arXiv:2301.05167v1 [cs.GT] 12 Jan 2023

On the Optimal Fixed-Price Mechanism in Bilateral Trade

Yang Cai” Jinzhao Wu
Yale University, USA Yale University, USA
yang.cai@yale.edu jinzhao.wu®yale.edu

January 13, 2023

Abstract

We study the problem of social welfare maximization in bilateral trade, where two agents, a buyer
and a seller, trade an indivisible item. The seminal result of Myerson and Satterthwaite [29] shows
that no incentive compatible and budget balanced (i.e., the mechanism does not run a deficit) mech-
anism can achieve the optimal social welfare in bilateral trade. Motivated by this impossibility result,
we focus on approximating the optimal social welfare. We consider arguably the simplest form of
mechanisms - the fixed-price mechanisms, where the designer offers trade at a fixed price to the
seller and buyer. Besides the simple form, fixed-price mechanisms are also the only dominant strat-
egy incentive compatible and budget balanced mechanisms in bilateral trade [23].

We obtain improved approximation ratios of fixed-price mechanisms in both (i) the full infor-
mation setting, where the designer knows the value distributions of both the seller and buyer; and
(ii) the limited information settings. In the full information setting, we show that the optimal fixed-
price mechanism can achieve at least 0.72 of the optimal welfare, and no fixed-price mechanism can
achieve more than 0.7381 of the optimal welfare. Prior to our result the state of the art approximation
ratio was 1 — % +0.0001 = 0.632 [24]. We further consider two limited information settings. In the
first one, the designer is only given the mean of the buyer’s value (or the mean of the seller’s value).
We show that with such minimal information, one can already design a fixed-price mechanism that
achieves 0.65 of the optimal social welfare, which surpasses the previous state of the art ratio in the
full information setting. In the second limited information setting, we assume that the designer has
access to finitely many samples from the value distributions. Recent results show that one can al-
ready obtain a constant factor approximation to the optimal welfare using a single sample from the
seller’s distribution [3, (16, 24]. Our goal is to understand what approximation ratios are possible if
the designer has more than one but still finitely many samples. This is usually a technically more
challenging regime and requires tools different from the single-sample analysis. We propose a new
family of sample-based fixed-price mechanisms that we refer to as the order statistic mechanisms and
provide a complete characterization of their approximation ratios for any fixed number of samples.
Using the characterization, we provide the optimal approximation ratios obtainable by order statis-
tic mechanism for small sample sizes (no more than 10 samples) and observe that they significantly
outperform the single sample mechanism.
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(CAREER). Part of this work was done while the author was visiting the Simons Institute for the Theory of Computing.
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1 Introduction

We study a fundamental problem in mechanism design — maximizing social welfare in bilateral trade,
in which two agents, a seller and a buyer, trade an indivisible item. More specifically, we consider the
Bayesian setting where the seller’s private value S for the item that is drawn from distribution Fg, and
the buyer’s private value B for the item is drawn from distribution Fg. The social welfare is therefore
defined as Ep s [S+ (B—S) - x(B,S)], where x(B, S) denotes the probability that the trade happens when
the seller’s value is S and the buyer’s value is B.

Surprisingly, exactly maximizing the social welfare in bilateral trade is impossible. The seminal re-
sult by Myerson and Satterthwaite [29] shows that no mechanism can simultaneously be (i) incentive
compatible (to the buyer and the seller), (ii) budget balanced, i.e., the mechanism does not run a deficit,
and (iii) maximizes the social welfare. For example, the VCG mechanism is incentive compatible and
maximizes the social welfare but is not budget balanced in general. Motivated by this impossibility re-
sult, our goal is to design incentive compatible and budget balanced mechanisms to approximate the
optimal welfare. We focus on the fixed-price mechanisms, in which the designer offers trade at a fixed
price to the seller and buyer. It is also known that fixed-price mechanisms are the only dominant strategy
incentive compatible and budge balance mechanisms in bilateral trade [23].

1.1 Our Contributions

We make progress on this problem on multiple fronts. We first consider the full information setting,
where the designer knows both Fs and Fg. We show how to use a factor revealing min-max program to
improve the approximation ratio of achievable by a fixed-price mechanism.

