showing that from any configuration with a
unique leader that is not stable, there is a transition that re-
ducesp(C), and no transition increase$C). We let¢ con-
tinue to be the identity of the leader.

. P , ' —u; > 0. If, on the other hand,, = —s and there is some
For any integers,, u’ with —s < u,u’ < s, define j # ¢ for whichu; > 0, then an encounter betweémnd
q(u,u') = max(—s, min(s,u + ') again sets the count field of the respondeb,teeducingp. If
—s < ug < s and there is somg # ¢ with u; # 0, then in
and an encounter betweerand; either (a)yu; > 0, the initiator’s
ru, ') =u+u — q(u, o). count becomesuin(ug + u;, s) = ug + min(u,;, s — ug), and

. o p drops bymin(u;, s —ug) > 0; or (b) in the symmetric case
Observe that both;(u,/u) and r/(u,u) lie /m the ran/ge u; < 0, p drops bymin(—u;,s + u;) > 0. So in any con-
[=s...s] and thatg(u, u’) + r(u,u’) = u+u'. Letb(u,v’)  figuration with a single leader that is not stable, there exists a

belif g(u,u') < cand0 otherwise. transition that reduces by fairness, a transition that reduces
The transition rule is given by the formula p eventually occurs.
(0, u), (¢, ') — It remains to show that other transitions will not increase

p. The remaining possible transitions are (a) those between
(1,b(u,u’), q(u,u")), (0,b(u,u’), r(u,u")) two non-leaders, which are no-ops and thus do not affect
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(b) those that involve a leadérwith v, = s and an agent If we can show that each such predicate is stably computable,
J with ; > 0, which do not changg because in such cases thend’ is stably computable by Corollary 2.

the initiator becomes a leader with cou, v;) = s and the By rearranging terms, predicates of the form (1) involving
responder receivess,u;) = u;; and (c) those that involve inequalities can be rewritten as
a leader with v, = —s and an agenf with «; < 0, which

are symmetric to the previous case. These last two cases alsE diz; <c,
demonstrate that once a stable configuration with a unique ]
leader? with |us| = s is reached, the value held by the leader Where eacll; = a; —b; andc = c; — c1; such predicates can
does not change. For a stable configuration it < s, the ~ be stably computed by the first case of Lemma 5.
fact thatp(C)) = 0 implies that the leader never encounters  Predicates of the form (2) involving equality can be re-
a nonzero count in another agent, so again the leader’s valuglaced by the AND of a pair of predicates:
never changes.
Sincep is non-negative, bounded, never rises, and eventuZ a;Ti +c1 < Z bizi +c2+1
ally falls in any non-stable configuration with a unique leader,
it follows that the protocol eventually converges to a stablez @i + 1 > Z bizi+cp —1

configuration once a unique leader exists. These two predicates can then be stably computed by the first

case of Lemma 5 and their AND can be stably computed by

Convergence of the output fields to the correct vallrea Lemmzij;%. fthe f 3 b .

stable configuration, if", a;z; < ¢, then the leader's count Predicates of the form (3) can be rewritten as

uy is either) . a;x; or —s < c. In either caséh(u, + u;) dr = ¢

gives the correct output, and any encounter between a Iead;-: e Tme

and another agent sets the output fields of both agents to wherec and thed; are defined as in the first case; such predi-

No other transition sets the output field of any ageriLand  c4te5 can be stably computed by the second case of Lemma 5.
by fairness the leader eventually encounters all other agentg;

it follows that after some finite interval, all agents output

Alternatively, if >, a;z; > ¢, then the leader’s count, is Theorem 5 places strong restrictions on the input, and
either) . a;z; or s; in either case encounters between thejt would appear that it would only permit computing
leader and another agent sets both agents’ outpuisaad  prespurger-definable predicates on non-negative values that
again all agents eventually converge, this time.tohis com-  sym to less than. However, it is possible to extend the result
pletes the the proof of correctness for the threshold protocqlof Theorem 5 to the integer-based input convention by build-

~ We now turn to the remainder protocol. Here the transi-ing a translator for the integer-based input convention into the
tion rule is given by the formula Presburger formula itself. The result is:

£, u), (0, u) — (1,b, (u+ ) mod m), (0,b,0),
( ) )= ( ) ) ) Corollary 3. Any Presburger-definable predicate & is

if at least one oft or (" is 1, whereb is/l if utu =c  gaply computable in the standard populati®h with the
(mod m) and0 otherwise. If bottY and¢’ are zero, the en- integer-based input convention.

counter has no effect.

~ Repeating the argument for the threshold algorithm, weproof. Letd(y, .. .,y ) be a Presburger-definable predicate
immediately see that the protocol eventually converges to &nz*. We will convertd to a new Presburger-definable pred-
single leader. Inspection of the transition rule reveals thajcate over free variables,, where each variable, counts
(>_; u;(C)) mod mis invariant throughout the protocol, and the occurrence of specific tokens representing éaeactor
that any non-leader has countlt follows that when a sin- ,, — (v1,v2,...,v) IN X.

gle leader exists, its count field is exactly’ ; u;(Co)) mod - Recall that in the integer-based input convention, each
m = (3, a;xz;) mod m. Further encounters between the sin- is the sum over all agents of theh vector coordinate. Define
gle remaining leader and other agents eventually set all output

fields to}", a;z; = ¢ (mod m), as claimed. m k
& =3y, sy By, A\ (= Y v |
=1

Theorem 5.Any Presburger-definable predicate is stably weX

computable in the family of standard populations under the ]
symbol-count input convention. Observe that the values in each sum are constants, so that

_ ¢’ is a formula in Presburger arithmetic, which is stably com-
Proof. Given a Presburger formuig, E}DD'Y Theorem 4 to  pytable on the standard population by Theorem 5. Observe
convert it to a quantifier-free formuld” over the extended  fyrther thatd’ is true if and only if® is satisfied by a set of

language described in Section 4.2. This formflawill be @ valuesy,, ...,y that are equal to the integer values given by
Boolean formula over predicates that can be written in one othe integer-based input convention. It follows tieis stably
the following three forms: computable. ]

