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Abstract

In the c ol le ct pr oblem [32], n pro cessors in a shared-memory

system m ust eac h learn the v alues of n registers. W e giv e

a randomized algorithm that solv es the collect problem in

O ( n log

3

n ) total read and write op erations with high prob-

abilit y , ev en if timing is under the con trol of a con ten t-

oblivious adv ersary (a sligh t w eak ening of the usual adap-

tiv e adv ersary). This impro v es on b oth the trivial upp er

b ound of O ( n

2

) steps and the b est previously kno wn b ound

of O ( n

3 = 2

log n ) steps, and is close to the lo w er b ound of


( n log n ) steps. F urthermore, w e sho w ho w this algorithm

can b e used to obtain a m ulti-use co op erativ e collect proto-

col that is O (log

3

n )-comp etitiv e in the latency mo del of Aj-

tai et al.[3] and O ( n

1 = 2

log

3 = 2

n )-comp etitiv e in the through-

put mo del of Aspnes and W aarts [10]; in b oth cases w e sho w

that the comp etitiv e ratios are within a p olylogarith mic fac-

tor of optimal.

1 Intro duction

Rumo r sp reading. The simplest problem w e will consider

is the follo wing: eac h of n p eople kno ws a rumor. A t eac h

p oin t in time, an adv ersary c ho oses one of the n p eople

and hands him or her a telephone. The only restriction

on the adv ersary's c hoice is that he cannot c ho ose a p erson

who already kno ws all n rumors (in tuitiv ely , w e assume that

suc h a p erson go es o� to do something else). The p erson

c hosen b y the adv ersary ma y call up an y one other p erson

(p ossibly c ho osing the other p erson using randomization)

and will learn all the rumors that the other p erson curren tly

kno ws. The pro cess con tin ues un til all participan ts kno w all

of the rumors. Our goal is to minimize the total n um b er of

steps (i.e., the total n um b er of telephone calls).

One can think of this problem as an async hronous v ersion

of the w ell-kno wn gossip pr oblem [24]. In the gossip problem,

�

Y ale Univ ersit y , Departmen t of Computer Science, 51 Prosp ect

Street/P .O. Bo x 208285, New Ha v en, CT 06520-828 5. Sup-

p orted b y NSF gran ts CCR-9410228 and CCR-9415410. E-mail:

aspnes@c s. yal e. ed u .

y

Y ale Univ ersit y , Departmen t of Mathematics, P .O. Bo x 208283,

New Ha v en CT, 06520-8283 . Supp orted b y NSF gran ts CCR-8958528

and CCR-9415410 . E-mail: will@ma th. ya le .ed u .

n p ersons wish to distribute n rumors among themselv es;

ho w ev er, whic h p ersons comm unicate at eac h time is �xed

in adv ance b y the designer of the algorithm. By con trast, in

our problem, the c hoice of who receiv es information at eac h

time is under the con trol of an adv ersary . F urthermore, the

algorithm used b y eac h pro cess to c ho ose where it will lo ok

for more information can only mak e that c hoice based on

the information obtained so far.

The collect p roblem. The rumor-spreading problem ab o v e

is closely related to the c ol le ct pr oblem [32]. In the collect

problem, eac h of n pro cesses in a shared-memory system

p ossesses some piece of information, whic h it stores in one

of a set of single-writer m ulti-reader atomic registers. W e

w ould lik e eac h of the pro cesses to learn the v alues of all of

the others while p erforming as few total read and write op-

erations as p ossible. Again, w e assume that timing is under

the con trol of an adv ersary sc heduler, whic h has near-total

kno wledge of all ev en ts in the system, and whic h ma y start

and stop pro cesses at will. The essen tial di�erence b et w een

the rumor-spreading problem ab o v e and the collect prob-

lem is that in the collect problem the op erations of c ho osing

someone to read, reading his or her v alues, and adding them

to one's o wn register do not tak e place as a single atomic

action.

The description ab o v e is of the simplest v ersion of the

collect problem, in whic h all v alues are presen t at the start

and eac h pro cess gathers the v alues only once. F or this v er-

sion of the problem, the naiv e solution is to ha v e eac h of the

n pro cessors read eac h of the n registers directly , for a total

cost of n

2

op erations. Ho w ev er, the naiv e solution is not

the b est p ossible, as pro cessors can learn v alues indirectly

from other pro cessors, th us sharing the w ork of reading the

registers. Indeed, Ajtai et al. [3 ] observ ed that the Certi-

�ed W rite-All algorithm of Anderson and W oll [5] could b e

mo di�ed in a straigh tforw ard w a y to solv e the collect prob-

lem in O ( n

3 = 2

log n ) total op erations. This is a substan tial

impro v emen t on an upp er b ound of n

2

, but still far from the

b est kno wn lo w er b ound of 
( n log n ). [3].