Contribution 1: For any Fjs, Fp, there exists a fixed-price mechanism whose welfare is at least

0.72-OPT, where OPT = Eg g[max{S, B}] is the optimal welfare. Moreover, there exists a Fs and

Fp such that no fixed-price mechanism can attain welfare more than 0.7381- OPT. The formal

statement of our result can be found in Theorem[3.1]

We also have a “constant time” algorithm for computing the fixed-price mechanism that achieves the
welfare guarantee above. More specifically, we construct a collection of numbers py,---, p, in [0,1], so
that for any Fs, Fg, our algorithm chooses the best price in the set {p;-OPT,---, p,-OPT}. Clearly, the
approximation ratio will be better when we increase n. We show that when n = 16, our algorithm already
computes a fixed-price mechanism that has welfare at least 0.72-OPT.

Our result significantly improves on the state-of-the-art approximation 1 — % +0.0001 = 0.6322 [24].
Our new hardness result also strengthens the previous best bound of 0.7385 [25]. Our upper and lower
bounds are obtained by considering two discretized variants of an infinite-dimensional min-max opti-
mization problem defined in SectionB.1l We show in Lemma[3.4that, in the limit when the discretization
accuracy approaches 0, the upper bound and lower bound obtainable by our method will converge to the
optimal approximation ratio. Of course, the factor-revealing program become more expensive to solve
with finer discretization. Our upper and lower bounds are derived using the finest discretization that we
can computationally solve, but one could further close the gap with more computational resources.

Fixed-price mechanism based on only E[B] or E[S]. Our first result requires the designer to know both
Fsand F B However, information about the underlying distributions of the agents’ values is often scarce
in practice, thus it is more desirable to design approximately optimal mechanisms using limited prior
information. Our second contribution concerns the case where the designer does not have the full infor-
mation of the underlying distributions but only knows the mean of Fg or Fp.

LOur first result uses Fs and Fp in two places: (1) to compute OPT and (2) to identify the best price in the set.



Contribution 2: Given access to E[B] or E[S], we can design a randomized fixed-price mechanism

whose welfare is at least 0.65- OPT. See Theorem 4.l for details.

Note that the ratio of 0.65 already exceeds the previous state-of-the-art approximation ratio in the
full information setting. [3,24] consider the setting where only Fg is known to the designer and show
that a quantile mechanism (Mechanism[I), i.e., a fixed-price mechanism that chooses the trading price
according to a distribution of quantiles of the seller’s distribution, can obtain at least 1 — % =~ 0.6321 frac-
tion of the optimal welfare. [24] further shows that no quantile mechanism can obtain more than 1 - %
fraction of the optimal welfare in the worst case. This result is sometimes interpreted as saying no mech-
anism can obtain an approximation ratio better than 1 — % with only information about the seller’s value
distribution. Our second result shows that there is a strictly better way to use the information about
seller’s value distribution. Indeed, with minimal information about Fg, i.e., its mean E[S], one can design
a fixed-price mechanism that strictly outperforms the optimal quantile mechanism that requires full
knowledge of Fs. Moreover, the quantile mechanism is asymmetric and only defined when we know the
seller’s value distribution. We show in Theorem [D.1] that this is unavoidable, as no quantile mechanism
over buyer’s value distribution can guarantee a constant fraction of the optimal welfare[ In contrast, our
second result holds when the designer only knows the mean of the buyer’s value distribution Fg.

Mechanism 1: Quantile mechanism.

1 Input: A distribution Q over the interval [0, 1];

2 Randomly choose a quantile x € [0, 1] according to Q;

3 Output the x-quantile of the seller’s distribution as the price. Let Fg be the seller’s distribution
and Fg 1(-) be seller’s quantile function mapping any quantile to its corresponding value. The
quantile mechanism outputs Fg 1(x) as the price;

Fixed-price mechanism using finitely many samples. Finally, we consider a different limited infor-
mation model and initiate the study of approximating the optimal social welfare in using finitely many
samples. Namely, we are given a finite and limited number of samples, e.g., 3 or 5 samples, and the goal
is to design the best mechanism possible using these samples. It is important to distinguish this set-
ting from the more standard large sample setting, where the goal is to determine the number of samples
needed to design a (1 —¢)-optimal mechanism (or optimal in a certain mechanism class) grows as a func-
tion of % and other parameters of the mechanism design environment. The sample complexity in large
sample settings is usually stated using the big-O notation and ignores the accompanying constant. As a
result, these bounds are often vacuous when apply to the small sample regime, where there are only a
small finite number of samples available.

Contribution 3: We introduce a new family of mechanisms — order statistic mechanisms (Mecha-
nism[2); and provide an exact characterization of the optimal order statistic mechanisms for any
fixed number of samples (Theorem [5.1] and Theorem [5.2). Using our characterization, we can
compute the optimal approximation ratio obtainable for any sample size.