Z a;x; +c1 < Z b;x; + co (l)

damitea = Y b+ (2)  Example. Consider the Presburger predicate

Zaixi +c=n Z bizi + c2 3) P(y1,y9) a (y1 —2y2 =0 (mod 3)).
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Let Theorem 6. All predicates stably computable in the model
X = {(0,0), (1,0), (~1,0), (0, 1), (0, 1)} with all pairs enabled are in the class NL.
be an input alphabet. The related predicate Itis an open problem to characterize exactly the power of
af this model of stable computation. Concretely, we conjecture
9" = Fy1,y2 (11 — 2y2 =0 (mod 3) that predicates such as: ‘is a power of 2” and ¢ = = x
A Y1 = T(1,0) — T(-1,0) y” are not stably computable by population protocols. Our

_ _ intuition is that the model lacks the ability to sequence or
A Y2 = T(0,1) — T(0,—1) ) . . .

. ) iterate computations, and we suspect that a pumping lemma
has five free variables, ., one for eachiu,v) € X.Let  of some form exists for the model.

E' be the integer input convention afif© be the symbol-

count input convention on the same 3&tlt is easily verified

that 5 Computation with restricted interactions

/ SC int
(B (7)) = D(E (2)) Some interaction graphs may permit very powerful compu-
for everyz € X. tations by population protocols; for example, a population
whose interaction graph is a directed line can easily simulate
Corollary 4. A symmetric languagé C X* is accepted by a linear-space Turing machine. In this section, we prove that
a population protocol if its image under the Parikh map is a the complete interaction graph we have been assuming up un-
semilinear set. til now is in a sense theveakesstructure for stably comput-
. ) . ing predicates, in that any predicate that is stably computable
Proof. Let L C X* be a symmetric language whose im- ;53 complete interaction graph can also be computed in any
age under the Papkh m_ab is a sem|I|ne§1r set. 'From Theo- weakly-connected interaction graph.
rem 3,7 (L) is definable in Presburger arithmetic. From The-
orem 5, there is a protocol to stably compute (L) under  Theorem 7.For any population protocold, there exists a
the symbol-count input convention. From LemmaAac-  population protocold’ such that for every,, if A stably com-
ceptsL. B putes predicate) on the standard populatioR,,, and if P’ is
any population with agents 1,2,...,n and a weakly-connected
interaction graph, themd’ stably computes onP’.
4.4 Predicates not stably computable
We present the proof in the following sections. First, we
Theorem 5 gives a partial characterization of the stably comeonstruct the simulatod’. Next, we relate the reachable con-
putable predicates in the population model with all pairs en-figurations inA to the reachable configurations j#/. We
abled. We do not know if this characterization is complete.then conclude thatl’ correctly computes.
However, we can obtain an upper bound on the set of pred-
icates stably computable in this model by showing that it is
contained in the complexity cladd.. Construction of4’. First assume without loss of generality
Because stably computable predicates in this model aréhatn is at leastt; we will need this assumption to avoid get-
symmetric, it is sufficient to represent a population configu-ting our agents tangled. The case where 4 can be handled
ration by the multiset of states assigned to the agents. Sinday a parallel simulation that collects up to three input values
there ard@| possible states and the population consists of together, computes the resulting output by table lookup, and
agents, each population configuration can thus be representederrides the output of the main simulation if it (stably) com-
by |@| counters offlog n] bits each. A population protocol putes that: is indeed less thah
step can be simulated by drawing two elements from the mul- The computation of4 is simulated using one agenti{
tiset, applying the transition function and returning the result-to hold the state of each agent#,. Simulated agents mi-
ing two elements to the multiset. grate from agent to agent #/'; this allows any two simulated
Suppose there is a population protogbihat stably com-  agents to interact infinitely often. The key idea is to have any
putes a predicatg in the family of standard populations. De- interaction inA’ choose nondeterministically between swap-
fine L to be the set of strings such thatF'(z) = 1, where  ping the states of the two interacting agents or simulating an
we interpret a string: of lengthn as an element ok ™. We interaction inA; most of the details of the simulation involve
describe a nondeterministic Turing machine to acdeptn implementing this nondeterministic choice with determinis-
spaceO(log n). To accept input, the Turing machine must tic transitions. To do so, the state space4his augmented
verify two conditions: that there is a configuratiGhreach-  to add two “batons”S (for the initiator) andR (for respon-
able fromI(x) in which all states have output and there  der) which move somewhat independently of the simulated
is no configuratiorC’ reachable fron' in which some state  agents. The presence or not of the two batons is used to con-
has outpu®. The first condition is verified by guessing and trol what effect an interaction has: an interaction that involves
checking a polynomial-length sequence of multiset represenno batons swaps the states; an interaction that involves one
tations of population configurations reaching suafi.alThe  baton moves the baton; and an interaction that involves both
second condition is the complement of a similar reachabilitybatons simulates a transition.iq
condition. It is in nondeterministi©(logn) space because Formally, let A have input alphabeX, output alphabet
this class is closed under complement [Imm88]. It follows Y, state space), input function!, output functionO, and
that: transition functiors. DefineQ’ = Q x{D, S, R, —} whereD
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is a default initial state of the baton fielfl marks the initiator  lence to the union afi- and.A’-configurations. IiC' is an.A-
baton,R marks the responder baton, ardmarks a “blank”  configuration and’”’ is an.4’-configuration, then le® = C’
or absent baton. To avoid a profusion of parentheses we wilif C is a Q-restriction ofC’, and close= under reflexivity,
write ordered pairs i’ using simple concatenation, e.gl) symmetry, and transitivity. FQd’-configurationg”] andC4,
for (¢, D). The transition functiord’ is shown in Figure 1. it then follows thatC] = C% iff p(C1) = p(Ca).

