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The binomial coefficient “n choose k7, written

(Z) - (Z)'k R (Z! Ik

counts the number of k-element subsets of an n-element set.
The name arises from the binomial theorem, which says that

(z+y)" = i (Z)xky"_k.
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For integer n, we can limit ourselves to letting k range from 0 to n. The
most general version of the theorem lets k range over all of N, and relies on the
binomial coefficient to zero out the extra terms. It holds for any integer n > 0
or (with a suitable definition of binomial coefficients) for any n if |z/y| < 1
(which guarantees that the sum converges).

The connection to counting subsets is straightforward: expanding (x + y)™
using the distributive law gives 2™ terms, each of which is a unique sequence of
n z’s and y’s. If we think of the x’s in each term as labeling a subset of the n

positions in the term, the terms that get added together to get 2*y™~* corre-
spond one-to-one to subsets of size k. So there are (Z) such terms, accounting

for the coefficient on the right-hand side.

1 Recursive definition

If we don’t like computing factorials, we can also compute binomial coefficients
recursively.
Base cases:

e If £ =0, then there is exactly one zero-element set of our n-element set—
it’s the empty set—and we have (j) = 1.

e If k£ > n, then there are no k-element subsets, and we have Vk > n : (Z) =

0.



Recursive step: We’ll use Pascal’s identity, which says that
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The proof of this identity is combinatorial, which means that we will con-
struct an explicit bijection between a set counted by the left-hand side and
a set counted by the right-hand side. This is often one of the best ways of
understanding simple binomial coefficient identities.

On the left-hand side, we are counting all the k-element subsets of an n-
element set S. On the right hand side, we are counting two different collections
of sets: the (k — 1)-element and k-element subsets of an (n — 1)-element set.
The trick is to recognize that we get an (n — 1)-element set S’ from our original
set by removing one of the elements x. When we do this, we affect the subsets
in one of two ways:

1. If the subset doesn’t contain z, it doesn’t change. So there is a one-to-one
correspondence (the identity function) between k-subsets of S that don’t
contain z and k-subsets of S’. This bijection accounts for the first term
on the right-hand side.

2. If the subset does contain z, then we get a (k — 1)-element subset of S’
when we remove it. Since we can go back the other way by reinserting =z,
we get a bijection between k-subsets of S that contain x and (k—1)-subsets
of S’. This bijection accounts for the second term on the right-hand side.

Adding the two cases together (using the sum rule), we conclude that the
identity holds.

Using the base case and Pascal’s identity, we can construct Pascal’s trian-
gle, a table of values of binomial coefficients:
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Each row corresponds to increasing values of n, and each column to increas-
ing values of k, with (8) in the upper left-hand corner. To compute each entry,
we add together the entry directly above it and the entry diagonally to the left.

1.1 Pascal’s identity: algebraic proof

Using the binomial theorem plus a little bit of algebra, we can prove Pascal’s
identity without using a combinatorial argument (this is not necessarily an im-
provement). The additional fact we need is that if we have two equal series
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then a; = b; for all 4.
Here’s the proof of Pascal’s identity:
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and now we equate matching coefficients to get
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as advertised.

2 Vandermonde’s identity

Vandermonde’s identity says that, provided r does not exceed m or n,
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2.1 Combinatorial proof

To pick r elements of an m + n element set, we have to pick some of them from
the first m elements and some from the second n elements. Suppose we choose
k elements from the last n; there are (Z) different ways to do this, and (er)
different ways to choose the remaining r — k from the first m. This gives (by
the product rule) (,,) (%) ways to choose r elements from the whole set if we
limit ourselves to choosing exactly k from the last n. The identity follow by
summing over all possible values of k.



2.2 Algebraic proof

Here we use the fact that, for any sequences of coefficients {a;} and {b;},
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and equate terms with matching exponents.

Is this more enlightening than the combinatorial version? It depends on
what kind of enlightenment you are looking for. In this case the combinatorial
and algebraic arguments are counting essentially the same things in the same
way, so it’s not clear what if any advantage either has over the other. But in
many cases it’s easier to construct an algebraic argument than a combinatorial
one, in the same way that it’s easier to do arithmetic using standard grade-
school algorithms than by constructing explicit bijections. On the other hand,
a combinatorial argument may let you carry other things you know about some
structure besides just its size across the bijection, giving you more insight into
the things you are counting. The best course is probably to have both techniques
in your toolbox.

3 Sums of binomial coefficients

What is the sum of all binomial coeflicients for a given n? We can show

n n
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combinatorially, by observing that adding up all subsets of an n-element set of
all sizes is the same as counting all subsets. Alternatively, apply the binomial
theorem to (1 +1)™.

Here’s another sum, with alternating sign. This is useful if you want to know
how the even-k binomial coefficients compare to the odd-k binomial coefficients.
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Proof: (1 —1)" = 0™ = 0 when n is nonzero. (When n is zero, the 0™ part
still works, since 0° =1 = (§)(-1)°.)
By now it should be obvious that
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It’s not hard to construct more examples of this phenomenon.

4 Application: the inclusion-exclusion formula

We'’ve previously seen that |[AU B| = |A|+ |B| — |AN B|. The generalization of
this fact from two to many sets is called the inclusion-exclusion formula and
says
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This rather horrible expression means that to count the elements in the
union of n sets A; through A,,, we start by adding up all the individual sets
|A1|+|A2|+...|Ay|, then subtract off the overcount from elements that appear
in two sets —|A; N Az| —|A1 N As|—. .., then add back the resulting undercount
from elements that appear in three sets, and so on.

Why does this work? Consider a single element x that appears in k of the
sets. We'll count it as +1 in (]1“) individual sets, as —1 in (g) pairs, +1 in (g)
triples, and so on, adding up to

Z_X;(—l)’w1 (f) - (g(—l)’“@)) = - (g(—nk(’;) - 1) __0-1)=1.

5 Negative binomial coefficients

Though it doesn’t make sense to talk about the number of k-subsets of a (—1)-
element set, the binomial coefficient (}) has a meaningful value for negative n,

which works in the binomial theorem. We’ll use the lower-factorial version of

the definition: B
(kn) = (—n)/k! = ( 1T z) k.
i=—n—k+1

Note we still demand that £ € N; we are only allowed to do funny things
with the upper index n.



So for example:

(-}:) = (—Lw/kK = (i_ﬁk“i) [kl = (ﬁ;) / (f{lz> — (—1)*.

An application of this fact is that
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In computing this sum, we had to be careful which of 1 and —z got the n
exponent and which got —1 — n. If we do it the other way, we get

n=0 n=0

This turns out to actually be correct, since applying the geometric series
formula turns the last line into
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but it’s a lot less useful.

What happens for a larger upper index? One way to think about (—n)g
is that we are really computing (n + k — 1); and then negating all the factors
(which corresponds to multiplying the whole expression by (—1)*. So this gives
us the identity

(kn> = (—n)p/k = (=) (n+k — 1) /K = (=1)* <n +]];;, 1>.

So, for example,
1
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These facts are useful when we look at jgenerating functions.

6 Fractional binomial coefficients

Yes, we can do fractional binomial coefficients, too. Exercise: Find the value of

()12

n n!

7 Further reading

ConcreteMathematics §5.1-5.3 is an excellent source for information about all
sorts of facts about binomial coeflicients.


http://pine.cs.yale.edu/pinewiki/GeneratingFunctions

