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Abstract. Determining the positions of the sensor nodes in a network is essential to many network
functionalities such as routing, coverage and tracking, and event detection. The localization problem
for sensor networks is to reconstruct the positions of all of the sensors in a network, given the distances
between all pairs of sensors that are within some radius r of each other. In the past few years, many
algorithms for solving the localization problem were proposed, without knowing the computational
complexity of the problem. In this paper, we show that no polynomial-time algorithm can solve this
problem in the worst case, even for sets of distance pairs for which a unique solution exists, unless
RP = NP. We also discuss the consequences of our result and present open problems.

1 Introduction

Localization is the process by which the positions of the nodes in an ad-hoc network are determined. Knowing
the positions of the network nodes is essential because many other network functionalities such as location-
dependent computing (e.g., [11, 29]), geographic routing (e.g., [17]), coverage and tracking (e.g., [18]), and
event detection depend on location. Although localization can be achieved through manual configuration or by
exploiting the Global Positioning System (GPS) [15], neither methodology scales well and both have physical
limitations. For example, GPS receivers are costly both in terms of hardware and power requirements.
Furthermore, since GPS reception requires line-of-sight between the receiver and the satellites, it may not
work well in buildings or in the presence of obstructions such as dense vegetation, foliage, or mountains
blocking the direct view to the GPS satellites.

Recently, novel schemes have been proposed to determine the locations of the nodes in a sensor network,
e.g., [1–6,8,10,12–14,16,19–23,25,27,28,30]. In these schemes, network nodes measure the distances to their
neighbors and then try to compute their locations. Although the designs of the previous schemes have demon-
strated clever engineering ingenuity, and their effectiveness is evaluated through extensive simulations, the
focus of these schemes is on algorithmic design, without knowing the fundamental computational complexity
of the localization process.

The localization problem is similar to the graph embedding problem. In [24], Saxe shows that testing
the embeddability of weighted graphs in k-space is strongly NP-hard. However, the graphs he considers
are general graphs. In sensor network localization, since only nodes who are within a communication range
can measure their relative distances, the graphs formed by connecting each pair of nodes who can measure
each other’s distance are better modeled as unit disk graphs [7]. Such constraints could have the potential
of allowing computationally efficient localization algorithms to be designed. For example, in [3], Biswas and
Ye show that network localization in unit disk graphs can be formulated as a semidefinite programming
problem and thus can be efficiently solved. A condition of their algorithm, however, is that the graphs are
densely connected. More specifically, their algorithm requires that Ω(n2) pairs of nodes know their relative
distances, where n is the number of sensor nodes in the network. However, for a general network, it is enough
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for the localization process to have a unique solution when O(n) pairs of nodes know their distances, if
certain conditions are satisfied [9].

Researchers are still looking for efficient algorithms that work for sparse networks. Such algorithms are
of great importance, because in the limit as a network with bounded communication range and fixed sensor
density grows, the number of known distance pairs grows only linearly in the number of nodes.

In this paper, we show that localization in sparse networks is NP-hard. The main result and its conse-
quences are presented in Section 2. The proof of the main result, which makes up the bulk of the paper, is
presented in Section 3. Finally, a discussion of conclusions and open problems is presented in Section 4.

2 Localization

The localization problem considered in this paper is to reconstruct the positions of a set of sensors given
the distances between any pair of sensors that are within some unit disk radius r of each other. Some of the
sensors may be beacons, sensors with known positions, but our impossibility results are not affected much
by whether beacons are available. To avoid precision issues involving irrational distances, we assume that
the input to the problem is presented with the distances squared. If we make the further assumption that
all sensors have integer coordinates, all distances will be integers as well.

For the main result, we consider a decision version of the localization problem, which we call UNIT
DISK GRAPH RECONSTRUCTION . This problem essentially asks if a particular graph with given
edge lengths can be physically realized as a unit disk graph with a given disk radius in two dimensions.