Rep eated collects. The collect problem is motiv ated b y its

frequen t app earance in other algorithms. Man y algorithms

in the w ait-free shared-memory mo del [1, 2, 4 , 6, 7, 8 , 9, 12 ,

13, 15 , 16 , 17 , 19, 20, 21, 22, 23 , 27 , 25, 26, 28, 29, 30 , 34 ]

ha v e an underlying structure in whic h pro cesses r ep e ate d ly

collect v alues using the c o op er ative c ol le ct primitiv e. In

the co op erativ e collect primitiv e, �rst abstracted b y Saks,

Sha vit, and W oll [32], pro cesses p erform the c ol le ct op era-



tion { an op eration in whic h eac h pro cess learns the v alues

of a set of n registers, with the guaran tee that eac h v alue

learned is fr esh : it w as presen t in the register at some p oin t

during the collect. In a sense the co op erativ e collect primi-

tiv e is a m ulti-use v ersion of the simple collect problem, with

the added di�cult y of guaran teeing freshness.

In terestingly , most of these algorithms (whic h include

nearly all algorithms in the w ait-free shared-memory litera-

ture for consensus, snapshots, coin 
ipping, b ounded round

n um b ers, timestamps, and m ulti-writer registers) use the

naiv e algorithm for p erforming collects in whic h eac h pro-

cessor reads ev ery register directly , at a cost of n reads p er

collect.
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One reason (b ey ond the simplicit y of the naiv e al-

gorithm) ma y b e that if one considers the p erformance of

collect algorithms in traditional w orst-case terms, the naiv e

algorithm app ears to b e optimal: since the adv ersary can

alw a ys c ho ose to halt all but one of the pro cessors, that

lone pro cessor running in isolation cannot carry out a col-

lect without reading all the other pro cessor's registers.

Comp etitive collect algo rithms The apparen t optimalit y of

the naiv e algorithm for r ep e ate d collects is surprising giv en

the sup erior p erformance of other algorithms for the one-

time collect problem. Indeed, one w ould exp ect that an

algorithm that solv ed the one-time problem quic kly could

b e extended to an algorithm that w ould giv e b etter p erfor-

mances in man y circumstances. Ajtai et al. [3] pro vided a

to ol, kno wn as latency c omp etitiven ess , that can b e used to

sho w the sup eriorit y of more sophisticated algorithms. In

their mo del the p erformance of a distributed algorithm is

not measured in absolute terms against the w orst p ossible

sc hedule, but instead is measured on eac h sc hedule relativ e

to the p erformance of another distributed algorithm c hosen

to b e optimal for that sc hedule. In order to ha v e go o d la-

tency comp etitiv eness, an algorithm m ust not only p erform

acceptably in hard situations (for collect, this is generally

when there is little or no concurrency) but m ust also p er-

form w ell in easy situations. More details of the latency

comp etitiv eness measure, and of the related thr oughput c om-

p etitiveness measure [10], can b e found in Sections 4.1 and

4.2.

1.1 Our results

W e describ e (Section 2) an algorithm for the rumor-

spreading game whic h requires only O ( n log

2

n ) steps with

high probabili t y , sligh tly more than the lo w er b ound of


( n log n ). Based on this algorithm, w e construct (Sec-

tion 3) a randomized algorithm for the collect problem that

runs in O ( n log

3

n ) w ork with high probabilit y; the extra

O (log n ) factor comes from the tec hnique w e use to sim-

ulate an atomic transfer of information from one pro ces-

sor's register to another's. This is the �rst solution to the

problem that comes within a p olylogarith mic factor of the

lo w er b ound of 
( n log n ). F urthermore, w e sho w (Section

4) that our algorithm can b e extended in a natural w a y to

yield an implemen tation of the co op erativ e collect primi-

tiv e that is O (log

3

n )-comp etitiv e in the latency mo del [3]

and O (

p

n log

3 = 2

n )-comp etitiv e in the throughput mo del.

1

[32 , 31 ] presen t collect algorithms that do not follo w the pattern

of the naiv e algorithm. Both w orks, ho w ev er, consider mo dels that

in v olv e considerably stronger assumptions that either the standard

w ait-free shared memory mo del or the sligh tly w eak er mo del consid-

ered here.

Both of these ratios are also within a p olylogarithmi c fac-

tor of the b est kno wn lo w er b ounds, and substan tiall y im-

pro v e on the b est previously kno wn ratios of O (

p

n log n )

and O ( n

3 = 4

log n ).

1.2 The mo del

All of our results are carried out in a mo del where the al-

gorithm is allo w ed to generate a random v alue and write

it out as a single atomic op eration. This assumption ap-

p ears frequen tly in early w ork on consensus; it is the \w eak

mo del" of Abrahamson [1] and w as used in the consensus pa-

p er of Chor, Israeli, and Li [19]. In general, the w eak mo del

in its v arious incarnations p ermits m uc h b etter algorithms

(e.g., [11 , 18 ]) for suc h problems as consensus than the b est

kno wn algorithms in the more traditional \strong mo del".

The assumption that the adv ersary cannot see coin-
ips b e-

fore they are written is justi�ed b y an assumption that in a

real system failures, page faults, and similar disastrous forms

of async hron y are lik ely to b e a�ected b y wher e eac h pro-

cessor is reading and writing v alues but not b y what v alues

are b eing read or written.

It is not clear whether this assumption can b e remo v ed

while still p ermitting an O ( n log

c

n ) solution to the collect

problem.

2 Sp reading rumo rs

Recall from the in tro duction that in the rumor-spreading

problem a pro cessor ma y c ho ose what pro cessor it will read,

read that pro cessor's state, and add the information th us

obtained to its o wn visible state as a single atomic op eration.

