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Abstract

We study monotone inclusions and monotone variational inequalities, as well as their gen-
eralizations to non-monotone settings. We first show that the Extra Anchored Gradient (EAG)
algorithm, originally proposed by Yoon and Ryu [2021] for unconstrained convex-concave min-
max optimization, can be applied to solve the more general problem of Lipschitz monotone
inclusion. More specifically, we prove that the EAG solves Lipschitz monotone inclusion prob-
lems with an accelerated convergence rate of O(%), which is optimal among all first-order methods
[Diakonikolas, 2020, Yoon and Ryu, 2021]. Our second result is a new algorithm, called Extra
Anchored Gradient Plus (EAG+), which not only achieves the accelerated O(%) convergence
rate for all monotone inclusion problems, but also exhibits the same accelerated rate for a fam-
ily of general (non-monotone) inclusion problems that concern negative comonotone opera-
tors. As a special case of our second result, EAG+ enjoys the O(%) convergence rate for solving
a non-trivial class of nonconvex-nonconcave min-max optimization problems. Our analyses
are based on simple potential function arguments, which might be useful for analysing other
accelerated algorithms.
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1 Introduction

We study the monotone inclusion problem and the monotone variational inequality, as well as their
generalizations in non-monotone settings. Given a closed convex set Z C IR" and a single-valued
and monotone operator F : Z — R", i.e,,

(F(z) —F(z),z—2') >0, Vz,Z € Z,
the monotone inclusion problem (MI) consists in finding a z* € Z such that
0€ F(z") +0lz(z"),

where Iz(+) is the indicator function for set Z,' and 9l z(-) is the subdifferential operator of I .
The corresponding monotone variational inequality shares the same input, and asks fora z* € Z
such that

(F(z*),z"—z) >0, VzeZ.

The monotone inclusion problem and the related monotone variational inequality play a cru-
cial role in mathematical programming, providing unifying settings for the study of optimization
and equilibrium problems. They also serve as computational frameworks for numerous impor-
tant applications in fields such as economics, engineering, probability and statistics, and machine
learning [Facchinei and Pang, 2003, Bauschke and Combettes, 2011, Ryu and Boyd, 2016]. It is not
hard to observe that the exact solutions to the monotone inclusion problem coincide with the exact
solutions to the corresponding variational inequality. Due to the different selected performance
measures, the approximate solutions to these two problems differ. Take the unconstrained case
for example, i.e.,, Z = R", an point z approximates the monotone inclusion problem implies that
its operator norm ||F(z)|| is small, while an approximate solution to the variational inequality
only satisfies a weaker condition, i.e., its gap function is small.2 Indeed, it is well-known that an
approximate solution to the monotone inclusion problem is also an approximate solution to the
monotone variational equality, but the reverse is not true in general. Additionally, the type of per-
formance measure used in quantifying the sub-optimality of an approximate solution to monotone
inclusion problems is readily extendable to non-monotone settings, e.g., nonconvex-nonconcave
min-max optimization, while it is unclear how to provide a meaningful generalization of the gap
function to non-monotone settings. We focus on algorithms for inclusion problems for the rest of
the paper, but as explained earlier, these algorithms are also applicable to variational inequalities.
For computational purposes, we make the standard assumption that the operator F is L-Lipschitz.

An important special case of the monotone inclusion problem is the convex-concave min-max
optimization problem:

min max f (%, y),

(z) = 0 forall z € Z and +oo otherwise.

2There are several variations of the gap function. Depending on the exact definition, a small gap function value could
mean an approximate weak solution, i.e., approximately solve the Minty Variational Inequality, or an approximate strong
solution, i.e., approximately solve the Stampacchia Variational Inequality.



where X’ and ) are a closed convex sets in R"* and R" respectively, and f(-,-) is smooth, con-
vex in x, and concave in y.> Besides its central importance in game theory, convex optimization,
and online learning, the convex-concave min-max optimization problem has recently received a
lot of attention from the machine learning community due to several novel applications such as
the generative adversarial networks (GANS) (e.g., [Goodfellow et al., 2014, Arjovsky et al., 2017]),
adversarial examples (e.g., [Madry et al., 2017]), robust optimization (e.g., [Ben-Tal et al., 2009]),
and reinforcement learning (e.g., [Du et al., 2017, Dai et al., 2018]).

Given the importance of the monotone inclusion problem, it is crucial to understand the fol-
lowing open question.

What is the optimal convergence rate achievable by a first-order method for monotone inclusions?  (¥)

We provide the first algorithm that achieves the optimal convergence rate and further extend it to
anontrivial class of general inclusion problems that includes, for example, a family of nonconvex-
nonconcave min-max optimization problems. Prior to our work, even for the special case of
convex-concave min-max optimization, the optimal convergence rate is only known for the rel-
atively weak notion of duality gap [Nemirovski, 2004, Nesterov, 2007], which is also difficult to
generalize to nonconvex-nonconcave settings, see [Yoon and Ryu, 2021] for more discussion.

1.1 Our Contributions
A point z € Z is an e-approximate solution to a monotone inclusion problem if
0 € F(z) +0Iz(z) + B(0,¢),

where B(0, €) is the ball with radius € centered at 0. As we argue in Section 2.3, this is equivalent
to the tangent residual of z, a notion introduced in [Cai et al., 2022], being no more than €. Our
first contribution provides an answer to question (*).

Contribution 1: We extend the Extra Anchored Gradient algorithm (EAG) , originally pro-
posed by Yoon and Ryu [2021] for unconstrained convex-concave min-max problems, to
solve monotone inclusion problems, which include constrained convex-concave min-max
optimization as a special case. We show in Theorem 4 that EAG finds an O(%)-approximate
solution in T iterations for monotone inclusions, where L is the Lipschitz constant of the op-
erator F. The convergence rate we obtain for EAG matches the lower bound by Diakonikolas
[2020], Yoon and Ryu [2021], and is therefore optimal for any first-order method.

For the second part of the paper, we go beyond the monotone case and study general inclusion
problems (GI) with operators that are not necessarily monotone and only satisfy the weaker p-
comonotoncity (Assumption 2) condition. Given a single-valued, L-Lipschitz, and possibly non-
monotone operator F and a set-valued maximally monotone operator A, we denote E = F + A. The
general inclusion problem (GI) consists in finding a point z* € R” that satisfies

0 € E(z) = F(z") + A(z").

31f we set F (x,y) = ( vaf ;zc;cyy))) and Z = X x ), then (i) F(x,y) is a Lipschitz and monotone operator, and (ii)
—V,f(x,

the set of saddle points coincide with the solutions to the monotone inclusion problem for operator F and domain Z.
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The general inclusion problem (GI) captures (MI) (when p = 0 and A = 9lz) and a class of
non-smooth nonconvex-nonconcave min-max optimization problems (when p < 0 and A chosen ap-
propriately, see Example 1). Our second contribution is a new algorithm that achieves accelerated
rate for solving GI.

Contribution 2: We design a new algorithm EAG+ that finds a O(%)-approximate solution
to the general inclusion problem (GI) in T iterations as long as E = F + A is a p-comonotone
operator with p > — - for some ¢ > 0. See Theorem 7 for the formal statement.

