Wumerical Analysis Exam
May 12, 1999

FProblem 1

Consider Llie Aoating point system F[3, 4, L0 with 3 =10t =4, L = -2, =4

al Give an example that illustrates that the following identity might vot heold when we use
Bnite precision calculations: A« [B— ) =4« i — AL

b)Y Give an example of an opetation that will result o an everflow errar rmessage,

<} CGive an example of an aperation that will result in an snaderflow error message.

Problem 2

Let 4 be a noa-singular r # 7 matrex. Consider a rank-? vpdate of A:

A=d-—w’

where w7 are n-vectors,
1,
The Sherrman-Mortison formula gives an vxpression for the inverse of 4 in terms of A~

fallaws:

A=A A Tu) e’ AY)

where @ = 1/t — v A7 u).

a) Use the Sherman-Morrisan formuls te guthine an algorithm to solve a linear system of the
form Az = b without forming A .

b} Explain how the algarithm i (a) can be efficient|y used (o the case when we have a program
that can salve linear systems invalviog A and A7, Discuss the arithmetic cost of this algorithm,
c] Suppose that A i3 & symmetric pusltwe definite tridiagonal matrix, What ix the arithmetic
complexity of sulving the system Az = f using the algorithm in (a)? What is the arithmetic
enmplexity of solving the system Az = b by first computing the elerments of A and then applying
{raussian elimination?

Problem 3

Given the lanclion f{z) = 1 — 2% on [0.1]. we consider the problem of approximating f{#) by
& Continuous picce-wise linear polvoomial p{w) with oodes at rp = 0,2, = 1.5 sod £ =1, with
the rondition that p(l1) =G

a} Find a basis for the subspace just described. What is its dimensicn?

b} Find the least-squares approximation to f ip this subspace,
<) What is the error in the least squares norm? In the maximum norm?



Froblem 4
al Show that the guadrature {ormula:
flp) = teypiry) + weples) = wap(za)

cannot be exart for {1, plzdr for all polynomials pof degree e, it m 35 greater than &, regardless
of the chojce of wy.um. wg, T, Ty a0d Ty

Hint: Civen a choior of abscissas T, &7, T3, Jefine a palynomial f of degree B such tlhat
Piel <0farallz £ [0,1} and Falz.) =0, = 1.2.3

bl Deseribe the chelcs of weights tw, and the uedes z, (J = 1,2, %) such that the formula it
exact for all palvuernials of degree m = b, What is the name of this qnadrature rzle?

Problem 5

Compute the Lagrange interpolatiog polvnomial of degree 2 with podes 1, 2, % for the function
fir] = (1 +2)7% What s the relative ercor of your approxiimation at 7 =47

Problem &

True or False; The fxed point iteration Tre = glan) where glo) = (r + 51fle + 1), convarges
linearly but ot quadeatically to the senare oot of 5 [justify your answer}.

True or False: The fxed point iterabion Teey = glza) where glx) = f.l:i"— i] comverges guadrat-
icaliy to the square root af 5 (justify your answer),

¥Frohlem 7

Explain the two main sources of erree in numerical diffrrentiatiosn.
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