The algorithm w e analyze in this case is deceptiv ely simple:

when a pro cessor a is c hosen to mo v e b y the adv ersary , it

reads from a pro cessor b c hosen uniformly at random from

the set of all n pro cessors. (It is p ossible that b = a .) W e

will refer to one of these atomic op erations as a move .

In tuitiv ely it seems unlik ely that this is the b est algo-

rithm. F or example, if a has obtained the information from

n � 1 pro cessors, it is clear that a should examine the sole

pro cessor whose information a do es not already p ossess.

Also if b = a then no information can p ossibly b e gained.

But this algorithm has the great adv an tage that it is imp os-

sible for the adv ersary to bias a 's selection of b . This mak es

it m uc h easier to analyze the p erformance of this algorithm

than it otherwise migh t b e.

Some notation: in the follo wing, w e will use K

P

t

for the

set of rumors p ossessed b y pro cessor P at time t . W e will

sa y that a pro cessor P knows a set of rumors S at time t

when S � K

P

t

. The e�ect of P reading Q at time t is to set

K

P

t +1

to K

P

t

[ K

Q

t

.

Let us lo ok at some set of rumors S and consider ho w

they spread through the pro cessors. F or eac h S , w e will

divide mo v es in to t w o classes:

� Mo v es b y pro cessors that already kno w S . W e will call

these mo v es unpr o ductive (with resp ect to S ).

� Mo v es b y pro cessors that do not already kno w S . W e

will call these mo v es pr o ductive (again, with resp ect to

S ).

Where it will not cause confusion w e will omit a sp eci�c

reference to S . Note ho w ev er that a mo v e migh t b e unpro-

ductiv e with resp ect to some S but pro ductiv e with resp ect

to a di�eren t S

0

.



The follo wing lemma sho ws that, with high probabili t y ,

the information kno wn b y an y single pro cessor spreads to

all of the pro cessors after only O ( n log n ) pro ductiv e mo v es:

Lemma 1 Fix a starting time s and let S = K

P

s

. L et T b e

the numb er of pr o ductive moves after s b efor e every pr o c essor

knows S and let k b e a p ositive c onstant. Then

Pr [ T � k n ln n ] �

1

n

k � 3

Pro of: If k pro cessors kno w S prior to a pro ductiv e mo v e,

then the probabili t y that k + 1 pro cessors kno w S after

the mo v e is k =n . Th us the total w aiting time T is giv en

b y the sum of a set of indep enden t, geometrically dis-

tributed random v ariables T

1

; T

2

; : : : ; T

n � 1

; T

n

with exp ec-

tations n; n= 2 ; : : : ; n= ( n � 1) ; 1. This giv es a total exp ected

time of nH

n

or appro ximately n ln n . Ho w ev er, w e wish to

sho w a stronger claim, b y b ounding the tail of this sum's

distribution .

W e do so using momen t generating functions. W e ha v e

b y Mark o v's inequalit y that for c > 0

Pr [ T � t ] = Pr

�

e

cT

� e

ct

�

�

E

�

e

cT

�

e

ct

:

Since the T

i

are indep enden t

E

�

e

cT

�

= E

"

n � 1

Y

i =1

e

cT

i

#

=

n � 1

Y

i =1

E

�

e

cT

i

�

:

W e can ev aluate E

�

e

cT

i

�

directly . Let p = i=n and q =

1 � i=n . Then assuming that q e

c

< 1 w e get

E

�

e

cT

i

�

= p

1

X

j =1

q

j � 1

e

cj

= pe

c

1

X

j =0

( q e

c

)

j

=

pe

c

1 � q e

c

:

So if w e let d = e

c

w e get

Pr [ T � t ] �

1

e

ct

n � 1

Y

i =1

i

n

e

c

1 � (1 �

i

n

) e

c

=

1

d

t

n � 1

Y

i =1

id

id + n � dn

=

( n � 1)!

d

t � n +1

n � 1

Y

i =1

1

id + n � dn

Since w e w an t q d < 1 for all p ossible v alues of q , w e ha v e

that 1 < d < n= ( n � 1). F or d in this range and 1 < i < n

w e ha v e

1

id + n � dn

�

n � 1

in + n ( n � 1) � n

2

�

1

i � 1

:

Hence

Pr [ T � t ] �

( n � 1)!

d

t � n +1

�

1

d + n � dn

�

1

( n � 2)!

=

n � 1

d

t � n +1

( d + n � dn )

:

No w set d =

n

n � 1

�

s

s +1

where s = t � n + 1. De�ne l b y

s = l n ln n . Then

Pr [ T � t ] �

( n � 1) d

� s

n + d ( n � 1)

=

n � 1

n

�

n � 1

n

�

ln ln n

�

s + 1

s

�

s

( s + 1)

� n

� l

e ( l n ln n + 1) :

No w let t = k n ln n for k some p ositiv e constan t. Then

k � l � k � 1. Assuming that n is large enough that n

2

�

e ( k n ln n + 1) w e conclude

Pr [ T � k n ln n ] �

1

n

k � 3

(1)