The input is a graph G where each edge uv of G is labeled with an integer `2uv, the square of its length,
together with an integer r2 that is the square of the radius of a unit disk. The output is “yes” or “no”
depending on whether there exists a set of points in R2 such that the distance between u and v is `uv

whenever uv is an edge in G and exceeds r whenever uv is not an edge in G.
Our main result, is that UNIT DISK GRAPH RECONSTRUCTION is NP-hard, based on a reduction

from CIRCUIT SATISFIABILITY. The constructed graph for a circuit with m wires has O(m2) vertices and
O(m2) edges, and the number of solutions to the resulting localization problem is equal to the number of
satisfying assignments for the circuit. In each solution to the localization problem, the points can be placed
at integer coordinates, and the entire graph fits in an O(m)-by-O(m) rectangle, where the constants hidden
by the asymptotic notation are small. The construction also permits a constant fraction of the nodes to be
placed at known locations.

Formally, we show:

Theorem 1. There is a polynomial-time reduction from CIRCUIT SATISFIABILITY to UNIT DISK
GRAPH RECONSTRUCTION, in which there is a one-to-one correspondence between satisfying assign-
ments to the circuit and solutions to the resulting localization problem.

The proof of Theorem 1 is given in Section 3. A consequence of this result is:

Corollary 1. There is no efficient algorithm that solves the localization problem for sparse sensor networks
in the worst case unless P = NP.

Proof. Suppose that we have a polynomial-time algorithm that takes as input the distances between sensors
from an actual placement in R2, and recovers the original position of the sensors (relative to each other, or
to an appropriate set of beacons). Such an algorithm can be used to solve UNIT DISK GRAPH RECON-
STRUCTION by applying it to an instance of the problem (that may or may not have a solution). After
reaching its polynomial time bound, the algorithm will either have returned a solution or not. In the first
case, we can check if the solution returned is consistent with the distance constraints in the UNIT DISK
GRAPH RECONSTRUCTION instance in polynomial time, and accept if and only if the check succeeds.
In the second case, we can reject the instance. In both cases we have returned the correct answer for UNIT
DISK GRAPH RECONSTRUCTION. ut
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It might appear that this result depends on the possibility of ambiguous reconstructions, where the
position of some points is not fully determined by the known distances. However, if we allow randomized
reconstruction algorithms, a similar result holds even for graphs that have unique reconstructions

Corollary 2. There is no efficient randomized algorithm that solves the localization problem for sparse
sensor networks that have unique reconstructions unless RP = NP.

Proof. The proof of this claim is by use of the well-known construction of Valiant and Vazirani [26], which
gives a randomized Turing reduction from 3SAT to UNIQUE SATISFIABILITY. The essential idea of this
reduction is that randomly fixing some of the inputs to the 3SAT problem reduces the number of potential
solutions, and repeating the process eventually produces a 3SAT instance with a unique solution with high
probability. ut

Finally, because the graph constructed in the proof of Theorem 1 uses only points with integer coordinates,
even an approximate solution that positions each point to within a distance ε < 1/2 of its correct location
can be used to find the exact locations of all points by rounding each coordinate to the nearest integer. Since
the construction uses a fixed value for the unit disk radius r (the natural scale factor for the problem), we
have

Corollary 3. The results of Corollary 1 and Corollary 2 continue to hold even for algorithms that return an
approximate location for each point, provided the approximate location is within ε · r of the correct location,
where ε is a fixed constant.

What we do not know at present is whether these results continue to hold for solutions that have large
positional errors but that give edge lengths close to those in the input. Our suspicion is that edge-length
errors accumulate at most polynomially across the graph, but we have not yet carried out the error analysis
necessary to prove this. If our suspicion is correct, we would have:

Conjecture 1. The results of Corollary 1 and Corollary 2 continue to hold even for algorithms that return
an approximate location for each point, provided the relative error in edge length for each edge is bounded
by ε/nc for some fixed constant c.

3 Proof of Theorem 1

The proof is by constructing a family of graphs that represent arbitrary Boolean circuits, where the relative
positions of certain rigid bodies within the graph correspond to signals and NOT and AND gates are
built out of additional constraints between these bodies. This gives a reduction to UNIT DISK GRAPH
RECONSTRUCTION from CIRCUIT SATISFIABILITY, which shows that determining whether a solution
to a particular localization problem in this class exists is NP-hard.