Finally, definel’(X) = I(X)D andO’(¢B) = O(q). Let A’ Call an.A’-configurationcleanif it has exactly one5' and
be the population protocdX, Y, Q’, I',O’, ). one R baton and nd batons.
Lemma 6. Let C’ be any configuration ofl’ reachable from
Group (8): (zD,yD) +— (xS, yR) an initial configurationC},. ThenC’ = D’ for some clean
(xD,yx) — (z—,y*) configurationD’.

D — . .
(@x,yD)  —  (wx,y-) Proof. Either C' = C, or C’ contains at least on& baton

Group (b):  (zS,yS) (28, y—) and at least on& baton. This is because the only transitions
(zR,yR) (zR,y—) that can be applied t6, change twaD batons into art and
an R, respectively, and no subsequent transition can remove
Group (¢):  (zS,y—) (z—,y5) the lastS or the lastR.
(zR,y—) < (v—yR) Starting fromC”, apply group (a) transitions 0’ to re-
move all D batons. If there are two or mot® batons, apply
Group (d):  (z—y—) < (y—2-) group (c) and group (e) transitions to bring them to adjacent
Group (€): (¢S,yR) ~— ('R,y'S) nodes, gnd apply a group (b) transition to e_Iiminate one. Re-
(WR,2S) — (y'S,2'R) peat until only ones baton remains. In a similar way, repeat-

edly eliminateR batons until only one remains. L&Y be the
resulting configurationD’ contains exactly on§ and oneR

Key:  x andy range over all states . baton and nd batons, as desired. =
* represents any nob* baton. '
(',y') = d(z,y). Lemma 7.LetC’ be final in.A’. ThenC” is clean.

Proof. By Lemma 6, there is a clean configuratibh reach-
able fromC’. SinceC" is final, then so i)', andC’ is reach-
able fromD’. No A’-transition takes a clean configuration to
Group (a) transitions consume all initiél batons, pro-  an unclean one; hence’ is also clean. ]

ducing at least on& and at least oné? baton; group (b) y . : )
eventually reduces the set of non-blank batons to exactly onk€Mma 8.LetC' = C”, whereC' is reachable ind andC" is
y y reachable in4’. Suppos€’ — D’ in A’. ThenC — D and

S and oneR, yielding a clean configuration. The remain- "=~ N .
ing groups implement (c) baton movement, (d) state swap?’ = D’ for someA-configurationD.
ping, and (e)A-transitions. Note that group (&) transitions pryof proof is by induction on the lengthof the execution
also swap batons; this is done to all@vand R batons to p, KNS
pass each other in narrow graphs, which may be necessary to ' PR ' o
bring duplicates together in the initial stage. Base case: Ik N 0, it suffices to takeD = C'.
p - . Inductive case: Suppose the lemma holdskfer 1. Let
Note that the group of anl’-transition can be uniquely o= O O . ' = D' By the induc-
identified by looking at the changes to the baton fields. Ifthe? — ~0 ~ *1 ko= = Z
number ofD batons decreases, it is group (). If the numbertion hypothesis, there exiss, —; such thatl”’ = C_, and
of S or R batons decreases, it is group (b). If exactly dhe ~ Ck-1 = Cp_y- If G, — Cj is a transition in groups (a)-
or S moves from one agent to another, it is group (c). If the (d), thenCy_, = Cj, so we choos@',j = Ci—1. If it be-
batons don’t change, it is group (d). If #hand R switch  longs to group (e), thep(Cy._,) — p(C}) is an.A-transition
places, it is group (€). by construction. Letr be the agent permutation such that
We now make precise the sense in whidh*simulates” ~ Ck-1 = m(p(C}_,)). DefineCy = w(p(C})). Itis easily
A. A simulated.A-configurationC' is obtained by ignoring  seen that' = Cy_; — Cx andCy, = C}. Hence, the lemma
both the batons and agent order in dfrconfigurationC”. holds fork by choosingD = C},
Let p(C") be the configuratiol obtained fromC’ by eras- By induction, the claim holds for alt. [ |
ing the second component of each agent’s stat& jrihat is, ) _
foralla € A, if C'(a) = pB, thenC(a) = p. Let be a Lemma 9. Let C’ be a reachable clean configuration &f .

permutation of agentd. For any.4 or A’-configurationCy, Let C be a reachable configuration of such thatC = C".
let 7(Cy) = Cs, whereCy(m(a)) = Ci(a). SayCis a@-  Suppos& — D is a possible4-transition. ThenC” = D
restriction of C” if there is a permutation of the agentsdA ~ and D = D’ for someA’-configurationD’.

such thatr(p(C")) = C; in other words, th&) components

of theC’ states equal th€ states modulo reordering the pop- Proof. Suppos&” (w.2) D via encountee = (u, v). Suppose

Fig. 1. Transition functions’ for simulator in proof of Theorem 7.

ulation members. - C(u) = p, C(v) = q,and(p’,q") = (p, q). We proceed to
Call two configurations” andC of A equivalent, writ-  constructD’.
tenC = C, if C = «(C) for some permutatiom of the Begin by fixing a spanning tree in the interaction graph of

agents. For convenience, we extend the definition of equivaP’. We restrict attention to encounters described by edges in



12

Dana Angluin et al.: Computation in Networks of Passively Mobile Finite-State Sensors

the spanning tree. Statpsandq are the state components of final. By Lemma 8" = C for some reachable configuration

two distinct nodes ir’. Similarly, batonsS andR lie in two

C of A. By Lemma 10 is final in A. Lety = y¢ be the

distinct nodes. We describe a sequence of transitions whosautput determined byg'. Since.A computes a predicate, then

effect will be to move state and batonR along spanning
tree edges to some nodg and to similarly move statgand
batonS to some node’, whereu’ andv’ are the endpoints
of some edge.

Using a sequence of group (c) transitions, moveStaad
R batons to distinct leaves of the spanning tree. d/ebe
the leaf now containing bata$i, and letv” be some adjacent

y is the constant assignmehor 1, andy is correct for). The
output determined b¢’ is some permutation af, but since
y is the constant function, all permutationsyoére identical.
Hence, the output determined BY is y, which is correct.
We conclude tha@’ stably computes. ]

node. Thus(u’,v’) or (v/,u’) (or both) is an edge; choose 6 Computation with randomized interactions:
one and call ite. Using a sequence of group (d) transitions, conjugating automata

move statey to nodeu’ and move state to nodev’. Using a
sequence of group (c) transitions, move bafdto nodev’.
Finally, apply a group (e) transition toto obtainD’.