What Lemma 1 tells us is that with high probabilit y , af-

ter k n ln n pro ductiv e mo v es K

P

s

will spread to all of the

pro cessors. Thereafter an y further mo v es m ust b e unpro-

ductiv e mo v es. So if 3 k n ln n mo v es are p erformed, at least

2

3

of them are unpro ductiv e| in other w ords, most of these

3 k n ln n mo v es are made b y pro cessors that kno w K

P

s

. That

this in tuition is true sim ultaneousl y for all P with high prob-

abilit y is captured in the follo wing lemma:

Lemma 2 L et s b e a time and let t = s + 3 k n ln n . F or e ach

pr o c essor P and time t

0

, let V

P

t

0

b e the set of pr o c essors Q for

which K

Q

t

0

� K

P

s

. (Thus V

P

t

wil l c onsist of al l pr o c essors

that know after an interval of 3 k n ln n steps everything that

P knew at the b e ginning.) F or any set of pr o c essors A , de�ne

w ( A ) to b e the numb er of moves made by pr o c essors in A

b etwe en s and t . Then

Pr

�

9 P w ( V

P

t

) < 2 k n ln n

�

�

1

n

k � 4

Pro of: The pro of w orks b y sho wing an upp er b ound on

the n um b er of mo v es not done b y pro cessors in V

P

t

. Let

V

P

t

b e the complemen t of V

P

t

. Since an y pro cessor in V

P

t

do es not kno w K

P

s

at time t , it cannot ha v e kno wn K

P

s

at

an y time b efore t , and th us all of its mo v es prior to t are

pro ductiv e mo v es with resp ect to K

P

s

. Using lemma 1 w e

get Pr

h

w ( V

P

t

) � k n ln n

i

� 1 =n

k � 3

. Th us:

Pr

�

9 P w ( V

P

t

) < 2 k n ln n

�

�

n

X

i =0

Pr

�

w ( V

P

t

) < 2 k n ln n

�

= n Pr

h

w ( V

P

t

) � k n ln n

i

�

1

n

k � 4

Because it is lik ely that V

P

t

and V

Q

t

b oth do at least

2

3

of the w ork, it is lik ely that these sets o v erlap for an y P and

Q , i.e. that the information kno wn b y an y p air of pro cessors

at time s is kno wn to a single pro cessor at time s + 3 k n ln n :

Corollary 3 Using the notation of L emma 2,

Pr

�

9 P ; Q V

P

t

\ V

Q

t

= ;

�

� 1 =n

k � 4

.



Pro of: Supp ose w ( V

P

t

) � 2 k n ln n and w ( V

Q

t

) � 2 k n ln n

Then w ( V

Q

t

) < k n ln n and so V

P

t

6� V

Q

t

implying that V

P

t

\

V

Q

t

6= ; . By Lemma 2 the probabili t y that the supp osition

do es not hold is at most 1 =n

k � 4

. The result follo ws.

In particular, if at time s there is some set A of r

pro cessors that b et w een them kno w all the rumors (i.e.,

S

P 2 A

K

P

s

�

S

P

K

P

0

), then at time s + 3 k n ln n there will

b e a set of d r = 2 e pro cessors that b et w een them kno w all the

rumors. Initially there are n pro cessors that b et w een them

kno w all the rumors. Therefore after at most 1 + log

2

n

in terv als of length 3 k n ln n there will b e a single pro cessor

that kno ws all of the rumors, i.e. one that has completed

its task.

The adv ersary cannot mo v e a pro cessor that kno ws ev-

erything, so all mo v es made after a pro cessor has completed

are necessarily made b y pro cessors that ha v e not completed.

So applying Lemma 1 sho ws that after k n ln n additional

mo v es ev ery pro cessor will kno w ev erything with high prob-

abilit y . In summary w e ha v e the follo wing:

Theorem 4 L et k b e some c onstant, and let the adversary

and pr o c essors b ehave as describ e d e arlier in this se ction.

L et c = 3(log

2

e + 1) = 7 : 32 � � � . Then the pr ob ability that

every pr o c essor knows every rumor after ck n ln

2

n moves is

at most

1

n

k � 5

.

3 The collect p roblem

In the rumor-spreading problem w e assumed that all of the

kno wledge of an y particular pro cessor w as a v ailable to an y

other pro cessor that wished to read it. In collect problem

this is not the case; the adv ersary can stop a pro cessor in

b et w een reading new information from another pro cessor's

register and writing that information to its o wn register.

F urthermore, w e allo w the adv ersary to stop a pro cessor

b et w een making a random c hoice of whic h register to r e ad

and the actual read op eration. (This rule corresp onds to an

assumption that not all reads are equal; some migh t in v olv e

cac he misses, net w ork dela ys, and so forth.) Ho w ev er, as

men tioned in Section 1.2, w e will p ermit a pro cessor to mak e

a random c hoice and write the result of this c hoice to its o wn

register as an atomic op eration. (This rule corresp onds to

an assumption that the timing of a write is not a�ected b y

the v alue b eing written.)

Ov erall, the approac h will b e similar to that tak en for

the rumor-spreading problem. But it is no longer enough

for eac h pro cessor to simply k eep reading randomly selected

registers. An adv ersary strategy that defeats this simple

algorithm is to c ho ose one of the registers to b e a \p oi-

son pill"; an y pro cessor that attempts to read this register

will b e halted. Since on a v erage only one read out of ev-

ery n w ould attempt to read the p oisonous register, close

to n

2

reads w ould b e made b efore the adv ersary w ould b e

forced to let some pro cessor actually sw allo w the p oison pill.