Recent results show that one can already obtain a constant factor approximation to the optimal wel-
fare using a single sample from the seller’s distribution [3, 16, [24]. However, techniques from these pa-
pers are tailored for the single sample setting and are difficult to generalize to even the case when two
samples are available. We provide a rich family of mechanisms that is well-defined for any number of
samples and characterize their performance. Using the characterization, we manage to optimize within

2This asymmetry is due to the asymmetry of the initial allocation — the item is owned by the seller.



this family of mechanisms for any fixed number of samples.

Mechanism 2:  Order statistic mechanism with N samples.

1 Input: A distribution P over [N];

2 Randomly choose a number i € [N] according to the distribution P;

3 Given N samples from the seller, select the i-th smallest sample as the price, which is the i-th
order statistic of these samples;

By numerically computing the optimal approximation ratios of order statistic mechanisms, we ob-
serve that the optimal order statistic mechanism with a small number of samples is usually sufficient
to significantly boost the approximation ratio. For example, in the symmetric setting, i.e., Fs = Fp, five
samples is sufficient to obtain an approximation ratio that is within 1% of the optimal ratio achievable by
any fixed-price mechanism; in the asymmetric setting, i.e., Fs # Fp, the approximation ratio improves
from 1/2 to 0.578 when the sample size increases from one to three. Another natural mechanism is the
empirical risk minimization (ERM) mechanism, where one selects a price to maximize the social welfare
w.r.t. the empirical distribution. We compare the performance of the optimal order statistic mechanism
with ERM for sample size N = 2,3,5,10 in the symmetric setting. In all cases, the order statistic mecha-
nism substantially outperform the ERM. See Table[lland2lfor our computed ratios in the symmetric and
asymmetric cases respectively.

Our analysis of the order statistic mechanisms builds on an interesting connection between the or-
der statistic mechanisms and the quantile mechanisms, that is, any order statistic mechanism is also a
quantile mechanism. Note that the i-th order statistic over N samples drawn uniformly and indepen-
dently from [0, 1] has density fjf,(x) =N (1}7_—11) -x'71.(1-x)N~1. Suppose we use the i-th order statistic as
the price, then it is equivalent to the quantile mechanism who selects a quantile corresponding to the
density function f](',(-). More generally, if we choose the i-th order statistic with probability P;, then the
order statistic mechanism is equivalent to the quantile mechanism that chooses the quantile according
to the density function g(-) = Zﬁ.\i 1 Pi flf](~). With this connection, we can focus on quantile mechanisms,
and we characterize the approximation ratio of any quantile mechanism as the solution of a minimiza-
tion problem (Lemmal[5.3). By applying this characterization for quantile mechanisms to order statistic
mechanisms, we show that for any fixed sample size N, the ratio of the optimal order statistic mechanism
is exactly the solution of a max-min optimization problem. Despite that the optimization problem seems
intractable in general, we manage to solve it with sufficient numerical accuracy for N < 10. Although we
only study approximating social welfare in bilateral trade in this paper, we believe this perspective of
viewing sample-based mechanisms through the lens of quantile mechanisms is novel and has broader
applications, especially in the small sample regime where the designer only has access to finitely many
samples.

1.2 Related Work

Gains from Trade Maximization in Two-Sided Markets. Another important objective in two-sided mar-
kets is the gains from trade (GFT), which measures the increment of the welfare after the trade. Note
that [29] also implies that optimal GFT is not achievable in bilateral trade. There has been increasing
interest from the algorithmic mechanism design community to study the approximability of the optimal
GFT [6,18,112,12, 13,10, 14]. It will be interesting to study the optimal approximation ratio obtainable for
GFT maximization in both the full information and the limited information settings.

Sample-Based Mechanism Design. Sample-based mechanism design has become a central topic in
algorithmic mechanism design as it provides an alternative model that weakens the classical but some-
times unrealistic Bayesian assumption. The results in this direction can be roughly partition into two
groups: (1) Large sample results, where the goal is to determine the number of samples needed to design



a 1 — e-optimal mechanism (or optimal in a certain mechanism class) as a function of % and other pa-
rameters of the mechanism design environment, e.g., [17,11, 26, 21,,131,128,127,9,(7] or (2) Single sample
results, where the goal is to determine the optimal approximation ratio obtainable using a single sample,
e.g.,[18,/15, 19,124, 20, 16]. Our result does not fit in to either of the groups. In particular, we study the
regime where the designer has a small fixed number of samples, as a result, the machinery developed for
large number of samples or a single sample does not apply to our setting. A recent line of works focus on
the same regime as ours but for the monopolist pricing problem [4, 13, 1]. Due to the different nature of
the studied problems, their techniques also do not apply here.

