
Nash Bargaining via Flexible Budget MarketsVijay V. VaziraniIn his seminal 1950 paper, John Nash de�ned the bargaining game; the ensuing theory ofbargaining lies today at the heart of game theory. In this paper, we initiate a study of Nashbargaining games via 
ombinatorial, polynomial time algorithms (i.e., algorithms that 
on-du
t an eÆ
ient sear
h over a dis
rete spa
e). We also 
arry this program over to solvingnonsymmetri
 bargaining games of Kalai (1977).We de�ne the 
lass LNB of games in whi
h the set of feasible utility ve
tors of agents isa polytope spe
i�ed by �nitely many pa
king 
onstraints { the Nash bargaining solution ofea
h su
h game is 
aptured as the optimal solution to a 
onvex program that has only linear
onstraints. We show that several natural games in this 
lass always have rational solutionsand we give primal-dual, 
ombinatorial algorithms for solving them. We also indi
ate how theprimal-dual paradigm, whi
h was normally run in the framework of linear programs, 
an beenhan
ed to solving these nonlinear programs.The 
ombinatorial nature of our algorithms, the stru
tural insights gained in obtaining them,and our 
lassi�
ation of games within LNB (obtained by imposing restri
tions on the 
onvexprograms 
apturing their solutions), has led to novel insights into game-theoreti
 propertiesof the solution 
on
epts of Nash and nonsymmetri
 bargaining games, see Chakrabarty et. al.(2009). Additionally, we believe that the rationality and 
ombinatorial solvability of 
onvexprograms studied in Devanur et. al. (JACM 2008), Jain & Vazirani (GEB, to appear) and the
urrent paper appear to have identi�ed the tip of an i
eberg and the way to move forward is toseek 
ombinatorial approximation algorithms for solving spe
i�
 
lasses of 
onvex programs.ADNB, 
exible budget markets, and enhan
ing the primal-dual paradigmOur main algorithmi
 result pertains to a Nash bargaining game derived from the linear 
aseof the Arrow-Debreu market model: Given linear utility fun
tions of n agents over g divisiblegoods and their disagreement utilities (whi
h, in parti
ular, may be the utilities they derivefrom their initial endowments), �nd a way of distributing the goods a

ording to the Nashbargaining solution. We 
all this game ADNB.For solvingADNB (and other games in LNB), we �rst redu
e it to a new market model, whi
hwe 
all a 
exible budget market. This new model is a natural variant of the linear 
ase of the
lassi
 model given by Irwing Fisher in 1891: Given linear utility fun
tions of n agents over gdivisible goods, the money possessed by ea
h agent and the amount of ea
h good available, �ndequilibrium pri
es, i.e., pri
es at whi
h supply equals demand and the market 
lears. Whereasin Fisher's model, ea
h buyer wants to derive the maximum possible utility by spending a1



�xed amount of money, in our model, ea
h buyer wants to derive a stated amount of utility bybuying goods in the most 
ost-e�e
tive manner; 
learly, the money spent by ea
h buyer will bea fun
tion of the announ
ed pri
es of goods, hen
e requiring buyers to have 
exible budgets.Unlike Fisher's model, whi
h always has an equilibrium, ours may not.In our primal-dual algorithm, allo
ations of goods are the primal variables and pri
es aredual variables. As with almost all primal-dual algorithms, our algorithm raises dual variablegreedily { it starts with very low pri
es and systemati
ally raises them until the surplus moneyof buyers vanishes and equilibrium is found. However, the more 
omplex nature of KKT
onditions raises new diÆ
ulties in making this overall s
heme work out.The fundamental di�eren
e between 
omplimentary sla
kness 
onditions for linear programsand KKT 
onditions for 
onvex programs is that whereas the former do not involve bothprimal and dual variables simultaneously in an equality 
onstraint, the latter do. So, despiteour simple dual growth pro
ess, primal obje
ts go tight and loose, hen
e making the design ofthe algorithm and its analysis 
omplex.The following 2 new diÆ
ulties arise over and above Fisher's linear 
ase (Devanur et. al.):1). As we in
rease pri
es of goods, the money of buyers 
hanges, and so the surplus money ofsome buyers may a
tually in
rease.2). We need to determine if the given market has an equilibrium.We de�ne the new notion of good buyer { one whose surplus money de
reases as pri
es areraised. Our algorithm 
onsists of two stages: Stage I 
he
ks for feasibility, i.e., existen
e ofequilibirum, and terminates with pri
es su
h that either all buyers are rendered good or aproof of infeasibility is found; the latter being a suitable dual solution to an LP that 
he
ks forfeasibility. In the former 
ase, Stage II �nds the equilibrium by raising pri
es in a systemati
manner. In both stages, the addition diÆ
ulties of the enhan
ed setup are over
ome by using l2norm in de�ning the potential fun
tion that a

ounts for progress and the use of the notion ofbalan
ed 
ows from Devanur et. al. (JACM 2008). We also solve one of their open questionsby giving a family of examples to show that l2 norm 
annot be dispensed with.Another intriguing aspe
t of our algorithm is that whereas Stage II operates by raising dualvariables, Stage I a
tually needs to lower them. The only other primal-dual algorithm we knowof that raises and lowers duals is Edmonds' algorithm for maximum weighted mat
hing.Sub
lasses of LNBIn bargaining theory, 2-person games o

upy a spe
ial pla
e. It turns out that these gameso

upy a spe
ial pla
e algorithmi
ally as well { we show that any game in LNB2, the sub
lassof 2-person LNB games, is solvable in strongly polynomial time and is rational; however, thesealgorithms are not 
ombinatorial. Another key 
lass of LNB we de�ne is submodular utilityNash and nonsymmetri
 bargaining games, abbreviated SNB. We show that ea
h game in SNBis rational and is solvable via a 
ombinatorial, strongly polynomial time algorithm. The main
on
lusion of Chakrabarty et. al. (2009) is that this way of imposing submodularity (a naturale
onomies of s
ale 
ondition) in games endows them with several desirable properties.2