W e will a v oid this problem b y ha ving eac h pro cessor use

the follo wing algorithm. The essen tial idea is that b efore

attempting to read a register, a pro cessor will lea v e a note

sa ying where it is going;

2

p oison pills can th us b e detected

easily b y the trail of corpses leading in their direction. The

distance that a pro cessor will pursue this trail will b e � ln n ,

2

It is here that w e use the assumption that w e can 
ip a coin and

write the outcome atomically .

where � is constan t c hosen to guaran tee that the pro cessor

reac hes its target with high probabili t y .

In the follo wing algorithm, w e assume that eac h pro ces-

sor stores in its output register b oth the set of v alues S it has

collected so far and its suc c essor , the pro cessor it selected

to read from most recen tly .

� While some v alues are unkno wn:

{ Set p to b e a random pro cessor, and write out p

as our successor. (W e will call this the sele ction

step ).

{ Rep eat � ln n times:

� Read the register of p . Set S to b e the union

of S and the v alues �eld. Set p to the succes-

sor �eld.

� W rite out the new S .

W e w ould lik e to pro v e an analogue of Lemma 2 for this

more sophisticated algorithm. Let us �x a starting time s .

F or eac h pro cessor P and time t � s , de�ne U

P

t

recursiv ely

as follo ws. Let U

P

s

= f P g . If at time t , a pro cessor Q

c ho oses a pro cessor in U

P

t

, then U

P

t +1

= U

P

t

[ f Q g ; other-

wise U

P

t +1

= U

P

t

. Note that the sets U

P

t

are built up b y

exactly the same random pro cess as the sets V

P

t

de�ned

in Lemma 1, and so w e can use Lemma 1 to sho w a high-

probabilit y b ound on ho w man y times the selection step can

b e executed b y a pro cessor not already in U

P

. This b ound

translates in to a b ound on the n um b er of op erations b e-

cause the n um b er of op erations executed b y an y pro cessor

is at most 2 � ln n + 1 times the n um b er of times it executes

the b o dy of the outer lo op, i.e., the n um b er of times the

selection step is executed.

Ho w ev er, it is not enough to sho w that man y pro ces-

sors will b e in U

P

; w e m ust also sho w that these pro cessors

will ev en tually follo w the trail of successor �elds to obtain

K

P

s

. T o sho w this fact w e view U

P

t

as a ro oted tree, whose

ro ot is the original no de P . As eac h new no de a is added

to U

P

it m ust select one of the pro cessors b already in U

P

;

in this case w e dra w an edge b et w een a and b . Notice that

(conditionin g on the fact that a selects a pro cessor already

in U

P

) the pro cessor b is c hosen uniformly from the no des

already in U

P

. In Section 3.1 w e in v estigate the random

v ariable M

x

, whic h is de�ned to b e the depth of a tree con-

taining x + 1 no des generated in precisely this fashion. W e

pro v e (equation (10)):

Lemma 5 L et � � 2 , then

Pr [ M

x � 1

� � ln x ] �

1

x

� ln � � � � 1

In tuitiv ely , the depth of the tree is lik ely to b e b ounded

b y the logarithm of its size b ecause on a v erage the i -th no de

to b e added to the tree will c ho ose as a paren t the ( i= 2)-th

no de. The imp ortance of b ounding the depth of the tree is

that it giv es an immediate b ound on the length of a trail

that an y pro cessor in U

P

m ust follo w to learn K

P

s

:

Lemma 6 Supp ose that the depth of the U

P

tr e e do es not

exc e e d � ln n . L et Q b e a pr o c essor that has c omplete d the

inner lo op fol lowing its �rst sele ction of a pr o c essor in U

P

.

Then Q knows K

P

s

.



Pro of: The result follo ws b y induction on the size of U

P

.

If Q is a pro cessor newly added to U

P

, either Q successfully

follo ws a c hain of successor edges un til it reac hes P , or at

some p oin t it follo ws an edge lea ving some pro cessor R that

is not an edge in U

P

. But then R m ust ha v e c hosen a new

successor after its en try in to U

P

and th us m ust ha v e com-

pleted its inner lo op follo wing its en try in to U

P

. It follo ws

b y the induction h yp othesis that R kno ws K

P

s

, and th us Q

learns it when it reads R 's register.

No w w e ha v e the follo wing extension of lemma 2.

Lemma 7 L et the p owers of the adversary, and the algo-

rithms of the pr o c essors b e as de�ne d e arlier in this se ction.

Fix a starting time s , let t = s + 3( k n ln n + n )(2 � ln n + 1) ,

and de�ne V

P

t

as the set of pr o c essors that know K

P

s

at time

t and w ( A ) to b e the total numb er of op er ations exe cute d by

pr o c essors in A b etwe en s and t . Then

Pr

�

9 P w ( V

P

t

) � 2( k n ln n + n )(2 � ln n + 1)

�

�

1

n

k � 4

+

1

n

� ln � � � � 2

Pro of: W e use an argumen t similar to that used for

Lemma 2. Supp ose that w ( V

P

t

) � ( k n ln n + n )(2 � ln n + 1).