We have not optimized the range of permissible p, and our constant c is slightly worse than some in the
literature [Diakonikolas et al., 2021, Lee and Kim, 2021]

Our result is the first to obtain accelerated rate for constrained nonconvex-nonconcave min-
max optimization and more generally non-monotone inclusion problems.

1.2 Related Work

There is a vast literature on general inclusion problems and variational inequalities, e.g., see [Facchinei and Pang,
2003, Bauschke and Combettes, 2011, Ryu and Boyd, 2016] and the references therein. We only
provide a brief discussion of the most relevant and recent results.

1.2.1 Convex-Concave and Monotone Settings

Convergence in Gap Function. [Nemirovski, 2004, Nesterov, 2007] show that the average iterate
of extragradient-type methods has O(%+) convergence rate in terms of gap function defined as
maxycz (F(z'),z — z'), which means that their result only provides an approximate solution to
the weak solution. The O(#) rate is optimal for first-order methods due to the lower bound by
[Ouyang and Xu, 2021].

Convergence of the Extragradient Method in Stronger Performance Measures. For stronger
performance measures such as the norm of the operator (when Z = RR") or the residual (in con-
strained setting), classical results [Korpelevich, 1976, Facchinei and Pang, 2003] show that the best-
iterate of the extragradient method converges at a rate of O(%) Recently, the same convergence

rate is shown to hold even for the last-iterate of the extragradient method [Gorbunov et al., 2021,
Cai et al., 2022]. Although O(%) convergence on the residual is optimal for all p-SCIL algorithms
[Golowich et al., 2020], a subclass of first-order methods that includes the extragradient method
and many of its variations, faster rate is possible for other first-order methods.

Faster Convergence Rate in Operator Norm or Residual. We provide a brief overview of re-
sults that achieve faster convergence rate in terms of the operator norm or residual. Note that
these results also imply essentially the same convergence rate in terms of the gap function. The
literature here is rich and fast-growing, we only discuss the ones that are close related to our
paper. Recent results show accelerated rates through Halpern iteration [Halpern, 1967] or a simi-
lar mechanism — anchoring. Implicit versions of Halpern iteration have O(+) convergence rate



[Kim, 2021, Lieder, 2021, Park and Ryu, 2022] for monotone operators and explicit variants of
Halpern iteration achieve the same convergence rate when F is cocoercive [Diakonikolas, 2020,
Kim, 2021]. Diakonikolas [2020] also provide a double-loop implementation of the algorithm for
monotone operators at the expense of an additional logarithmic factor in the convergence rate.
Yoon and Ryu [2021] propose the extra anchored gradient (EAG) method, which is the first ex-
plicit method with accelerated O(+) rate in the unconstrained setting for monotone operators.
They also established a matching Q)(#) lower bound that holds for all first-order methods. Con-
vergence analysis of past extragradient method with anchoring in the unconstrained setting is pro-
vided in [Tran-Dinh and Luo, 2021]. Lee and Kim [2021] proposed a generalization of EAG called
fast extraradient (FEG), which applies to comonotone operators and improves the constants in the
convergence rate, but only for the unconstrained setting. Very recently, Tran-Dinh [2022] studies
the connection between Halpern iteration and Nesterov accelerated method, and provides new al-
gorithms for monotone operators and alternative analyses for EAG and FEG in the unconstrained
setting. In Theorem 4, we show the projected version of EAG has O(+) convergence rate under
arbitrary convex constraints, achieving the optimal convergence rate for all first-order methods in
the constrained setting.

1.2.2 Nonconvex-Nonconcave and Non-Monotone Setting

Many practical applications of min-max optimization in modern machine learning, such as GANs
and multi-agent reinforcement learning, are nonconvex-nonconcave. Without any additional struc-
ture, the problem is intractable [Daskalakis et al., 2021]. Hence, recent works study nonconvex-
nonconcave min-max optimization problems under several structural assumptions. We only in-
troduce the definitions in the unconstrained setting, as that is the setting considered by several of
the results, and all convergence rates are in terms of the the operator norm. The Minty variational
inequality (MVI) condition (also called coherence or variationally stable): there exits z* such that

(F(z),z—z") >0, VzeR"

isstudied ine.g., [Dang and Lan, 2015, Zhou et al., 2017, Liu et al., 2019, Malitsky, 2020, Song et al.,
2020, Liu et al., 2021]. Extragradient-type algorithms has O(ﬁ) convergence rate for Lipschitz op-

erators that satisfy the MVI condition [Dang and Lan, 2015]. Diakonikolas et al. [2021] proposes a
weaker condition called weak MVI: there exits z* and p < 0 such that

(F(z),z—2") 2 p-|F(2)[*, VzeR"

The weak MVI condition includes both MVI and negative comonotonicity [Bauschke et al., 2021]
as special cases. Diakonikolas et al. [2021] proposes the EG+ algorithm, which has O( 1T) con-

vergence rate under the weak MVI condition in the unconstrained setting. Recently, Pethick et al.
[2022] generalized EG+ to CEG+ algorithm which has O(%) under weak MVI condition in gen-
eral (constrained) setting. The result for accelerated algorithms in the nonconvex-nonconcave
setting is more sparse. FEG achieves O(%) convergence rate for comonotone operators in the
unconstrained setting [Lee and Kim, 2021]. In general (constrained) setting with comonotone op-
erators, the proximal point algorithm is known to exhibit O(%) convergence rate [Kohlenbach,
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Non-Monotone

Algorithm Setting Monotone Comonotone MV weak MVT
EG [Dang and Lan, 2015] general O(%) O(\%T)
Normal  “EG3 [Diakonikolas et al., 2021] unconstrained O(%) O(ﬁ) O(%) O(%)
CEG+ [Pethick et al., 2022] general O(%) O(%) O(%) O(%)
Halpern [Diakonikolas, 2020] general o(eT)
EAG [Yoon and Ryu, 2021] unconstrained O(%)
Accelerated FEG [Lee and Kim, 2021] unconstrained O(4) 0(71)
EAG [This paper] general O(7)
EAGH+ [This paper] general O(3) 0(%)

Table 1: Existing results for inclusion problem (min-max optimization problem) with monotone
or non-monotone operators. The convergence rate is in terms of the operator norm (in the uncon-
strained setting) and the residual (in the constrained setting).

2022]. To the best of our knowledge, (EAG+) is the first explicit and efficient method that has an
accelerated O(%) convergence rate in the constrained nonconvex-nonconcave setting (Theorem 7).

2 Preliminaries

We consider the Euclidean Space (R", || - ||), where | - || is the ¢, norm and (-,-) denotes inner
product on R".

Basic Notions about Monotone Operators. A set-valued operator A : R” = R" maps z € R"
to a subset A(z) C R". We say A is single-valued if |A(z)| < 1 for all z € R". Tha graph of an
operator A is defined as Grag = {(z,u) : z € R",u € A(z)}. The inverse operator of A is denoted
as A~! whose graph is Gra,1 = {(u,z) : (z,u) € Graa}. For two operators A and B, we denote
A + B as the operator with graph Graa+p = {(z,ua + up) : (z,us) € Gray, (z,ug) € Grag}. We
denote the identity operatoras I : R" — R".