The construction requires the development of several preliminary tools. Our main tool will be a two-state
hinge structure that permits adjacent parts of the graph to be shifted relative to each other by ±h for some
length h. These hinges will then be used to hook together a two-dimensional grid of rigid bodies whose
rows and columns act like wires, transmitting one bit each across the grid. Additional applications of the
hinge give junctions between rows and columns (forcing a row and column to carry the same bit, similar to
a junction in a circuit), negation, and AND gates (via an implication mechanism that enforces x → y for
chosen variables x and y).

A binary hinge. We begin by describing a binary hinge, which is a connection between two rigid bodies
that enforces a fixed offset between them in the direction of the hinge and an offset of ±h for some h in
the perpendicular direction. As depicted in Figure 1, the hinge consists of three edges between fixed points
on the surfaces of the bodies, with the inner edge longer than the outer two. Lemma 1 below describes the
exact structure of the hinge and its properties.
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Fig. 1. The basic binary hinge. The top and bottom structures, including the prongs supporting the hinges, are rigid;
points within the shaded polygons and the edges between them are not depicted explicitly, but are assume to be
sufficiently dense to force a unique placement of the hinge endpoints. The three edges between the top and bottom
endpoints have lengths a, b > a, and a, and enforce that the vertical separation between the two bodies is constant
and that the horizontal offset is ±h for some h. The disk radius r is shown for scale.

Lemma 1. Fix points A at coordinates (0, 0), B at coordinates (m, 0), and K at coordinates (m/2,−k)
for some k > 0. Let h < `

√
3 and let C and D be points at distance m > 1 from each other such that C

is at distance
√

`2 + h2 from A, D is at distance
√

`2 + h2 from B, and their midpoint M is at distance√
(` + k)2 + h2 from K, where ` < m. Then either C is at coordinates (−h, `) and D is at coordinates

(m− h, `), or C is at (+h, `) and D is at (m + h, `).

Proof. It is easily verified that C = (±h, `) is at distance
√

`2 + h2 from A = (0, 0), that D = (m ± h, `)
is at distance

√
`2 + h2 from B = (m, 0), and that M = (m/2 ± h, `) is at distance

√
(` + k)2 + h2 from

K = (m/2,−k). It remains to show that only these two solutions exist.
First we consider only the constraints of the outer two edges. The distance constraints imply that C

and D lie on circles of radius
√

`2 + h2 centered at A and B respectively. Without loss of generality, let√
`2 + h2 = 1 and consider Figure 2. For a fixed position of D, C lies on a radius-m circle centered at D;

this circle intersects the radius-1 circle centered at A in exactly two points C and C ′.
In the first case, ABDC is a parallelogram and the midpoint M of C and D lies on a radius-1 circle

centered at the midpoint of A and B. This will give rise to our two solutions.
The second case is more complicated. We will first show that the midpoint M ′ is close to the AB line.

Here we have C ′ at distance m from D, but ABDC ′ is not a parallelogram but is instead a quadrilateral
that crosses itself. To see that the AB and DC ′ line segments do in fact cross, observe that 4AC ′D and
4DBA both have edges of length 1, m, and x where x is the length of AD and are thus congruent. Within
4AC ′D, the angle 6 DAC ′ is opposite a longer side than the angle 6 C ′DA and is thus larger; it follows that
6 DAC ′ is larger than 6 BAD and thus C ′ and D lie on opposite sides of the AB line. The y-coordinate of
M ′ is thus the average of two quantities y1 and y2 which lie between -1 and +1 with opposite sign, and so
it lies in the closed interval [−1/2, 1/2].

We have shown that any midpoint M of C and D lies either on the circle or within the shaded region
depicted in Figure 3. The middle edge of the hinge requires that it also lie on the radius

√
(` + k)2 + h2

circle with center K. This circle intersects the previous circle in precisely the points (m/2± h, `) described
in the lemma; because h < `

√
3, we have

√
`2 + h2 <

√
4`2 = 2`, and so ` is at least 1/2 under our scaling

assumption. In particular the K-centered circle intersects inner circle above 1/2 and thus avoids the shaded
region, yielding only the two solutions (m/2± h, `). ut

The circuit grid. We now use the binary hinge construction to construct a grid of horizontal and vertical wires,
represented by rows and columns of rigid bodies in a two-dimensional array. The core of the construction
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Fig. 2. Two configurations of the outer edges of the binary hinge. In the figure, the edges are scaled to have length 1.
In the first configuration, the two edges AC and BD are parallel, producing the parallelogram ACDB. In the second,
the left edge drops to the bottom part of the circle to produce the self-crossing quadrilateral AC′DB. The point C′

always lies below the AB line provided m > 1, which implies that the midpoint of the C′D edge has a y-coordinate
no greater than 1/2.