Then b y Lemma 1 after ( k n ln n )(2 � ln n + 1) op erations ev-

ery pro cessor in V

P

t

is in U

P

. So b y Lemmas 5 and 6 after

the remaining n (2 � ln n + 1) op erations all n of them will

ha v e follo w ed their trails bac k and read the information.

The probabilit y of these ev en ts not o ccuring for some P is

the v alue giv en in the statemen t of the lemma.

This lemma can b e used in exactly the same w a y as in

section 2 to pro v e the follo wing theorem:

Theorem 8 L et k ; � b e c onstants, k � 1 , � � 2 , and let

the adversary and pr o c essors b ehave as describ e d e arlier in

this se ction. Assume that n � 3 and let c = 37 . Then

the pr ob ability that the c o op er ative c ol le ct is inc omplete after

c�k n ln

3

n moves is at most

1

n

k � 5

+

1

n

� ln � � � � 3

.

Pro of: The argumen t is essen tially the same as used for

Theorem 4. The resulting cost is giv en b y

3( k n ln + n )(2 � ln n + 1)(log

2

n + 1)

whic h is at most 37 k �n ln

3

n under the assumptions (needed

for the lemmas) that k � 1 and � � 2, and the further

assumption that n � 3 > e (implying ln

3

n > ln

2

n > ln n ).

In particular if w e tak e k = � � 9 w e can com bine the

terms in the probabili t y b ound to get as a sp ecial case that

the probabilit y that the co op erativ e collect is incomplete

after ck

2

n ln

3

n mo v es is at most

2

n

k � 5

(where c = 37 as in

the theorem).

3.1 Pro of of Lemma 5

In this section w e in v estigate the exp ected depth of a ro oted

tree whic h is built b e adjoining eac h new v ertex to one of

the existing v ertices c hosen at random. W e will sho w that

with high probabili t y the depth of the tree of i v ertices is at

most O (log i ).

Let T

i

b e a random v ariable whose v alue is a ro oted tree

with i + 1 v ertices, including the ro ot v ertex. So T

0

consists

of the ro ot v ertex only . Let T

i +1

b e de�ned b y uniformly

selecting one of the i + 1 v ertices in T

i

and attac hing a new

v ertex to the selected v ertex.

De�ne random v ariables D

i

to b e the depth of the i th

v ertex, where the ro ot has depth � 1, a v ertex adjacen t to

the ro ot has depth 0 and so on. Let M

i

b e the depth of the

tree T

i

, so

M

i

= max

j � i

D

j

:

No w de�ne indicator v ariables for i � 0, d � � 1,

X

i d

=

�

1 if D

i

= d

0 otherwise

Let x

i d

= Pr [ D

i

= d ] = Pr [ X

i d

= 1] = E [ X

i d

].

F rom the construction of the tree w e ha v e

Pr [ X

i d

= 1] =

1

i

i � 1

X

j =0

X

j d � 1

:

T aking exp ectations w e get

E [ X

i d

] =

1

i

i � 1

X

j =0

E [ X

j d � 1

] :

So the x

i d

are de�ned b y the recurrence equation

x

i d

=

(

1

i

P

i � 1

j =0

x

j d � 1

if i � 1 and d � 0

1 if i = 0 and d = � 1

0 otherwise.

(2)

F rom (2) w e can deriv e t w o further recurrence equations, for

i � 1, d � 0

x

i d

=

i � 1

i

x

i � 1 d

+

1

i

x

i � 1 d � 1

(3)

and x

i d

=

1

i

X

0 <i

1

<i

2

<::: <i

d

<i

d

Y

j =1

1

i

j

: (4)

No w w e can use (3) to �nd the exp ectation of D

i

, since

E [ D

i

] =

1

X

d =0

dx

i d

=

1

X

0

�

i � 1

i

x

i � 1 d

+

1

i

x

i � 1 d � 1

�

=

i � 1

i

1

X

0

dx

i � 1 d

+

1

i

1

X

1

( d � 1) x

i � 1 d � 1

+

1

i

1

X

1

x

i � 1 d � 1

= E [ D

i � 1

] +

1

i

Since E [ D

0

] = � 1 w e get

E [ D

i

] =

i

X

j =2

1

j

� ln i (5)

This sho ws that in a tree with r v ertices the exp ected depth

of an y particular v ertex is at most ln r , whic h suggests that

the exp ected depth of the en tire tree is also of the order



of ln r . T o pro v e this w e will need to get an upp er b ound

on x

i d

.

By comparing the iden tit y

 

i � 1

X

j =1

1

j

!

d

=

i � 1

X

i

1

=1

i � 1

X

i

2

=1

� � �

i � 1

X

i

d

=1

d

Y

j =1

1

i

j

with (4) w e see that

 

i � 1

X

j =1

1

j

!

d

= ix

i d

d ! + terms in v olvin g squares. (6)

Hence

x

i d

�

�

P

i � 1

j =1

1

j

�

d

i:d !

�

(1 + ln ( i � 1))

d

i:d !

(7)

In fact w e can sho w that as i ! 1 , x

i d

! ln

d

i= ( id !).

That is, the D

i

are asymptoticall y P oisson distributed with

parameter ln i .

Let d = k ln i . Then using Stirling's form ula w e ha v e

(1 + ln i )

d

d !

=

�

d

k

�

d

�

1 +

k

d

�

d

d !

� 2

�

d

k

�

d

e

k

d !