For a closed convex set Z C R" and point z € R", we denote the normal cone operator as Nz:

Q, z ¢ Z,

N =
2(2) {{v eER": (v, —z) <0,V € Z}, z€ Z.

Define the indicator function

+00 otherwise.

{o ifze 2z,

Then it is not hard to see that the subdifferential operator dIz = Nz. The projection operator
ITz : R" — R" is defined as I1z[z] := argmin,,_; ||z — 2|2
For L € (0,00), a single-valued operator A : R" — R" is L-Lipschitz if

|A(z) —AZ)|| <L-||z—7||, VzZ eR"




Moreover, A is non-expansive if it is 1-Lipschitz. A set-valued operator A : R" = R" is monotone if

(u—u',z—2"Y >0, V(zu),(Z,u") € Gray.

Maximally Monotone Operator. A is maximally monotone if A is monotone and there is no other
monotone operator B such that Gray C Grag. When f : R" — R is a convex closed proper
function, then the subdifferential operator df is maximally monotone. Therefore, dlz = Nz is
maximally monotone. We denote the resolvent of an operator A as J4 := (I + A)~!. When A is
maximally monotone, useful properties of 4 (See e.g., [Ryu and Boyd, 2016, Ryu and Yin, 2022])
include:

1. Ja is well-defined on R";

2. J4 is non-expansive thus single-valued;

3. whenz = Js(2'), thenz' —z € A(z);

4. when A = dlz is the normal cone operator of a closed convex set Z C R", then J,4 = Iz is

the projection operator for all 7 > 0.

p-comonotonicity. A generalized notion of monotonicity is the p-comonotonicity [Bauschke et al.,
2021]: For p € R, an operator A : R" = R" is p-comonotone if

(u—u',z—2") > p|lu—u 2 V(z,u),(z,u") € Gray.

Note that when A is 0-comonotone, then A is monotone. If A is p-comonotone for p > 0, we
also say A is p-cocoercive (a stronger assumption than monotonicity). When A satisfies negative
comonotonicity, i.e., p-comonotonicity with p < 0, then A is possibly non-monotone. Negative
comonotonicity is the focus of this paper in the non-monotone setting.

2.1 Monotone Inclusion and Variational Inequality

Monotone Inclusion. Given a closed convex set Z C R" and a single-valued monotone operator
F, the monotone inclusion problem is to find a point z* € R" that satisfies

0 € F(z") +0lz(z"). (MI)

We focus on monotone inclusion problem of a Lipschitz operator with a solution. The assumptions
on (MI) is summarized in Assumption 1.

Assumption 1. In (MI) problem,
1. F is monotone and L-Lipschitz on Z, i.e.,

(F(z) —F('),z—2') > 0and ||[F(z) — F(z')|| < L-||z—2||, Vz7 € Z.

2. There exists a solution z* € Z such that 0 € F(z*) + dlz(z*).



Variational Inequality. A closely related problem to (MI) is the monotone variational inequality
(VI) with operator F and feasible set Z, which has two variants. The Stampacchia Variational In-
equality (SVI) problem is to find z* € Z such that

(F(z*),z" —z) <0, VzeZ. (SVI)

Such z* is called a strong solution to VI. The Minty Variational Inequality (MVI) problem is to find
z* € Z such that
(F(z),z" —z) <0, VzelZ. (MVI)

Such z* is called a weak solution to VI. When F is continuous, then every solution to (MVI) is also a
solution to (SVI). When F is monotone, every solution to (SVI) is also a solution to (MVI) and thus
the two solution sets are equivalent. Moreover, the solution set to (MI) is the same as the solution
set to (SVI).

Approximate Solutions. We say z € Z is an e-approximate solution to (MI) if
0 € F(z) +0lz(z) + B(0,¢),

where we use B(u,r) to denote a ball in R" centered at u with radius . We say z € Z is an
e-approximate solution to (SVI) or (MVI) if

(F(z),z—2') <eVZ € Z, or
(F(Z'),z—12") <€ Vz € Z, respectively.

When F is monotone, it is clear that every e-approximate solution to (SVI) is also an e-approximate
solution to (MVI); but the reverse does not hold in general. When F is monotone and Z is
bounded by D, then any f-approximate solution to (MI) is an e-approximate solution to (SVI)
[Diakonikolas, 2020, Fact 1]. Note that when Z is unbounded, neither (SVI) nor (MVI) can be
approximated. If we restrict the domain to be a bounded subset of (possibly unbounded) Z, then
we can define the (restricted) gap functions as

GAPY(z) := F(z),z—1Z2'),
ED z) z/eznrl\%?z,D)< (2).2 Z>
GaPMVI(7) .=  max F(Z),z—72).
£ (2) z’eZmB(z,D)< (z) )

The O(%) convergence rate for extragradient-type algorithm [Nemirovski, 2004, Nesterov, 2007]

is provided in terms of GAP%‘)/ I(z), which means convergence to an approximate weak solution.

Prior to our work, the O(+) convergence rate on GAP?'; (z) was only known in the unconstrained

setting [Yoon and Ryu, 2021]. When F is monotone, then the tangent residual " (z) < 5 (defini-

tion in section 2.3) implies GAPIS:,‘Z)I (z) < e [Caietal., 2022, Lemma 2]. Therefore, our result also

implies an O(+) convergence rate on GAPIS:,VDI(Z) when Z is arbitrary convex set (Theorem 4).



2.2 General Inclusion.

We study inclusion problem (GI) with (non)-monotone operators that satisfies p-comonotoncity (As-
sumption 2), which captures (MI) (when p = 0) and a class of nonconvex-nonconcave min-max
optimization problems (when p < 0). Given a single-valued and possibly non-monotone operator
F and a set-valued maximally monotone operator A, we denote E = F 4+ A. The inclusion problem is
to find a point z* € R" that satisfies

0 € E(z") =F(z") + A(z"). (GI)
Similar to (MI) , we say z is an e-approximate solution to (GI) if
0 € F(z) + A(z) + B(0,¢).
We summarize the assumptions on (GI) below.
Assumption 2. In (GI) problem,
1. F:R" — R"is L-Lipschitz.
2. A:R" = R" is maximally monotone.

3. E = F + Ais p-comonotone, i.e., there exists p < 0 such that

2 V(z,u),(z,u’") € Grag.

(u—u',z—2") > pl|lu—u

4. There exists a solution z* € R" such that 0 € E(z*).

The formulation of (GI) provides a unified treatment for a range of problems, such as min-max
optimization and multi-player games. We present one detailed example below and refer readers
to [Facchinei and Pang, 2003] for more examples.

Example 1 (Min-Max Optimization). The following structured min-max optimization problem captures
a wide range of applications in machine learning such as GANs, adversarial examples, robust optimization,
and reinforcement learning:

min max f(x,y) + g(x) —h(y), 1)

xeR"x ye]R“y

where f(-,-) is possibly non-convex in x and non-concave in y. Reqularized and constrained min-max
problems are covered by appropriate choices of lower semicontinuous and convex functions g and h. Ex-
amples include ¢1-norm, ly-norm, and indicator function of a convex feasible set. Let z = (x,y), if we
define F(z) = (0xf(x,y), —9yf(x,y)) and A(z) = (dg(x),0h(y)), where A is maximally monotone,
then the first-order optimality condition of (1) has the form of (GI) . See [Lee and Kim, 2021, Example 1]
for examples of nonconvex-nonconcave conditions that are implied by negative comonotonicity,.