“Stability” is probably not a strong enough guarantee for most
practical situations, but it is the best we can offer given only

We have thus constructed a sequence of configurationghe fairness condition. To make stronger guarantees, we must

C'=Ch=C|=...=Cj_, > C} =D ltis easily seen
thatC' is aQ-restriction ofCj,_, via some permutation that
mapsu’ to u andv’ to v. SinceD’ is identical toC},_, except

put some additional constraints on the interactions between
members of the population.
Let us add a probabilistic assumption on how the next pair

for the states of’ andv’, and the simulated state components to interact is chosen. Many assumptions would be reasonable

of ' andv’ have been replaced hy and¢’, respectively, it
follows thatD is aQ-restriction ofD’. ]

Lemma 10.LetC = C’, whereC andC’ are reachable con-
figurations of A and A’, respectively, and’ is final in A’.
ThenC is final in A.

Proof. Let G(A’, P’) be the transition graph oft’ andP’,

and letS’ be the final strongly connected component of

G(A’,P") that containg”’. Let S be the set of all reachable
A-configurationsD such thatD = D’ for someD’ € §'.
Hence,C € S. We now show thatS is a union of final
strongly connected components@{A, Py, ).

It suffices to show that it?; € S andC; = C,, then
Cy € S andCy, 5 ). By definition of S, there exists?] ¢
S’ such thatC] = 4. By Lemma 7, sinc&’] is final, then

to study. We consider one of the simplest: the ordered pair
to interact is chosen at random, independently and uniformly
from all ordered pairs corresponding to edges in the interac-
tion graph. When the interaction graph is complete, this is the
model of conjugating automata, inspired by models intro-
duced by Diamadi and Fischer to study the acquisition and
propagation of knowledge about trustworthiness in popula-
tions of interacting agents [DF01].

Random pairing is sufficient to guarantee fairness with
probability1, so any protocol that stably computes a predicate
¢ in a fair model computeg with probability 1 on every input
in the corresponding random-pairing model, assuming both
run on the same population.

However, probabilities also allow us to consider problems
where we only compute the correct answer with high proba-
bility, or to describe the expected number of interactions until

C1 is clean. By repeated application of Lemma 9, there exists protocol converges. Given a functigrmappingX to Y, a

CY = Cy such thatC} = 4. SinceS' is final, thenC} € S’
andC} = Cj. By Lemma 8,C; = C; andCy = C| for
someA-configurationC,. If C; = C4, we are done. If not,
we have established that, = ¢} = C, andC; = C}.
HenceC,; = w(C,) for some agent permutation soC =
7w (C1). From this, it follows that

T (Cy) 5 7 (m(CY)),

where 7% is the k*! iterate of m, that is, 7%(Cy) =
w(m(...w(Cy)...)) k times. Hence,

C1 5 w(Cr) 5 r(n(Ch)) S ... 5 ak(Cy),

For somek, 7" is the identity function, so in particular,

C, =n(CY) = 7rk°(C’1) =(C].

Hence,Cy, = C, as desired. [ |
We now complete the proof of Theorem 7.

Proof. We must show that every computation.4f on input
x stabilizes toy)(x). Let =’ be a computation afl’ on input
x. Let C’ occur infinitely often in=’. By Lemma 1,C’ is

population protocol4, and an inputz, we define the proba-
bility that A computesf on inputz to be the probability of all
computations beginning with(x) that stabilize with output
f(x).

For example, for the (mogh) protocol, we can compute
both the expected number of interactions in a computation un-
til there is just one leader and the expected number of further
interactions until every member of the population has inter-
acted with the unique leader.

The time to get a single leader is equal to the sum of the
times until two leaders meet with, n — 1, ... leaders; this is

S8-S0 (2) -0 (3 L) ~aw

=2 \2

Once there is a unique leader, it must participate in
O(nlogn) interactions on average before it encounters ev-
ery other member of the population (immediate application
of the Coupon Collector Problem). But since the leader par-
ticipates in only2n/(%;) = ©(1/n) of the interactions, this
translates into a total a®(n?logn) interactions in the full
population.

Summing these two bounds, the expected total number
of interactions until the output is correct @&(n?logn). In
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general, we are interested in protocols that accomplish theii-th such predicate, wherk is the (finite) number of such
tasks in an expected number of interactions polynomial,in  predicates. TheR[max; T;] < E[>_, Ti] = O(kn?logn) =
the population sizé. O(n?logn).

Generalizing this argument to the constructions of  Finally, step (c) requires that the leader encounter every
Lemma 5, Theorem 5, and Corollary 3, we may obtain theother agent at least once, which we have already shown takes
following: O(n%logn) time. Thus the total time for the Theorem 5 con-

) . struction isO(n? log n). That the same asymptotic expected
Theorem 8. Lety be a Presburger definable predicate. Then time bound applies to Corollary 3 follows from the fact that

there is a conjugating automaton (randomized populatlonthe proof of the corollary just constructs a new constant-size

pr(_)tocol) that computeg with probability_l, where the popu- Presburger formula and applies Theorem 5 to it -
lation converges to the correct answer in expected total num- '

ber of interactiong) (k,,n? log n), wherek,, is a constant de-

ending ony.
P g ony 6.1 The benefits of a leader
Proof. Observe that the construction used in Theorem 5 in-

volves (a) electing a unique leader, followed by (b) com-Gjyen a leader agent, it is possible to simulate a counter ma-
puting in parallel zero or more base predicates of the formgpine with a finite-state controller (whose state is stored in the
>_aim; < cor}ar; = c (modm); and (c) combining |eader) and increment, decrement, and zero-test operations,
the results of these base computations according to the fofghere'the zero-test operation succeeds with high probabil-
mula and distributing the resullts to all agents. _ ity (Theorem 9). Using an initial leader election protocol and
We have already observed that stepZ(a) takes’) ime. 3" standard reduction from Turing machines to counter ma-
We will now show that step (b) take3(n"logn) time. We  chines due to Minsky [Min67], we can show that a conjugat-

have already shown that computing a single sum (m9d  jng automata can thus simulate log-space Turing machines on
takesO(n? log n) time, as the leader just needs to encounterinpyts given in unary (Theorem 10).

each other agent once.