K

(m/2+h,l)(m/2−h,l)

Fig. 3. Applying the middle hinge constraint. The middle hinge forces the midpoint M to lie on the circle centered
at K (here depicted as a wedge). The proof of Lemma 1 shows that M must either lie on the depicted circle or within
the shaded region; if the intersection points of the two circles lie outside the shaded region they are the only solutions.
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is depicted in Figure 4: each body (which consists of the hinge endpoints and enough internal nodes and
internal bracing to assure rigidity) is connected by binary hinges to its four immediate neighbors in the grid.
This enforces a fixed vertical spacing ` between the centers of the body and its neighbors above and below,
and the same fixed horizontal spacing ` between the centers of the body and its neighbors to the left and
the right. These fixed spacings mean that the horizontal offsets propagate across rows and vertical offsets
propagate across columns. At the same time, the hinges allow different bodies in the same row or column to
have different vertical or horizontal offsets, respectively.

0

0

+1

−1

+1 0 +1 0

+1 0 +1 0

0

0

+1

−1

Fig. 4. Two-dimensional grid of rigid bodies connected by binary hinges. Because each hinge fixes the separation
between the bodies it connects but allows sideways offsets in either direction, row and column offsets propagate from
one side of the grid to the other without interference.

To organize the grid into wires, we anchor it to an L-shaped external frame as depicted in Figure 5. This
frame fixes the horizontal and vertical offsets of every other row and column to some fixed value that we take
to be 0. The remaining rows and columns are free to shift by ±h relative to these fixed rows and columns
where h is the offset parameter of the hinges. These rows act as wires transmitting binary signals; we think
of a column as having the value 1 when shifted up and 0 when shifted down, and of a row as having the
value 1 when shifted right and 0 when shifted left.

The offset h can be chosen somewhat arbitrarily, but should be substantially less than half the disk radius
(and thus the length of the hinges) to allow for double-offset hinges to be used later without exceeding the
`
√

3 limit in Lemma 1. To minimize the size of the graph, we will assume that the offset h, the disk radius r,
and the separation between centers of grid elements ` are all small constants. Reasonable values that permit
the construction to work without its components colliding are h = 1, r = 10, and ` = 150; with these values,
all of the nodes in the graph can be placed at integer coordinates and no extraneous edges creep in. In the
figures, both the offset and separation of each hinge is greatly exaggerated for visibility.

The fixed rows and columns divide the blocks into four categories, depending on whether the horizontal
and/or vertical positions are fixed. Those for which both positions are fixed act as a fixed extension of the
frame that will be used later to create circuit connections between horizontal and vertical wires. Those for
which neither position is fixed act as crossing points (with no connection) between the wires.

The circuit grid by itself provides only wires but no connections between them. To build a working circuit,
we need to build (a) junctions between horizontal and vertical wires, allowing arbitrary routing of signals;
(b) negation; and (c) some sort of two-input gate (we will build AND). We start by describing how to build
a junction between wires.
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Fig. 5. Two-dimensional grid of rigid bodies (squares) joined by binary hinges (dark lines) and with every other row
and column anchored by binary hinges to an outer frame (L-shaped body) is used to simulate a circuit consisting of
horizontal and vertical wires with no junctions (right-hand figure). The horizontally cross-hatched bodies are offset
by ±h horizontally and correspond to horizontal wires. The vertically cross-hatched bodies are offset by ±h vertically
and correspond to vertical wires. Bodies without cross-hatching are wire crossings that can move both horizontally
and vertically; shaded bodies are fixed.