2.3 Convergence Criteria

An appropriate convergence criterion is the tangent residual r}“/fﬁx (z) := minca(,) [[F(z) +cf| de-
fined in [Cai et al., 2022]. It is not hard to see that r#" (z) < e implies that z is an e-approximate
solution to (GI) . If A = dllz, and Z is bounded and has diameter no more than D, then z is an
e-approximate solution to (MI) and also an (e - D)-approximate solution to (SVI).

Another commonly-used convergence criterion that captures the stationarity of a solution is

the natural residual V?flt = |lz—Ja [z N F(Z)} |- Note that z* is a solution to (GI) iff z* = J4 [Z* B
F (z*)} . The definition of the natural residual for (MI) is similar: r%tﬂz = |lz—-Tlz {Z —F (Z)} I
Fact 1. In (GI), i, (z) < rif" (2).

Proof. For any c € A(z), we have

(=) = |2 = Ja[z - FR)] |

:H]A[z—l—c]—]A[Z—F(z)]H (z=Jalz+¢])
< ||F(z) +c]| (non-expansiveness of ]4)
Thus 1% (z) < mincea(z) [|[F(2) +cl| = £ (). O

In this paper, we state our convergence rates in terms of the tangent residual 7" (z), which

implies (i) convergence rates in terms of the natural residual 1% (z), and (ii) z is an approximate

solution to (GI) , (MI), (SVI), or (MVI).

3 Optimal Monotone Inclusion via EAG

In this section, we study constrained monotone inclusion problem (MI) with closed convex feasi-
ble set Z C R" and monotone and L-Lipschitz operator F, as summarized in Assumption 1. We
analyse the (projected) Extra Anchored Gradient Method (EAG) , which is proposed by Yoon and Ryu
[2021] in the unprojected form for Z = R". Let zp € Z be an arbitrary starting point and
{zk, 2, +1 }e>o be the iterates of (EAG) with step size > 0, whose update rule is as follows:

1
szr% =1lz [Zk — UF(Zk) + k+1(20 —Zk)},

1 (EAG)
z =1z [Zk - ’7F(2k+%) + m(zo - Zk)}-

Our analysis is based on the following potential function

k(k+1)

Vi =
k 2

NmE(z) + neel® + k- (7F(ze) + e,z — z0), k>,



where .
e Ze1 = 1F(z_1) + (20 — 26-1) — Zk’ E>1
n
From the update rule of (EAG) , we know ¢ € Nz(zx). Thus ||F(zx) + ¢k > min.en, ) [|[F(zx) +¢l| =
' (z;). In Theorem 3, we show Vj is “approximately” non-increasing, i.e., Vi 1 < Vi +O(1) -
17F (2411 + ncks || for all k > 1. From this property, we get O(#) last-iterate convergence rate in
terms of ||[F(z7) + cr|| and thus the same convergence rate in r**"(z1) (Theorem 4).

Potential functions in a similar form as Vj have been used to analyse (MI) by Diakonikolas
[2020] for the Halpern iteration algorithm, and by Yoon and Ryu [2021] for (EAG) in the uncon-
strained setting (Z = R"). We emphasize that we use a different potential function with different
analysis.

Diakonikolas [2020] studied the Halpern iteration with operator P := I — Jr, 5y,, which is %—
cocoercive but can not be computed efficiently in general. She showed that the follwoing potential
function is non-increasing.

k(k+1)
2

which leads to O(4)-approximate solution to (MI) after T iterations. However, since P can not
be computed efficiently in general, the algorithm needs O(log(1)) oracle queries for an O(e)-
approximate value of P in each iteration, thus total oracle complexity O(%2 -log(l)) for an e-
approximate solution to (MI) . In contrast, we use operator F in the potential function Vj, and
we prove Vi is only “approximately” non-increasing (see Theorem 1 and 3). Moreover, (EAG)
needs only 2 oracle query in each iteration and achieves optimal O(X2) oracle complexity for an
e-approximate solution to (MI) (Theorem 4).

Yoon and Ryu [2021] studied convergence of (EAG) for (MI) in the unconstrained setting (Z =
R™). The specific algorithm they analysed uses anchoring term ki_z (zo — zx) while we use k%l (zo —
zi) (see Remark 1 for more discussion on the choice of the constant in the anchoring term). They
use the following potential function

Py := Ay |F(z)||* + Bx - (F(2¢), 2k — 20),

where By = k + 1, and Ay = O(k?) is updated adaptively in a sophisticated way for each k. Their
potential function Py is more complicated compared to Vi as we choose By = k and Ay = w
For the analysis, their proof of the monotonicity of Py is relatively involved. In contrast, we use
a simple proof to show that V is “approximately” non-increasing (Theorem 1) which suffices to
establish the O(%) convergence rate. Moreover, our analysis can be naturally extended to the

constrained setting where Z C R" is an arbitrary closed convex set (Theorem 3).

P := NPz |1P + k- (P(zh), 26 — 20),

3.1 Warm Up: Unconstrained Case

We begin with the unconstrained setting Z = RR", which illustrate our main idea and proof tech-
niques. [Yoon and Ryu, 2021] also analyse the unconstrained setting but our proof is much sim-
pler.

10



In the unconstrained setting, ¢y = 0 by definition. Thus

k(k+1)

V. =
k 2

|7 F (zx) H2 + k(nF(zx),zx — 20), Vk > 1.

It is not hard to see that V; < (2L + 257L)]||zo — z*||*: since the update rule for z and z; of

(EAG) coincides with the update rule of EG, by [Cai et al., 2022, Theorem 1], we have ||#F(z;) 1? <

17E (20)||* < 52L2||z0 — z*||* and and by [Korpelevich, 1976], [Facchinei and Pang, 2003, Lemma
12.1.10 ] ||z1 — z*|| < ||zo — 2¥|]

Vi = [|nF(z1) > + (1E(z1), 21 — zo)
< I (z0) |* + I9E (z0) [ (J]z1 — 2*[| + |20 — 2*1))
< (PPL2 +29L) |20 — z* ||~

Theorem 1. Suppose Assumption 1 holds with Z = R". Then for any k > 1, (EAG) with any step size
. . 2 2
1 € (0, 1) satisfies Vicry < Vi + 1ok [F (21 I

Proof. Since F is monotone and L-Lipschitz, we have the following inequalities

(F(zks1) — F(zk), 2k — zk41) <0

and
2

HP(Zk-i-%) — P(ZkJrl)Hz B LZHZH'% —Zk+1H <0.

We simplify them using the update rule of (EAG) .
In particular, we replace zj — zy,1 with 17F(zk+% ) — k% (zo —zx) and eyl — Zk with 17F(zk+% ) —

nF(zg).