For the threshold predicate, the situation is slightly more
complicated; it is possible that some encounters between thg.
leader and another agent will not make progress, because th
leader is already "maxed out” and cannot collect any value
from the other agent. Define_ as the number of agents car-
rying negative values and, as the number of agents carry-
ing positive values. Then in any configuration with a unique
leader,

mulating counterslf we are allowed to designate a leader
n the input configuration, that is, one agent that starts in a dis-
inguished state, then the leader can organize the rest of the
population to simulate a counter machine witfil) counters
of capacityO(n), with high probability. We assume through-
out this section that the interaction graph is complete.

We use the representation described in Section 3.4 for in-
1. If the leader’s count is non-negative and the other agent'segers in arithmetic computations. For a simulatiok obun-

count is positive, then. drops by one. ters in which countei can take on a maximum value afi,
2. If the leader’s count is non-positive and the other agent'ssach state is mapped tokatuple of nonnegative integers in
count is negative, then,. drops by one. [0...¢1] X --- x [0...cx]. The sum of componeritover the

Now consider the length of the interval starting from some POPUlation gives the current contents of couritét/e assume

configuration until eithem_ or n, drops. If the leader's that the inputs to the counter machine are supplied in desig-
count is positive, then_ drops after an expected(n?/n_) nated counters and the leader simulates the finite-state control

interactions. If the leader’s count is negative, thendrops ~ ©f the counter machine. - _

after an expecte®(n?/n. ) interactions. In either case, there 10 decrement counter the leader waits to encounter an
is at most one interval in which the leader's count has the2gent with component of its state greater than zero, and
appropriate sign for each distinct value of or n,, and  decrements it. Incrementing counteis similar; component
its expected length is at mo&i(n?/n_) or O(n?/n, ), de- must be Iessf than its maximum vaIu@ These operations
pending again on the sign of the leader’s count. Summing alWvill happen with probability 1, assuming that they are pos-

such intervals for both_ andn, gives a total expected time SiPle. However, testing counterfor zero is different; the
bounded by leader must attempt to decide whether there are any agents

with component greater than zero. We give a method that is

n—l ) n-! ) correct with high probability. It is the ability to make (possi-
> 0mno)+ Y On?/ny) bly incorrect) decisions that enables effective sequencing and
n_=1 ni=1 iteration of computations in this model.

The leader initially labels one other agent (the timer) with
C O2E ) — (2
= O(n"Hy) = O(n” logn). a special mark. The leader waits for one of two events: (1) an

This establishes that a single instance of the threshold preditéraction with an agentwith a nonzero comporigot (2) k
cate can also be computeddr{n? log n) time. consecutive interactions with the timer. If an event of type (1)

To show that all the base predicates running in parallelPccurs first, then the simulated counter is certainly not zero.
take O(n?log n) time, letT}, i = 1...k be the time for the Event (2) has low probability, so if it occurs first, the probabil-
’ " ity is high that the leader has encountered every other agent

4 Note that such protocols do not terminate with a final answer;in the meantime, so the leader may conclude (with a small
they remain capable of resuming indefinitely. probability of error) that the value of simulated countes
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zero. The parametércontrols the probability of error, atthe N~F(N -1)
expense of increasing the expected number of interactions. ~ (N —1) — (1 —n=*)(N — 1 —m)
The probability that the leader prematurely concludes that N=F(N —1)

there are no tokens of a particular type depends on the num- =

ber of such tokens. We can model this game as an urn pro- (N=1) = (N=1-m)+ N-*N—-1-m)

cess, where at each step (corresponding to some interaction N=F(N —1)
between the leader and one of the 1 other tokens), a token T m+NFN-1-m)
is drawn from the urn, examined, and replaced. If the token N1

is one ofm counter tokens, the leadeiins it correctly de- = - .
termines that there is at least one counter token in the urn. If mNF + (N —1-m)
the token is an unmarked token or a timer token, the leader For the upper bound, observe that
replaces it and continues to draw. The leddeesif it draws N -1 N 1
k timer tqken_s _in arow without drawing any othgr token. mNF (N —1—m) < mNE Nk

For simplicity, we write N = n — 1 for the size of the ) ) o
urn in this process. We also assume that the timer token is FOr the second part, consider again the initial state. From
distinct from all the counter tokens, although later we will thiS state we first draw the timer token zero or more times,
allow the agent carrying the timer token to also carry part offollowed by a non-timer token. The expected number of such
the counter value. If the timer token is also a counter tokendraws until we get the first non-timer (without any condition-
then the probability of seeing the timer token before a countef?9) i 77, and conditioning on not drawing the timer
token drops to zero, and the expected number of steps untimes in a row can only reduce this value. Having drawn a
the first counter token is drawn when there avecounter  non-timer, the probability that it is a counter token is again

tokens is exactiyV/m. ~7, ifitis not, we start over from the beginning.
However, in the case where the timer token and counter ~ Letting7" be the expected number of draws, we have:
tokens are distinct, we have: N N—-—1—-m
T<|—— — | T.
Lemma 11.With an urn containingV tokens, of whichn are N -1 N-1
counter tokens and a timer token: Solving forT" gives
1. The probability of drawing the timer tokdéntimes in a T < N/(N —1)
row before drawing a counter token is exactly “1-(N—-1-m)/(N—1)
N -1 < 1 _ N N
mNk+ (N —1—m) — mNFk-1 C (N-1)—(N—=1-m) m
2. Conditioned on not drawing the timer tokérimes in a For the third part, we again consider sampling from the

row before drawing a counter token, and provided> 0, urn without stopping, and start with or more timer token
the expected number of draws up to and including the firsddraws, followed by a non-timer token draw. Each such phase

draw of a counter token is less than or equalNgm. includes an expecteg?— draws, and has probabilityy —*
3. Whenm = 0, the expected number of draws until the of including & timer tokens. Stopping aftet timer tokens
timer token is drawrk times in a row isO(N*). can only reduce the time, so we have

