
CS469/CS569 Final Exam
May 11th, 2009

Write your answers in the blue book(s). Justify your answers. Work
alone. Do not use any notes or books.

There are four problems on this exam, each worth 20 points, for a total
of 80 points. You have approximately three hours to complete this exam.

1 Randomized mergesort (20 points)

Consider the following randomized version of the mergesort algorithm. We
take an unsorted list of n elements and split it into two lists by flipping an
independent fair coin for each element to decide which list to put it in. We
then recursively sort the two lists, and merge the resulting sorted lists. The
merge procedure involves repeatedly comparing the smallest element in each
of the two lists and removing the smaller element found, until one of the
lists is empty.

Compute the expected number of comparisons needed to perform this
final merge. (You do not need to consider the cost of performing the recursive
sorts.)

2 A search problem (20 points)

Suppose you are searching a space by generating new instances of some
problem from old ones. Each instance is either good or bad; if you generate
a new instance from a good instance, the new instance is also good, and if
you generate a new instance from a bad instance, the new instance is also
bad.

Suppose that your start with X0 good instances and Y0 bad instances,
and that at each step you choose one of the instances you already have
uniformly at random to generate a new instance. What is the expected
number of good instances you have after n steps?

Hint: Consider the sequence of values {Xt/(Xt + Yt)}.

3 Support your local police (20 points)

At one point I lived in a city whose local police department supported them-
selves in part by collecting fines for speeding tickets. A speeding ticket would
cost 1 unit (approximately $100), and it was unpredictable how often one
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would get a speeding ticket. For a price of 2 units, it was possible to purchase
a metal placard to go on your vehicle identifying yourself as a supporter of
the police union, which (at least according to local legend) would eliminate
any fines for subsequent speeding tickets, but which would not eliminate the
cost of any previous speeding tickets.

Let us consider the question of when to purchase a placard as a problem
in on-line algorithms. It is possible to achieve a strict1 competitive ratio of
2 by purchasing a placard after the second ticket. If one receives fewer than
2 tickets, both the on-line and off-line algorithms pay the same amount, and
at 2 or more tickets the on-line algorithm pays 4 while the off-line pays 2
(the off-line algorithm purchased the placard before receiving any tickets at
all).

1. Show that no deterministic algorithm can achieve a lower (strict) com-
petitive ratio.

2. Show that a randomized algorithm can do so, against an oblivious
adversary.

4 Overloaded machines (20 points)

Suppose n2 jobs are assigned to n machines with each job choosing a machine
independently and uniformly at random. Let the load on a machine be the
number of jobs assigned to it. Show that for any fixed δ > 0 and sufficiently
large n, there is a constant c < 1 such that the maximum load exceeds
(1 + δ)n with probability at most ncn.

1I.e., with no additive constant.
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