1
<'7F(Zk+1) —1E(z),1E(2y) — 17 (20— Zk)> <0, ()
2, 2
H’?F(ZH%) —nF(zk+1)H —n°L H’?F(ZH%) —nF(zk)H <0. (3)
It is not hard to verify that the following identity holds.
: k(k+1) .
Vi — Vir1 + k(k+ 1) - LHS of Inequality(2) + prea LHS of Inequality(3)
2

k1| (72L* = 1)k + 4*L? [ 2o k+1  75?L? 2
- 2772L2 (1 — 172L2)k ’ WF(Zk+l) + (1 - 17 L )k ’ WF(Zk+%) zk ’ 1 _ 7’]2L2 “UP(Zk+1)“ :
Note that £f1 < 1 holds for all k > 1. Thus, Vi1 < Vi + 1f7—Lzsz||17P(zk+1) 2. O

11



Lemma 1. Forallk > 2,

k(k +1 272 . 212 ke
(5 - ) GO < (g2l — 2P+ s Z InFGz)P
Moreover, when n € (0, ﬁ) we have

272 —

k2 . L
g O e e 2D Z IF 1P,

Proof. Fix any k > 2. By definition, we have

V=MD 1y p ) 2 4 ki), - 20
> "("2 D yF (0 |2 + kinF(z0), 2 - 20) (a2 — 2) < 0)
k(k+1 k(k+1 k?
> (; )IlnF(Zk)|\2 ( + )||17F( )||2—k(k+1)|\zo—z*|\2 ({a,b) > —<la]® — L|b|*)
k(k+1
S >||nP<zk>H2—nzO—z*H2. (s < 1)

Using Theorem 1, we have

172L2
Vk§V1+ nZLZZHUP Zt ‘ .

Combining the two inequalities above and the fact that V; < (25L + 172L2) ||zo — z*|| yields the
L R g < k 3 for k > 2. Hence the
second inequality in the statement holds. O

first inequality in the statement. When L € (0, \/g) we have ;

Theorem 2. Suppose Assumption 1 holds with Z = R". Let zo € R" be arbitrary starting point and
{zx, zk+%}k20 be the iterates of (EAG) with any step size nj € (0, \/_L) Denote D := ||zg — z*||. Then for
any T > 1,

4(1+yL)*> DL
2L2(1 —372L2) T2 '
2(1+yL) DL

1-3p22 T

IF(zr)|I* <

GAPY (z7) <

If we set = lL then ||F(ZT)H2 < %;Lz.

12



Proof. Note that the second inequality is implied by the first inequality since GAPIS:}Z)I (z) < D-
F(z7)|| [Cai et al., 2022, Lemma 2]. Denote a; := M It suffices to prove for all k > 1,
p

llz0—z*1*
. 4(1+nL)?
K==
Since the update rule for z 1 and z; of (EAG) coincides with the update rule of EG, by [Cai et al,,
2022, Theorem 1], we have ||#F(z1)||> < [[7F(z0)||* < #2L%||z0 — 2z*||* and thus a; < 72L% < 1.
Thus Equation (4) holds for k = 1.
From Lemma 1, we know for k > 2,

k2 ) 772L2 k—1

(4)

Applying Proposition 4 with C; = (1+#L)? and p = #°L? < % completes the proof. O

3.2 Convergence of EAG with Arbitrary Convex Constraints

272 272
Proposition 1. V; < (L Lty i_)é%;znuﬂ L) llzo — z*|2

Proof. We first upper bound ||7F(z1) + y¢1]| and ||z1 — zo|| . Note that z 1,2 are updated exactly as
original EG. By definition, we have

InF(z1) +erl| = [nF(z1) +20 = 1F(zy) — = |

< |[nE@) = nE@)) | + 2o — 2
< 17LH21 — 21|+ llzo — z1]| (L-Lipschitzness of F)
< (1 +17L)Hzl -z + ‘ z3 —ZQH
< (1—|—17L+172L2)‘ Z% —Z()H
1+nL +n2L? .
< A =2l

V1 —72L2

%112 %112
where in the last inequality we use a well-known result regarding EG: ||z 1— 20 |2 < lzo=z 1‘L ;2”521 =]
[Facchinei and Pang, 2003, Lemma 12.1.10 ]. Note that in the above sequence of inequalities, we

1+7L
gl =2l

By definition of V; and the above upper bound for ||#F(z1) + 5c1]| and ||z1 — zo||, we have

also prove that ||z — zo|| <

Vi = [4E(z1) + 1 ||* + (1F(z1) + e, 71 = z0)
< |l7F(z1) +ner||* + [7F (z1) +men] - 21 — 2ol
1+ 5L+ 5?L?)(2+ 27L + 5L?)

(
<
- 1—n2L2

120 — 27|

13



O

Theorem 3. Suppose Assumption 1 holds. Let zo € Z be any starting point and {zy, z;., ! Heso be the it-
2L2

erates of (EAG) with step size 17 € (0, 7). Then foranyk > 1, Virq < Vi + % 17E (zii1) + 1k ||

zk—1F(z, 1)+ (20—2) ~zkn
where ¢y = 2 7

Proof. We first present several inequalities. From the monotonicity and L-Lipschitzness of F, we
have

D) (s - frrp - 0. @
(—k(k+1)) - (nF(zks1) — nF(2k), 2541 — 2)) < 0. ©

Since z; 1 = Tz [zk — 1F(z) 4+ 4 (20 — zk)} , we can infer that zy — #F(z¢) + i (20 — k) —
Zeyl € Nz (ZH%). Moreover, by definition of ¢, and ¢k 1, we know ¢, € Nz(z) and ¢y €
Nz (zky1). Therefore, we have

(—k(k+1))- <Zk —F(zk) =z + g Jlr 7(20 = 2), 21 — Zk+1> <0, )
(_k(k =+ 1)) ' <77Ck+1,Zk+1 - Zk> S 0/ (8)
(—k(k+1))- <nck,zk - zk+%> <0. 9)

The following identity holds when we substitute 77¢;11 on both sides using 7¢,11 = zx — 7F(z, +1 )+

ki—l (zo — zk) — zx+1, which follows from the definition. The correctness of the identity follows from
Identity (28) in Proposition 3: we treat xj as zo; X; as Zpy i1 fort € {1,2,3}; y; as 17F(zk+%) for

t € {1,2,3}; uy as yjcx and u3 as fcx,1; p as 72L? and q as k.