2 Preliminaries

Bilateral Trade. We study the bilateral trade problem. In this setting, there are two agents, a buyer
and a seller, trade a single indivisible item. The seller owns the item and values it at S while the buyer
values the item at B. Both S and B are non-negative and unknown to us but they are respectively drawn
from distributions Fs and Fp independently. We assume that Fs and Fp are continous distributions.
Actually, such assumption is w.l.o.g. and we discuss the reduction from distributions with point masses
to continous ones in Appendix[Al

Fixed-price Mechanism. We consider fixed-price mechanisms, which offer a price p to trade the item.
The trade happens if and only if both the seller and the buyer accept the price, i.e., B= p = S. As shown
by [23], fixed-price mechanism is the only dominant-strategy incentive-compatibility mechanism. In
this paper, we consider (possibly randomized) fixed-price mechanisms. We abuse notation and use
M (Fs, Fp) or 4 (.#) where .¢ = (Fgs, Fp) to denote the distribution of prices p selected by mechanism
A on instance .¢ = (Fs, Fp).

Welfare and Approximation Ratio. We consider the objective of social welfare in this paper. For an
instance .#¢ = (Fs, F), the optimal welfare is defined as:

OPT-# (£) = E [max(S, B)]
S~Fs,B~F,

~I's,b~IB
Similarly, for a fixed-price mechanism .4, the expected welfare on instance .# can be written as:

W, 9= E [S+1[S<p<B]-(B-9)
pN.Jf('}TS,Fg)

Our goal is to maximize the approximiation ratio. That is, find some mechanism .# maximize the
following ratio.

min W (U, 9)
i i it bt
F=(Fs,Fg) OPT-W (.#)

Quantile Function. Suppose F() is the c.d.f. of a distribution, and we define F~!(-) as the quantile func-
tion mapping the quantile to its corresponding value in this distribution. Thatis, F~!(x) = inf{y | F(y) = x}.

3 ANear-Optimal Mechanism in the Full Information Setting

In this section, we show a near-optimal fixed-price mechanism when given the full information of the
buyer and the seller.



Theorem 3.1. There exists a DSIC, individually rational, budget balanced mechanism that achieves at
least 0.72 fraction of the optimal welfare for any instance ¥ = (Fs, Fg). Moreover, no such mechanism has
an approximation ratio better than 0.7381.

To prove this, we first identify the best fixed-price mechanism when given the instance .# = (Fs, Fp).
Then, the approximation ratio is determined by the mechanism’s performance on the worst-case in-
stance. Such a worst-case instance could be characterized by an infinite dimensional quadratically con-
strained quadratic program (QCQP). However, the infinite dimensional program is hard to solve directly.
Instead, we use two finite programs that can be solved numerically to upper bound and lower bound the
infinite dimensional program. Additionally, we show that the optimal solutions of these two programs
converge to the optimal solution of the infinite dimensional program as the number of variables tends
to infinity.

3.1 Characterizing the Optimal Mechanism

We first characterize the optimal fixed-price mechanism via an infinite dimensional QCQP. Given any
instance .# = (Fg, Fp), we could assume that OPT-# (.#) = 1 without loss of generality since we can al-
ways scale the instance so that this is true. The optimal fixed-price mechanism corresponds to choosing
a price p € argmax, # (4, p). The following program captures the worst-case instance for fixed-price
mechanisms.

The Optimization Problem FullOp

min r
wv,r
s.t. u,v are probability measures defined on Ry 1)
OPT-W (#)¥ f f max(x, y) v(dy) u(dx) = 1
R JR>o

W(J,t)dgf x,u(dx)+f (y=x)-Lixst<sylvdy)uldx)<r V=0

Rxo Rxo JR>g

Lemma 3.1. The value of the optimal solution of FullOp is the tight worst-case approximation ratio
achievable by a fixed-price mechanism.

The proof of Lemma[3.Ilis postponed to Appendix[B.1l Since it is difficult to directly solve an infinite
dimensional program like FullOp, we approximate FullOp from both above and below by constructing
two families of finite programs which provide an upper bound and a lower bound respectively.