Junctions. For a junction, we want to enforce that a horizontal wire is in its rightward position (representing
a 1 bit) if and only if the joined vertical wire is in its upward position (also representing a 1 bit). We do so
by placing a hinge with offset ±h

√
2 and separation `

√
2 at a 45◦ angle between the crossing body for the

two wires and an adjacent fixed body, as shown in Figure 6. Note that these irrational lengths are a result
of the 45◦ rotation; the nodes that make up the hinge are still at integer coordinates.

NOT gates. To force two adjacent horizontal wires to have opposite values, we place a double-width hinge
with offset ±2h between them at the right edge of the grid as shown in Figure 7. This permits one to be
offset by +h and the other by −h, but prevents both from being offset by the same amount. We will assume
hereafter that the horizontal wires are paired off in this way with the two members of each pair representing
some variable and its negation. To extract these variables for use we create a junction that sends a copy up
one of the vertical wires.

Implications. At the top of the grid, we place implications. These are structures built out of single-width
hinges (with offset ±h) that enforce x → y by permitting only the offset combinations (−1,−1), (−1,+1),
and (+1,+1). This restriction is enforced by setting the x side of the hinge h units higher than the right
side; the sides of the hinge are then at vertical offsets (0,−h), (0, h), and (2h, h) in the three permissible
configurations. The configuration where x is one and y is zero would have offsets (2h,−h), which is not
permitted by the hinge. By placing junctions appropriately we can create an implication between any two
variables represented by horizontal wires. See Figure 8.

Implication is a rather weak primitive, but it is enough to build AND gates.

AND gates. An AND gate is a structure that forces some variable z to equal x ∧ y. We can build an AND
gate out of four implications: z → x, z → y, x → z, and y → z, which between them allow precisely those
settings of x, y, and z for which z = x ∧ y.

Since we have both AND gates and negation, we can build OR gates as well using DeMorgan’s rule
x ∨ y = ¬x ∧ ¬y. This is enough to build arbitrary Boolean circuits. In particular, we have a:
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Fig. 6. Junction between two wires. The hinge between the fixed body (at lower right) and the crossing point (at
upper left) forces the crossing point into either its (+1, +1) position or its (−1,−1) position, which guarantees that
the horizontal and vertical wires carry the same signal.
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Fig. 7. Negation. Double-width hinge between top and bottom rows allows only +h and −h or −h and +h as offsets.
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Fig. 8. Implication. If left-hand column is up, right-hand column is also forced up. If left-hand column is down,
right-hand column may be up or down.
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Reduction from CIRCUIT SATISFIABILITY. Given a Boolean circuit C, construct a graph G using the
mechanisms described previously, where each wire (including input and output wires) and its negation is
represented by a row of rigid bodies, and each AND gate is implemented using eight columns paired together
with four implication structures. Any solution to the localization problem for the distances in this graph
corresponds to an assignment of bits to the wires in C that is consistent with the behavior of the gates in
C; to enforce that the output of the circuit is 1, anchor the appropriate row to the L-shaped frame to force
it into the 1 position. Now there is a solution to the localization problem if and only if there is a satisfying
assignment for the circuit.

We thus have a polynomial-time reduction from CIRCUIT SATISFIABILITY to localization, and The-
orem 1 is proved.

4 Conclusions and open problems

We have shown that the localization problem is hard in the worst case for sparse graphs unless P = NP or
RP = NP, if certain mild forms of approximation are permitted. This worst-case result for sparse graphs
stands in contrast to results that show that localization is possible for dense graphs [3] or with high probability
for random geometric graphs [9]. The open questions that remain are where the boundary lies between our
negative result and these positive results. In particular:

– Is there an efficient algorithm for approximate localization in sparse graphs, either by permitting moderate
errors on distances or by permitting the algorithm to misplace some small fraction of the sensors?

– Given that the difficulty of the problem appears to be strongly affected by the density of nodes (and the
resulting number of known distance pairs), what minimum density is necessary to allow localization in
the worst case?

– How are these results affected by more natural assumptions about communications ranges, allowing
different maximum distances between adjacent nodes or the possibility of placing small numbers of
high-range beacons?

Answers to any of these questions would be an important step toward producing practical localization
algorithms.
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