Vk — Vki1 + LHS of Inequality (5) + LHS of Inequality (6) + LHS of Inequality (7)
+ LHS of Inequality (8) + LHS of Inequality (9)

k(k 2
= ( ;“1), ZkJr;_Zk+77F(Zk)+77Ck+kj_1(zk_20) (10)
1—n?L)k(k+1 2
( UZWZ)LZ( - ) ’ HUP(Z]H-%) - UP(Zk—H)H (1)
+ (k1) (1F (2 ) = 1F (1), 1F (Ze) + 1k )- (12)

14



IbH

Since |ja||* + (a,b) = ||a + 2” , we have

Expression(11) + Expression(12)

(1 —52L2)k(k+1) n?L2(k+1)
= \/ 27212 : <’7F(Zk+%) - ’7F(Zk+1)> + 2(1 = 210k (1F(zk41) +1Cks1)
k+1 2L?
T ok 1 z 212 1nF(zky1) + ’7€k+1H2.
Since k > 1, we have &1 < 1. Hence, we have Vi1 < Vi + - '72L2 17 (2k41) + ka1 || O

Remark 1. The proof of Theorem 3 naturally extends to the following algorithm and potential function:
Fixanyzo € Zandny € (0, %),(5 > 0. Update z3,21, €1, V1 as (EAG) and for k > 1:

1
Zk—&-% :Hg |:Zk—17F(Zk)+m(ZQ—Zk)],
zk1 = Iz [Zk —1F(z0) + m(zo - Zk)],
Zk — ’7F(Zk+%) + ﬁ(zo —Zk) = Zk41
Ck+l = 7
n
(k+6+1)(k+6+2)

17F (zi1) + fcksa||” + (k+ 0+ 1) - (4F(zks1) + 7Cki1, 21 — Z0)-

Vi1 = )
Since the identity in Proposition 3 holds for any q # 0, we only need to change every k to be k + 6 in the
proof of Theorem 3. It is possible that a choice of 6 > 0 leads to a better upper bound (better constant) than
6 = 0 which is chosen for (EAG) , but we do not optimize over & here.

Lemma 2. Fork > 2,

212 k—1
T L ) e

k(k+1 212 i}
< ( 4 ) 12172L2> 1E (zx) + neil” < Vi + |20 — 2 H2+

Moreover, when i € (0, ﬁ) then

172L2 —

k2 2 * 112
T IE ) + el < Vil — 2P+ nszznnF 2) + e

15



Proof. Fix any k > 2. By definition, we have

kk-l—
Ve= MEED) e ) el + k(7E () + 6 2 — 20)
kk+
> METD) ) + el + krE(ze) + e 2 — 20)
(F + 9l z is monotone and 0 € F(z*) + ol z(z*))
k(k+1) 2 k(k+1) 2 k ‘2
> _ AT _ _
2= 1 F(zx) + e 2 1 F(zx) + e k+1||ZO z"| 2 2
((a,b) > —glla]” — 2B
k(k+1 %
> ML) 1) + el — lzo - 27 2 13)

According to Theorem 3, Viy1 — V; < %||77P(Zt+]) + 17ct+1||2 for all t+ > 1. Through a
telescoping sum, we obtain the following inequality:

172L2
Vi < V1+ TR ZHnF z) + ne| . (14)

The first inequality in the statement follows from the combination of Inequality (13) and (14).

22
L <1§§when17€

The second inequality in the statement follows from the fact that ; WZLQ <3
O

( ’ ﬁ)
Theorem 4. Suppose Assumption 1 holds. Let zg € Z be any starting point and {zy, z, +1 Heso be the
iterates of (EAG) with step size nj € (0, fL) Denote D := ||zg — z*||. Then forany T > 1,

2 44 D?1?
2
r;aatﬂz (ZT) HZT - HZ |:ZT - F(ZT)] H S ||F(ZT) + CT” S 7’]2L2(1 — 3772L2) : T2
Va4 D2L
GAPPY (z7) <

nL\/1—3p22 T

Proof. Note that by non-expansiveness of Iz, we have
2 2 5
HZT 11 [ZT - F(ZT)] H - HHZ[ZT tor] 115 [ZT - p(zT)] H < ||F(zr) + 7|

The bound on GAPE; (zr) follows from the bound on 4" (z1) since GAP?'; (z1) < D - 1" (z7)

[Cai et al., 2022, Lemma 2].

_ H’7F(Zk)+’75kH
llzo—z*|1®

Denote gy : . It suffices to prove that forall k > 1,

44

S Tapme 1
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Note that from the proof of Proposition 1, we have

(1+7yL +5?L?)?

(14+7yL+n?L?)? -
1— 212

%12
— = <
B o< <

InE(z1) +ne1||* <

Thus Equation (15) holds for k = 1.
From Proposition 1, we also have

(1+nL+n?L?)(2+2yL + #%L?)

< e 20 — 2|12 < 10+ 120 — =°|
Thus by Lemma 2, we have
k2 5 ’ ;72 2 k-1 )
7 InF () +neell” <11+ Jlzo — 217 + === ¥ 11F(z0) +77ce]
4 1-n°l* =
i L2kl
ST <11+ =Y a,
4 1-9%l2 &
Applying Proposition 4 with C; = 11 and p = #*L? € (0, ) completes the proof. O

4 Optimal Algorithms for General Inclusions with Negatively Comono-
tone Operators

Algorithm. The following (EAG+) is a generalization of (EAG) to the general inclusion problem
(GI) . Given any initial point zy € R" and step size > 0, (EAG+) updates {z, 102k Ck+1}k>0 as

follows:
zo —nF(z1) — 21
z1 = Jya [Zo - UF(ZO)}/ z1 = Jya [Zo - UF(Z%)}, € = ” 2 , (16)
and for k > 1:
1
Zyyy = Zk— nF(zx) + k—|——2(zo — zy) — NCk
1
Zk1 = Jya [Zk - UF(ZH%) + m(zo - Zk)} (EAG+)

Zk — ’7F(Zk+%) + ﬁ(zo —Zk) = Zk41
Ul
Note that by definition we have ¢, € A(zx) forall k > 1.

Ck+1 =

Remark 2. In the special case where A = dllz is the normal cone operator, [, 4 is the projection operator
I1z. In this case, (EAG+) is still different from (EAG) . The major difference is that in each iteration,
(EAG) performs two projections while (EAG+) only performs one projection. Consequently, the iterates

17



{zk+%,zk+1}k20 produced by (EAG) are all in the feasible set Z, while {zk+%}k21 produced by (EAG+)
may not belong to Z. As a result, the convergence guarantee for (EAG+) requires that monotonicity and
Lipschitzness of F hold on R" while the guarantee for (EAG) only requires those properties to hold on the
feasible set Z. Nevertheless, we believe in many natural settings, i.e., min-max optimization, the operator
F is indeed monotone in the entire Euclidean space.

We use the following potential function:

(k+1)(k+2)

> \1nE (z) + nel> + (k+ 1) - (nF(zi) + nex,zx — z0), k> 1.

Vi=

The following proposition provides a bound for V;.

Proposition 2. V; < n2(1+ yL + 52L%)(5 + 57L + 372L?) - """ (20)2. If 5 € (0,5 ), then Vi <
% . riglnA(ZO)Z.

Proof. Let us bound Hz% — zg|| first. For any ¢ € A(zp), we have

Thus we have Hz% —20|| <7 -minge ) 1F(20) +cll = 7 - 7§% (20)-

2y — 20| = [ Jsa(z0 = 1F(20)) = Jya(zo + 10)|

< ||nF(zo) + 5c|- (non-expansiveness of ], 1)

Now we bound ||#F(z1) + 5j¢1]| and ||z — zo|| first. By definition of c¢1, we have

[nE () +nerll = |[1F (1) =y (zy) +20 — =
< (qL)- Hzl — 2|+ ll20 — 2] (F is L-Lipschitz)
B B
<(1+qL)- an(z%) — yF(zo) H + ‘ 2y - Z()H (J 4 is non-expansive)
< (1+gL+y2L2)- ( 7y — Z()H. (F is L-Lipschitz)

<n(1+yL+ 172L2) . r}“/fﬁx (z0).

tan(

In the above chain of inequalies, we also prove ||z; — zo|| < (14 L) - ' (zp).