Proof. We consider first the probability of losing, i.e., the 7 < N ) +(1- N—k)T
probability that we dravi timer tokens in a row before draw- “\N-1 ’
ing a counter token. At the start of the process, there is a prob- i vl N
ability of N=* that we draw the timer token on every one of oM whichT' < N ( )
the firstk draws. Call this event. If L does not occur, then
we draw the timer token betwe@randk — 1 times, followed
by some non-timer tokem. Since all nhon-timer tokens are

2= ) = O(NH). ]

We now use Lemma 11 to bound the time and error of per-
forming azero tesbperation in a population protocol, where
equally likely to bez, the probability that: is a counter to- a unique leader wishes to determine if there are no nonzero

ken conditioned or. not oceurring is——- in this case the counter tokens in the rest of the population. As in the urn pro-
91571, cess, the leader gives up if it sees the timer token (held by one

Fs)trgrﬁgzsveernf?cs)hlfhg l:?(;);ir?n?r?gumer token, then the process of the other agents) ih consecutive interactions, without first
: o9 . seeing a nonzero counter value.
Letting p be the probability of losing, we have We again assume that the timer token sits on an agent with
— pylL 1 e (1 m a zero counter value, and that theresaragents with nonzero
p=Pr[L] + (1 - PrL]) {1~ N_1/)F counter values. To translate the time bounds of Lemma 11
into expected steps of the population process, we must not

Solving this equation fop gives only substituten — 1 for N, but must also take into ac-
Pr[L] count the fact that when testing for zero, only a fraction of
b= . 2n/(n(n — 1)) = 2/(n — 1) of all interactions involve the
1—(1—=Pr[L]) (1 - ﬁ) leader. This gives an expected number of population protocol
Nk steps per draw aP(n), so that the time bounds for a zero test

= becomeO(n?/m) whenm > 0 andO(n**!) whenm = 0.
1—(1—N-F) (%) We summarize these bounds as:
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Theorem 9.Given a standard population with agents, of  Simulating a Turing machineMe have just shown how to
which one is a leader agent, one carries a timer token, andcarry out zero tests and to elect a leader with high probability.
m carry counter tokens, and a zero test operation that waitsWe now show how to simulate a log-space Turing machine
for either (a) an encounter between the leader and a countewith high probability, using a standard reduction due to Min-
token, or (b)k encounters between the leader and timer to- sky [Min67] from Turing machines to counter machines.
kens with no intervening encounter between the leader and The central idea of Minsky’s construction is to represent
any other token: a Turing machine tape as two stacks, and then represent each
stack as a counter value using &del-numbering scheme
1. The probability that the zero test incorrectly reports zero where the sequence of symbails z1, . . . z,, is stored as
whenm > 0 is zero if the timer token is on the same agent |
as a counter token an@(n~* /m) otherwise. o
2. Conditioned on a correct outcome, the expected time to,z v
. 1=0
complete a zero test i®(n?/m) whenm > 0 and
O(n*+1) whenm = 0. where each symbol is assigned a positive numerical value and
b is a constant base that exceeds the value of all the symbols.
Pushing a new symbal corresponds to setting« cb + x;
a pop operation consists of setting— |¢/b] and returning
How to elect a leaderlf we do not have a unique leader in the remainder. The product and quotient operations can each
the input configuration, it is possible to establish one usingoe implemented using a second counter that accumulates the
the ideas of the leader bit, as in the proof of Lemma 5, andiew value while the first counter is decremented to zero; the
the timer mark of Section 6.1. remainder is accumulated in the finite-state controller (or in
At the global start signal, every agent receives its inputOUr simulation, the leader agent) during the quotient opera-
symbol (which it remembers for the duration of the computa-“on- A total of three counters—one for each s.|de of.the tape
tion), sets its leader bit equal to 1, and clears its timer markP!US an extra accumulator—are used for the simulation.
(indicating that it is not a timer). Any agent whose leader bit Ve represent these counters using the integer-based input
equals 1 begins an initialization phase: it marks the first non£onvention. Each agent other than the leader and the timer
timer agent that it encounters as a timer and attempts to iniStores a vector of values in the range. . M for someM;
tialize every other agent. It uses the event of encountering € value of counteris the sum of the-th positions in these

timer & times in a row to determine the end of the initializa- Yectors, and may be as large(as— 2) M. A counter is zero
tion phase. if and only if every agent holds a zero share of the counter.

Of course, at first every agent is attempting to run the ini-, 1 Multiply the value of counterby b, storing the result
tialization phase, so there will be general chaos. Whenevel! counter; (Wh'Ch.'S as_sumed to_start at zero), the leader
two agents with leader bit equal to 1 encounter each other, ongXecutes the following simple loop:

(the loser) sets its leader bit to 0, and the other (the winner) 1 Test countei for zero; if zero, exit the loop.

keeps its leader bit 1. If the loser has already marked atimer, 2 pecrement counter

the winner waits until it encounters a timer and turns it back 3. Increment countef b times.

into a non-timer before proceeding. The winner then restarts 4. Repeat from step 1.

the initialization phase (not creating another timer if it has al-

ready released one). When initialized, agents with leader bit The first step uses the zero-test protocol with waiting pa-
equal to O revert to a state representing only their input andameterk. When countei has a nonzero valug the number
their leader bit, but they retain their timer status. of interactions to complete the zero testign?/m) and the