�

2 e

k

p

2 � d

�

d

k

�

d

�

e

d

�

d

� e

k

e

k (1 � ln k ) ln i

�

1

i

k ln k � k � 1

(8)

assuming that i � 3. By com bining (7) and (8) w e obtain

x

i d

�

1

i

k ln k � k

pro vided i � 3 and d � k ln i (9)

Supp ose M

x

� y for some x; y . Since if there is a no de

with depth bigger than y there m ust b e a no de of depth

exactly y w e ha v e using (2) that

Pr [ M

x

� l ] �

X

i � x

Pr [ D

i

= y ] =

X

i � x

x

i y

= ( x + 1) x

x +1 y +1

So b y applying (9) w e can conclude that if k is some con-

stan t, k � 2 then

Pr [ M

x � 1

� k ln x ] �

1

x

k ln k � k � 1

(10)

In particular if k � 9 w e ha v e that k ln k � k � 1 � k so

Pr [ M

x � 1

� k ln x ] �

1

x

k

for k � 9 : (11)

4 Rep eated collects

In this section w e consider an extension of the algorithm

from Section 3, whic h implemen ts the c o op er ative c ol le ct

primitiv e. F or this primitiv e, a pro cessor m ust not only b e

able to collect a set of v alues that are initiall y presen t in the

registers; it m ust also b e able to rep eatedly carry out collect

op erations that gather n new v alues that are guaran teed to

b e fr esh in the sense that they w ere presen t in the registers

at some time during the collect op eration.

Our algorithm ensures freshness b y a simple timestamp

sc heme. Up on starting a collect a pro cessor writes out a

new timestamp. Timestamps spread through the pro cessor's

registers in parallel to register v alues. When a pro cessor

reads a v alue dir e ctly from its original register, it tags that

v alue b y the most recen t timestamp it has from eac h of the

other pro cessors. Th us if a pro cessor sees a v alue tagged

with its o wn most recen t timestamp, it can b e sure that

that v alue w as presen t in the registers after the pro cessor

started its most recen t collect, i.e. that the v alue is fresh.

The algorithm can b e summarized as follo ws. Belo w, S

trac ks the set of v alues (together with their tags) kno wn

to the pro cessor. The arra y T lists eac h pro cessor's most

recen t timestamps. Both S , T , and the curren t successor

are p erio dical ly written to the pro cessor's output register.

� Cho ose a new timestamp � and set our en try in T to

� .

� While some v alues are unkno wn:

{ Set p to b e a random pro cessor, write out p as our

successor and T as our list of kno wn timestamps.

{ Rep eat � ln n times:

� Read the register of p . Set S to b e the union

of S and the v alues �eld. Up date T to include

the most recen t timestamps for eac h pro ces-

sor. Set p to the successor �eld.

� W rite out the new S and T .

� Return S .

W e can c haracterize the p erformance of this algorithm b y

describing its c ol le ctive latency [3 ], an upp er b ound on the

amoun t of w ork needed to complete all collects in progress

at some time t :

Theorem 9 Fix a starting time s . L et k , � , n , and c b e

as in The or em 8. Each pr o c ess c arries out a c ertain numb er

of steps b etwe en s and the time at which it c ompletes the

c ol le ct it was working on at time s . L et T b e the sum over

al l pr o c essors of these numb ers. Then

Pr

�

T > 2 c�k n ln

3

n

�

� 2

�

1

n

k � 5

+

1

n

� ln � � � � 3

�

Pro of: Divide the steps con tributing to T in to t w o classes:

(i) steps tak en b y pro cessors that do not y et kno w times-

tamps corresp onding to all of the collects in progress at time

s ; and (ii) steps tak en b y pro cesses that kno w all n of these

timestamps. T o b ound the n um b er of steps in class (i), ob-

serv e that the b eha vior of the algorithm in spreading the

timestamps during these steps is equiv alen t to the b eha v-

ior of the algorithm in Section 3. Similarly , steps in class

(ii) corresp ond to an execution of the algorithm in Section 3

when w e consider the spread of v alues tagged b y all n curren t

timestamps. Th us the total time for b oth classes of steps is

b ounded b y t wice the b ound from Theorem 8, except for a

case whose probabilit y is at most t wice the probabilit y from

Theorem 8.

Ha ving a b ound on the collectiv e latency of our rep eated-

collect algorithm is imp ortan t b ecause it allo ws us to sho w

that the algorithm is comp etitiv e against other distributed

algorithms. The comp etitiv e ratio that w e obtain dep ends

on the particular comp etitiv e mo del c hosen; there are t w o

natural p ossibil iti es for the collect problem, describ ed in the

follo wing t w o sections.



Figure 1: Latency mo del. New high-lev el op erations (o v als) start at times sp eci�ed b y the sc heduler (v ertical bars). Sc heduler

also sp eci�es timing of lo w-lev el op erations (small circles). Cost to algorithm is n um b er of lo w-lev el op erations actually

p erformed (�lled circles).

Figure 2: Throughput mo del. New high-lev el op erations (o v als) start as so on as previous op erations end. Sc heduler con trols

only timing of lo w-lev el op erations (�lled circles). P a y o� to algorithm is n um b er of high-lev el op erations completed.