Finally, by definition of V;, we have

Vi =3 [7F(z1) +ner||> +2- (nF(z1) + 1,21 — 20)
<3-||yF(z1) + 17c1|\2 +2-||nF(z1) +ne1l - ||z1 — zo|| (Cauchy-Schwarz inequality)
< *(1+yL + #*L*)(5+ 5yL + 35°L?) - rﬁﬁ(zo)?

If 7 € (0, ), then V; < 159 - 11 (20)? < 325 - " (20). O
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4.1 Monotone Case
Theorem 5. Suppose Assumption 2 holds with p = 0. Let zo € R" be any starting point and {z, 1172kt He>o
be the iterates of (EAG+) with step sizen € (0, ) Then foranyk > 1, Viyq < Vk+ sz \nF(zks1) + HCkan H .

Proof. Fix any k > 1. We first present several inequalities. Since F is L-Lipschitz, we have

<_ (k +2117)2(§2+ 2)) . <172L2' sz+% — Zk+1H2 — HWF(ZI(+%) - qF(zk_H)Hz) <. (17)

Additionally, as F is monotone, A is maximally monotone,cy € A(zx), and cx11 € A(zgr1), we
have

(—(k+1)(k+2)) - (1F(zk11) + 1cxr1 — 1F (2k) — 116k, Zk41 — 2x)) < 0. (18)

The following identity holds due to Identity (29) in Proposition 3: we treat xo as zo; x; as z; 1

for t € {1,2,3}; yr as nF(z ) for t € {1,2,3}; uy as ncy, and us as #cgq; p as n*L?, and g as

k + 1. Note that by the update rule of (EAG+) , we have 5c, = zx — yF(zx) + k-sz(ZO —2zp) — Zer 1
and by definition, we have 5cx, 1 = zx — 17P(zk+%) + 5 (20 — k) — Zks1-

Vi — Vi1 + LHS of Inequality (17) + LHS of Inequality (18)

—1n2L?)(k k
_0o ;,(72;1)( +2)'HWF(ZH;)—WF(zkH)HZ (19)
+ (k+2) - (1F(53) = 1F (zir1), 1F (2ks0) + 0k )- 0)

HbH

Since [la]) + (a,b) = [|a + &||* — L%, we have

Expression(19) + Expression(20)

H\/ ! ZLzan;;l)(kH) (1) — nF ) + \/2(1;7_25722(LI;)+(1<2)+1> () )

k+2 7212 5
20k +1) 1—n2L2 117F (zis1) + ek |
Since k 2 1, we have (kkfl) < 1. Hence, Viyy < Vi + 5 2L2 |7 F (zk41) +77Ck+1H O

4.2 Non-Monotone Case

Fact 2. Foranyp > —ﬁ, there exists n € (0, 2L) such that

1— (4—%)17%%%7—”20. (21)

N

Moreover, any 11 € (0, 5-) that satisfies Inequality (21) also satisfies & > —
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Proof. Rearranging Inequality (21), we get

nL(47%L? — 1)

1
>\ = ) 2
P="aa 12 'L

Denote x = y7L € (0, 3) and consider function f(x) = Z(éi;l))

. Note that
min f(x) < f(3) = —5;-

x€(0,) 3

Thus there exists 7 = 5+ € (0, ) such that Inequality (21) holds.
Moreover, by rearranging Inequality (21), we get

1—4n2L?

I A S
4(1+n2L2) —

LS 1
N 4
]

Theorem 6. Suppose Assumption 2 holds with —ﬁ <p <0. Fix p = ;. Let zo € R" be any starting

1
Z-
point and {ZH%/ZkH}kzo be the iterates of (EAG+) with step size 7 € (0, 5 ) that satisfies Inequality

(21). Then for any k > 1, Vi1 < Vi + f5 11F (zis1) + ek | = Vi+ § - [17F (zks1) + ekl

Proof. Fix any k > 1. We first present several inequalities. Since F is L-Lipschitz, we have

L2 - sz+% —Zk+1H2 - HUP(ZH%) - UF(ZkH)HZ > 0.

Denote c = — 4% > 0. Multiply both sides of the above inequality by (1 + ¢) and rearrange terms
we get

N e (GBI Cen
+((1+ o)yl = p)- HZH% - Zk+1H2 —c- H’?F(ZH%) - nF(zk+1)H2 > 0. (22)

By definition, we have ¢, € A(zx) and cx1 € A(zky1). Since E = F + A satisfies p-comonotonicity,
we have

(F(zkg1) +nck1 — 1F(zk) — 1Ck, 21 — 2k) — sHWF(ZkH) +77ckp1 — F(zk) — el > 0. (23)

The following identity holds due to Identity (29) in Proposition 3: we treat xo as zo; x¢ as z; 1
fort € {1,2,3}; y; as 17F(zk+%) fort € {1,2,3}; u; as ycy, and us as #cx,1; p as out choice of p
in the statement, and g as k + 1. Note that by update rule, we have ¢, = 2 — 7F(zi) + 5 (20 —
Zk) — %, 1, and by definition, we have ey = 2 — 17F(zk+%) + 5 (20 — z) — Zk11. Note that
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Term (24) and Term (25) come from the identity in Proposition 3, Term (26) directly comes from
(22), and Term (27) directly comes from (23).

(k+1)(k+2)

Vi -V, —
k k+1+< 20

(A= p)(k+1)(k+2)

> - LHS of Inequality (22) + (—(k + 1) (k 4+ 2)) - LHS of Inequality (23)

2
2p ' H”F (Zy) = F (Z"“)H 2
+ (k+2)- <77F(Zk+%) — 1F(2c1), 1 F (2541) + ’7€k+1> (25)
k k
D (- @+ Pe) - oy — |+ rrGy —rFean]) @9
TLas 1);(7k — 17F (2k1) + nexsn — nF (26) — neel® @7

IbH

Since [la]) + (a,b) = [la + &||* — L%, we have

Expression(24) + Expression(25)

\/(1 —p)k+1)(k+2) <17F(zk+%) - 17F(Zk+1)> + \/2(1 p_(k—I—Z) * (F (zk41) + 110k41)

2p p)(k+1)

k+2 p 2

Since k > 1, we have 2(kk+21) <1.