If an agent with leader bit equal to 1 completes the ini- Probability of error isO(n~* /m), wherem > [¢/M] is the
tialization phase, it begins the computation (e.g., simulating?umber of agents with nonzero shares in the counter (Theo-
a counter machine, as in the preceding section). If during®m 9). The second step can be combined with the zero test,
the computation it encounters another agent with leader bigince the fwstencountgr between the leader and an agent with
equal to 1, the two proceed as indicated above, one setting if30n-Z€ro counter valuecan also decrement the counter. The
leader bit to 0, and the other restarting the initialization phasethird step requires waiting fdrencounters between the leader

with appropriate housekeeping to ensure retrieval of the extr@Nd agents with counter shares less thanassuming there
timer, if any. is always at least one such agent, this requires an expected

g 3
After a period of unrest lasting an expecten?) inter- 010 | PETRSTARS: TIOE et € SR0nC e €698 1O 6ed

actions, there will be just one agent with leader bit equal totheytipme forth?/s ste aé the leader is guaranteed to eventuall

1. After the interaction eliminating the last rival, this lucky P, g y

winner will succeed in initializing all other agents with high encounter a counter agent that is not full. ) .
probability (because there is ogly one timgr in the popgla-. The Ia{st zero test has= 0, and take®(n* ) interac-
tion) and proceed with the computation as the unique leadeO"S: agan b.y. Theorem 9.

If and when the counter machine halts, the unique leader can FOF @n initial counter value bounded a7, the total
propagate that fact (along with the output, if a function of onePropability of error is

output is being computed) to all the other agents. If there have (nM

n=Fk 9 _ "1 _
;M/J\ﬂ) :O(Mn khz_:lh> = 0(n "logn),

been no errors during the (final) simulation, the output of ev-(,
ery configuration in the rest of the computation is correct.
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and the total time is On inputz, a polynomial-time Turing machine can con-
nM 9 struct the matrix representing the Markov chain whose states

0 Z (”) +bn? | +0(n*tY) are the multiset representations of the population configura-
— \[t/M] tions reachable froni(z), since there are at most®! of

) - them. Solving for the stationary distribution of the states, the
= O(n’logn + n"t1). Turing machine can determine a set of configurations of prob-
ability greater thari /2. that all have the same output (which
: . . X must be correct, as an incorrect output can only appear with
teractions needed to add:iris dominated by the time for the probability less than /2—¢). The Turing machine then writes

prolcigﬁttﬁ\éenuvgggr?tlg Sé?:'::bn the analysis is essentiall thethis common output to its output tape and halts.
q P ' Y y Under the same conditions, can be computed by a ran-

same, the only difference being that countes only incre- . : ) . . P

. domized Turing machine with probability 2+¢’ using space
r_nented once for evertyp_asses throug_h_ the loop mstead)_of O(logn). A ragdomized Turinpg machir)(e simulat(gs E[)he au-
times per pass. SO. agamkthe probability of error for a Slngletomaton by using a finite number @¥(log n)-bit counters
quotient operation i&)(n™" log n) and the expected number to keep track of the number of members of the population

i H 2 k+1
of ”Ei?]rgl(lztlot?\?égr;gg&:nﬁs a). v for the same reasons til' €ach state. Using coin flips, it simulates drawing a ran-
_ihaty, pply >C 'S om pair of population members and updating the counters
the initialization step where the unique surviving leader ini- according to the transition function of. By running the sim-

Elr?élfgjdae”rigee?\gir ne'[lgreglﬁ;hzgr?gr]\’-t\gvrge?rae Sémg%g}/g;gnsgefe?rulation for long enough, the randomized Turing machine can
9 "We almost certain of being in a terminal strongly connected

the%rgirgvvrr?:\?;r;ﬁl{ﬁ;v. ieces we need to show the simulaf:omponent of the states of the Markov chain, at which point
tion result P the Turing machine halts and writes the output of the current

configuration on its output tape.

Theorem 10.Let f(z) be a function in log-space, where the  How long is this? The number of distinct simulated con-
inputz is represented in unary. L&t(n) = O(n?), whered is figurations is less thafn + 1)!9!, so the diameter of the state
an integer, be the worst-case running time of some log-spacépace of the Markov chain is less thar- (n + 1)1¢/. Given
Turing machine that computes Then for any fixed integer any state that is not in a terminal component, there is some
¢ > 0, there is a conjugating automaton that, when run in path of length at most that leads to a state that is. It fol-
the standard population with members, compute&z) for lows that in each interval of simulated transitions, there is
anyz < n with probability of errorO(n—<log n) in expected ~ a probability of at leastn(n — 1))~ > n~2¢ of reaching a
timeO(n?*+2logn + n2d+etl), terminal component. So the probability mdt reaching a ter-
minal component aftek d simulated transitions is less than
Proof. Letk = ¢+ d, wherek is the waiting parameter of the X
zero test operation. (1—-n"2))" <exp(K/n*).

Simulating one step of the Turing machine involved )
product and quotient operations, each of which contribute
O(n~"logn) to the error probability. The total probability of
error is then O(dn%) = O((n + 1)|Qp2+1'?"

T(n)O(n*logn) = O(nn=*logn) = O(n " logn).

For a push operation, the additior@a{xn?) expected in-

It follows that we can achieve any constant probability §
of convergence after

= 0(2(QI+2n+)!N1gny _ o(gn* ¥
The expected running time for the simulation, including N
the initial leader election phase, is simulated transitions. . _ .
) ) 1 To wait this long, the randomized Turing machine allo-
O(n”) + T(n)O(n"logn + n"™") cates a counter afflogn] bits and flips a coin before each

simulated interaction, addingto the counter on heads, and
clearing the counter on tails. The simulation is stopped when
- the counter overflows, that is, when there have been at least
n® consecutive heads. The probability that this event occurs
starting at any particular time &"°; it follows that during
6.2 Simulating conjugating automata the firstz trials the expected number of times that it occurs
(and thus the probability that it occurs at least once) is at most

In this section, we show that either deterministic polynomialt2~" . Thus we expect to finish in time with probability

time or randomized logarithmic space is sufficient to recog-o(1) providedt = o(2""). Settingt = 27" ande = 3|1Q]

nize predicates computable with probability at leg&t + ¢ thus gives arv(1) probability of failing to converge before

by conjugating automata. the simulation stops. It follows that the randomized log-space
Suppose that a conjugating automatdncomputes a  simulation produces a correct answer with probability at least

predicateF’ with probability at leasi /2 + e. ThenF canbe 1/2+¢e— 6 — o(1) = 1/2 + € for sufficiently largen.

computed by a polynomial-time Turing machine. As before,  We have just shown:

we assume that a stringof symbols fromX represents an

input assignment: to .4, so thatn represents both the input Theorem 11.The set of predicates accepted by a conjugating
length and the population size. automaton with probabilityt /2 + € is contained inP N RL.