4.1 Latency comp etitiveness

The comp etitiv e latency mo del of Ajtai et al. [3] is a

mec hanism for applying the tec hnique of comp etitiv e anal-

ysis, originally dev elop ed to deal with the unkno wn se-

quences of user inputs in on-line algorithms [33], to unkno wn

patterns of system b eha vior as found in fault-toleran t dis-

tributed algorithms. In the con text of the rep eated collect

problem, it is assumed that the adv ersary con trols the exe-

cution of an algorithm b y generating (p ossibly in resp onse

to the algorithm's b eha vior) a sc hedule that sp eci�es when

collects start and when eac h pro cessor is allo w ed to tak e a

step (see Figure 1. A pro cessor halts when it �nishes a col-

lect; it is not c harged for opp ortunities to tak e a step in b e-

t w een �nishing one collect and starting another (in tuitiv el y ,

w e imagine that it is o� doing something else). The c omp et-

itive latency of a candidate algorithm is the least constan t

k , if an y , that guaran tees that the exp ected total n um b er of

op erations carried out b y the candidate on a giv en sc hedule

� is at most k times the cost of an optimal distributed al-

gorithm (called the champion b y [3]) running on the same

sc hedule.

Ajtai et al. sho w that if an algorithm has a maxim um

collectiv e latency of L at all times, then its comp etitiv e ratio

in the latency mo del is at most L=n + 1. Unfortunately ,

this result is stated only for deterministic algorithms, and

in an y case the upp er b ound on the collectiv e latency of

our algorithm is only a high-probabil it y guaran tee and not

absolute.

Ho w ev er, the pro of in [3 ] of the relationship b et w een col-

lectiv e latency and comp etitiv e latency do es not really de-

p end on these details. It pro ceeds b y dividing an execution

in to segmen ts and sho wing that for eac h suc h segmen t, the

candidate algorithm carries out at most L + n op erations

and the c hampion carries out at least n op erations. As w e

sho w in the full pap er, this construction w orks equally w ell

for randomized algorithms, but the upp er b ound L + n on

the w ork done b y the candidate for eac h segmen t b ecomes a

random v ariable (whose exp ectation will b e O ( n log

3

n ) for

our algorithm). It follo ws that:

Theorem 10 The c omp etitive latency of the r ep e ate d c ol le ct

algorithm is O (log

3

n ) .

This result holds ev en against an adaptive o�-line adv er-

sary [14], whic h is allo w ed to c ho ose the c hampion algorithm

after seeing a complete execution of the candidate.

4.2 Throughput comp etitiveness

More recen tly , Aspnes and W aarts [10] ha v e prop osed a dif-

feren t measure for the comp etitiv e p erformance of a dis-

tributed algorithm. This measure, whic h they call the

c omp etitive latency , remo v es the adv ersary con trol o v er the

starting times of collects; instead, b oth the candidate and

the c hampion try to complete as man y collects as p ossible

in the time a v ailable (see Figure 2). It also distingui shes

b et w een the sche dule (the timing of ev en ts in the system),

whic h is shared b et w een a candidate algorithm and the

c hampion it is comp eting against, and the input (the sp eci-

�cation of what tasks to p erform), whic h is assumed to b e

w orst-case for the candidate and b est-case for the c hampion.

(In analyzing just the co op erativ e collect primitiv e, the in-

put is irrelev an t since the co op erativ e collect algorithm can

only p erform one t yp e of task). The thr oughput c omp etitive-

ness is a b ound on the ratio of the n um b er of high-lev el tasks

(e.g., collects) completed b y the c hampion to the n um b er of

high-lev el tasks completed b y the candidate.



The motiv ation for these c hanges from the earlier latency

mo del is that they p ermit comp etitiv e algorithms to b e con-

structed mo dularly; they allo w the comp etitiv e ratio of a

subroutine and a function that calls it to b e computed sepa-

rately , with the comp etitiv e ratio of the com bined algorithm

simply b eing the pro duct of the ratios of its comp onen ts.

Unfortunately , the throughput mo del do es not p ermit

as go o d a comp etitiv e ratio for co op erativ e collect as the

latency mo del: Aspnes and W aarts giv e a lo w er b ound of


(

p

n ). Ho w ev er, it is an indication of the merits of our

algorithm that (with a sligh t mo di�cation) it comes v ery

close to this b ound. Again, the k ey prop ert y is its lo w col-

lectiv e latency . By ha ving eac h pro cessor alternate b et w een

running one step of our algorithm and one step of the naiv e

algorithm that simply reads all registers directly , w e get an

algorithm whose collectiv e latency is still O ( n log

3

n ) and

whic h guaran tees to �nish an y single pro cessor's collect in

at most 2 n w ork done b y that pro cessor. In [10] it is sho wn

that an y algorithm with a collectiv e latency of L and an

absolute b ound of 2 n op erations on an y single collect will

ha v e a comp etitiv e ratio of at most 4

p

L + 2 n ; as with the

comp etitiv e latency b ound, this b ound is stated only for de-

terministic algorithms, but with a bit of tink ering (as sho wn

in the full pap er) its pro of can b e made to apply to our

algorithm as w ell. The result is:

Theorem 11 The c omp etitive thr oughput of the r ep e ate d

c ol le ct algorithm is O ( n

1 = 2

log

3 = 2

n ) .
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