Now it remains to prove Expression (26) + Expression (27) is non-negative. Recall that ¢ =
_4pp
0

m - (Expression(26) + Expression(27))
= <1 - <% - %7—())’72142) : HZIH—% - Zk+lH2 - 475) : HUP(ZH%) - ’7F(Zk+1)H2

2
+ 7” NnE (zks1) + ek — 7E(zi) — el

(G-
(-3

2

)11 ) zk+1—zk+1H+ Hank+1)+f7ck+1—17F(zk) 1Ck
(1[I = 311BI* > —|A + B|*)

i

172 > Zk+1 Zk+1H2

| \/

(Fact 2: Inequality (21) and p = 1/4)
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The last equality holds because, by the update rule of (EAG+)

1 1
Zepl — Zk41 = (Zk —1F () + 5 (20— 2 - '7€k> - <Zk —1E(z ) + 5 (e —z) - UCk+1>
= 1F(zp 1) + k1 — nF(z6) — ek
Hence, Vi1 < Vi + 75 17F (zici1) + exal* = Ve + 3lImF (2k11) + neesa. 0

Lemma 3. Suppose Assumption 2 holds with p € [0, —5i;]. Let zg € R" be any starting point and

{Zk+%rzk+l}k20 be the iterates of (EAG+) with step size 17 € (0, 5 ) that satisfies Inequality (21). Then
forany k > 2,

k+1)> . =
C L () el < Vot llzo — 217+ 3 - X IFCzo) + el
=2

Proof. Fix any k > 2. By definition, we have
(k+1)(k+2)

Vie= anP(zk) + ekl + (k+ 1) (7F (z¢) + ek, zx — 20)
k+1)(k+2 i} .
— %H’ﬂ:(zw + UckHZ + (k+1)(yF(zx) + yex, z° — zo) + (k+ 1) (nF(zx) + nek, zx — 2°)

k+1)(k+2 .
> EXDEED e el + (6 ) (F(ze) + 002" —20) + SR ez 4pe P

(0 € F(z*) + A(z*) and F + A is p-comonotone)

(k+1)p

(k+1)(k+3)
2

> I7F (zic) + neel|* + (k + 1) (nF (zi) + nck, z° — z0)
(% > —% according to Fact 2)
k+1)(k+ 32 k+1)(k+ 32
> S D (e — e - R ) -l - o - 2
({a,b) = —§lal|* - Hl|pl|*)
k+1)(k+ 32 .
> EEVEL ) 1) + el — 2o — I k=2

According to Theorem 6, we know that

1 K
Vi Vit g ) lInF(z) + el
t=2

Combing the above two inequalities and rearranging terms, we obtain the following inequality
for any k > 2:

(k+1)(k+3) 1 PR~
(fz = 5 JInF (o) + el < Vit Jlzo = =71 + 5 - X I F(z) + e
t=2
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Since £ < ( U for all k > 2, we can further simplify the inequality for any k > 2:
(k+1)? *
1 IE@o) + el < Vit Jlzo — 27| + Z 7 (z¢) + el

O

Theorem 7. Suppose Assumption 2 holds with p € [0, —5ir|. Let zg € R" be any starting point and
{Zk+%rzk+l}k20 be the iterates of (EAG+) with step size 1 € (0, 57 ) that satisfies Inequality (21). Then
forany T > 1,

rith e = [z = Ja [ZT_F(W]H < min |[F(er) +clf = rifh(zr)? < 16 HL*
v ceA(z F.A - 172L2 T2

where H} = ||z0 — 27 ||* + #5 - 7% (20)*.

Proof. The first inequality follows from Fact 1. To prove the second inequality, we denote gy :=
2
W for k > 1. It suffices to prove for all k > 1,
0

ax < g
From the proof of Proposition 2, we have
InF(z) +ger|* < P (L4 gL+ L2)? o (20)* = o <1
From Proposition 2, we have V; < 15 -7 (20)* and thus V; + [|zo — z* 1> < Hj. Then from
Lemma 3, we have
t—1

k2 1
Zﬂkgl—i_gt:zzﬂt

Note that % = il Applying Proposition 4 with C; = 1 and p = 1, we get for all k > 2,

g;

. 4C, 16
= 1—3p)k2 K

This completes the proof. O
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5 Auxiliary Propositions

Proposition 3. Let xq, X1, X2, X3, Y1, Y2, Y3, U1, uz be arbitrary vectors in R" and p,q # 0 be real numbers.
When uz = x1 —y2 + ﬁ(xo — X1) — X3, the following identity holds:

1
q(qzi)'Hy1+u1H2+q-<y1+”11x1—x0>

(DD s )y )

+1
B WIT) . <p. 22 — x3)* = ||y2 —y3||2)

(u3, x3 — x1)
: <M1,x1 - x2>

( )
—‘1(‘1+1)'<x1—yl—xz+qil(xo—x1),xz—x3> (28)

( )

)

2

1
xz—x1+y1+ul+q (x1 — x0)

+1
L A=palg+1)
2p
+(q+1) (y2—y3,y3+ uz)

Nly2 —y3l?

Moreover, if u; = x1 —y1 + ﬁ(xo — X1) — X, then the following identity holds:

q(q+1)
2

- (W Nys +usl* 4 (g +1) - (y3 +us, x5 - x0>>

q(q +1) 2 2
—T'<P"|x2—x3’| — lly2 — sl ) (29)
—q(g+1) - (ys +us —y1 — u1, x3 — x1)

(1-plglg+1)

= 2p N2 — w3l

+(q+1) (y2—y3,y3+ us)

Nyr +unl? + -+ w,x1 — xo)

Proof. We verify the first identity using MATLAB. Here is the verification MATLAB code *. The
second identity follows easily from the first identity. Notice that when u; = x; —y; + qlﬁ(xo —
x1) — X2, the first term on the RHS of Identity (28) is 0. Moreover, as we demonstrate below, the

“https://github.com/weiqiangzheng1999/Accelerated-Non-Monotone-Inclusion/blob/main/Identity_verification.m
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sum of the fourth term to the seventh term on the LHS of Identity (28) is exactly identical to the
fourth term on the LHS of Identity (29).

(ys—ylfxs—xﬁ
+<x— X 1(x—x)x—x>
1— W1 g+ 1 0 1), X2 3

+ (usz, x3 — x1)

+ (11, x1 — x2)
=(y3 —y1,x3 — x1) + (U1, x2 — x3) + (us, x3 — x1) + (U1, x1 — x2)
=(y3 +uz —y1 — U1, x3 — x1)

Therefore, Identity (29) follows from Identity (28). O

Proposition 4. Let {ay € R }4>, be a sequence of real numbers. Let C; > 0 and p € (0, §) be two real
numbers. If the following condition holds for every k > 2,

k2
Z ak_C1+— Zat, (30)

then for each k > 2 we have
4.¢; 1
et
=13 R
Proof. We prove the statement by induction.
Base Case: k = 2. From Inequality (30), we have

22 4.C 1
Z-azgcl = a2<C1_ 1

(31)

1-3p 22

Thus, Inequality (31) holds for k = 2.

Inductive Step: for any k > 3. Fix some k > 3 and assume that Inequality (31) holds for all
2 < t < k— 1. We slightly abuse notation and treat the summation in the form Y?_, as 0. By
Inequality (30), we have

k? p
Z ak<C1—|—ﬂ Zat

C] p
_r . <
S1-p - gﬂt (a2 < Cy)
C 4p-Cy =1 . . .
< + ) = (Induction assumption on Inequality (31))
Ty T %) &P P aualty
C1 2p-C o 1 25 1
1-p (1-p)(1-3p) e e 4=
_ G
1-3p°
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This complete the inductive step. Therefore, for all k > 2, we have a; < % . k1_2 O
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