= O(n%?logn 4 n2dtetl),
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7 Other related work consider the interaction graph itself as part of the input and
ask what interesting properties of its underlying graph can be
In a Petri net, a finite collection of tokens may occupy onestably computed by a population protocol. This problem may
of a finite set of places, and transition rules specify how thehave applications in analyzing the structure of deployed sen-
tokens may move from place to plat®iewing the states of ~sor networks.
a population protocol as places and the population members An interesting restriction of our model is to consider only
as tokens, our models can also be interpreted as particulame-way communicationbetween the two agents in an in-
kinds of Petri nets. Randomized Petri nets were introducederaction, that is, the transition functigncan be restricted
by Volzer [Vol01] using a transition rule that does not dependto change only the state of the responder in the interaction,
on the number of tokens in each input place, in contrast tdkeeping the state of the initiator the same. Although there are
conjugating automata where the probability of an interactionstill protocols to decide whether the numberld in the in-
between a particular state pair increases with the number gut is at leask, this condition appears to restrict the class of
agents possessing those two states. stably computable predicates severely.
The Chemical Abstract Machine of Berry and The models in this paper assume a “snapshot” of the in-
Boudol [BB92] is an abstract machine designed to modelputs is taken when the global start signal is received. A model
a situation in which components move about a system anéccommodating streaming inputs, as is typically assumed in
communicate when they come into contact, based on &ensor networks, would be very interesting.
metaphor of molecules in a solution governed by reaction We have assumed uniform sampling of pairs to interact,
rules. A concept of enforced locality using membranes tobut for some applications it may make sense to consider other
confine subsolutions allows the machines to implementsampling rules. One idea is weighted sampling, in which pop-
classical process calculi or concurrent generalizations of theélation members are sampled according to their weights, pos-
lambda calculus. sibly depending on their current states. We conjecture that
Ibarra, Dang, and Egecioglu [IDE04] consider a relatedwith reasonable restrictions on the weights, weighted sam-
model of catalytic P systems. They show that purely catalyticpling yields the same power as uniform sampling. Other sam-
systems with one catalyst define precisely the semilinear setgling rules might be based on more accurate models of pat-
and also explore other models equivalent in power to vecierns of interaction in populations of interest.
tor addition systems. The relationships between these models The interaction rules we consider are deterministic and
and ours is an intriguing topic. specify pairwise interactions. What happens if the rules are
Brand and Zafiropulo [BZ83] define a model of commu- nondeterministic, or specify interactions of larger groups, or
nicating processes consisting of a collection of finite state maallow the interaction to increase or decrease the population?
chines that can communicate via pre-defined FIFO message Our bound on the number of interactions in Theorem 8
queues. They focus on general properties of protocols define@pplies only to stable computations of Presburger-definable
in the model, such as the possibility of deadlock or loss ofpredicates. The bounds on the simulation results in the
synchronization. Turing-machine simulation in Theorem 10 are higher, but
Milner’s bigraphical reactive systems [Mil01] address the still polynomial (for polynomial error bounds). It is not clear
issues of modeling locality and connectivity of agents by twowhether there arany useful computations of a conjugating
distinct graph structures. In this work the primary focus is automaton that require more than polynomial time; just as
upon the expressiveness of the models, whereas we consid@g-space machines do not have enough states to exploit su-
issues of computational power and resource usage. perpolynomial time bounds, it may be that the lack of struc-
ture in a conjugating automaton’s memory means that in-
creasing its time bound adds no actual power.

8 Discussion and open problems Furthermore, we give bounds on the expected total num-
ber of interactions, but other resource measures may be more

In addition to the open problem of characterizing the poweraPpropriate in some applications. For many applications, in-
of stable computation, many other intriguing questions ande€ractions happen in parallel, so that the total number of in-
directions are suggested by this work. One direction we havéeractions may not be well correlated with wall-clock time;
explored [AAD03] is to define a novel storage device, the gjefln|ng a gseful notion of time is a phallenge. Alternatively,
urn, which contains a multiset of tokens from a finite alpha- if we consider only the number of interactions in which at
bet. It functions as auxiliary storage for a finite control with least one state changes (which might be correlated with the
input and output tapes, analogous to the pushdown or worRnergy required by the computation), then the bounds can be
tape of traditional models. Access to the tokens in the urn idinite even in the stable computation model, and the expected
by uniform random sampling, making it similar to the model Pounds can be smaller in the conjugating automata model.
of conjugating automata. _Finally, we have not addressed the issue of fault tolerance,
We have primarily considered the case of a complete inWhich is of course of immense practical importance in real
teraction graph, which we have shown in Theorem 7 providesensor networks. In one sense, our underlying model should
the least computational power of all weakly-connected intere very robust in the face of faults since we are making such
action graphs in the stable computation model. The questioM/€ak assumptions about when interactions occur. If an agent
of characterizing the power of stable computations on particdies, say from an exhausted battery, the interactions between

ular restricted interaction graphs remains open. We can alsie remaining agents are unaffected. Of course, many of the
algorithms we describe here would not survive the failure of a

® See [Esp98, EN94] for surveys of Petri nets. single agent, especially those based on leader election. Itis a
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challenging open problem to design fault-tolerant algorithms
for some of the problems addressed here, or show that fault-
tolerant solutions do not exist.

[Imm88]
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