3.2 Factor Revealing Program for the Approximation Ratio under Full Information

We show that the approximation ratio of the optimal fixed price mechanism is at least 0.72, which signif-
icantly improves the previous state of the art bound of 1 —1/e + € with £ = 10™*. Our approach is to find
a fixed-price mechanism whose performance under the worst distribution is maximized. This is exactly
captured by the optimization problem FullOp. However, it is an infinite-dimensional program. In this
section, we consider a discretized version of FullOp. More specifically, we assume that OPT-#'(.¥) = 1,
and we restrict the mechanism to only choose price from a finite set P = {p1, p2, ..., px}. What we manage
to show is that the optimal value of the optimization problem LowerOp is indeed a lower bound on the
maximum approximation ratio one can obtain using prices from P for instance .#. We establish the fol-
lowing two crucial properties: (i) For any .# = (Fs, Fp) satisfying OPT-# (.#) = 1, we can carefully round



Fs and Fp to two discrete distributions supported on P, where {s1,...,s,} and {by,..., b,} can be viewed
as the corresponding “probability mass function” for the discretized distributions of the seller and the
buyer@ Importantly, {s1,..., s} and {by,..., b} satisfy inequalities () - (B). (ii) For any price p;, the wel-
fare from the corresponding fixed-price mechanism under .# is at least the welfare under the rounded
distributions Y., s;p; + Zf;} 7:t+1 sibj(pj— pi). Therefore, if we choose r to be max,c(, # (£, py),
{s1,...,8n}, {b1,..., by}, and r form a feasible solution of LowerOp, which implies that the optimal value
of LowerOp is no greater than the constructed r. As the rounded distribution needs to satisfy a sequence
of constraints (especially constraint (5)), the procedure we use to round Fs and Fp is subtle and does not

simply round things up or down. See Appendix[B.2]for details.

The Optimization Problem LowerOp

min 7
$1,82°,5n
by,by bt
s.t. s;,b;=0 Vi€ [n] (2)
n n
Y siz1 and )Y b;i=1 3)
i=1 i=1
L 1 n 1
sisl+— and ) bisl+— 4)
i=1 Pn i=1 Pn
n
YY) sibjmax(p;, pj) =1 5)
i=1j=1
n t=1 n
Zsipi+z Z Sibj(pj—pi)sr Vie|[n] (6)
i=1 i=1j=1+1

Lemma 3.2. For any0 = p; < pa < --- < pyp, let r* be the optimal value of LowerOp. Suppose M is the
mechanism that chooses the best price from the set { p; -E[max(S, B)|, p2-E[max(S, B)], -, p,-Elmax(S, B)|}
to maximize the welfare. The welfare obtained by M is at least r* - OPT.

We defer the proof of the lemma to Appendix[B.2l

3.3 Hardness Result under Full Information

In this section, our goal is to find a threshold and an instance such that no fixed-price mechanism has an
approximation ratio better than the threshold on this instance. We focus on discrete distributions and
consider an instance .# = (Fs, Fp) where Fg is a discrete distribution supported on {p; +¢€,p2+¢€,- -, pn+
€}, and Fp is a discrete distributions supported on P = {py, p2,---, pn}. For such instance, the optimal
price must also lie in the set {p; + €};c[5), as choosing a price x where p; + € < x < p;41 + € is equivalent to
choosing a price of p; +¢ . Therefore, any valid solution for the optimization problem below corresponds
to a hard instance.

Lemma 3.3. For any valid solution (s1, Sz, ,Sp, b1, b2, , by, 1) of UpperOp (defined in Appendix[B.3)
satisfying r = maXye(p) Zl’.’zl Sipi +Z§:1 Z;’:Hl sibj(pj—pi) ande > 0, there exists an instance ¥ = (Fs, Fp)
such that no fixed-price mechanism can achieve more than (r + €) -fraction of the optimal welfare on this
instance.

3For technical reasons, {1,..., Sy} and {by, ..., by} do not exactly correspond to probability mass functions, but viewing them
as the probability mass functions gives the right intuition.



The proof of Lemma[3.3lis deferred to Appendix[B.3l

Proof of Theorem[3.1l With Lemma[3.2land Lemma[3.3] we are now ready to prove Theorem 3.1l For the
numerical results, our anonymous GitHub repository(https://github.com/BilateralTradeAnonymou
s/0n-the-Optimal-Fixed-Price-Mechanism-in-Bilateral-Trade) provides all the certificates and
codes and also carefully explains all the details.

For the lower bound, we choose n = 16. Using Gurobi [22], we obtain a lower bound of 0.72 for
the optimization problem LowerOp for a carefully chosen set of price {p1, p2, -, pn}H Therefore, by
Lemmal[3.2] there exists a 0.72-approximate fixed-price mechanism.

Things become much easier for the upper bound since we only need to find a feasible solution in-
stead of proving a lower bound of the optimal value. We choose 7 = 100 and numerically solve UpperOp
with a specific support {p1, p2, -+, p»} and find a feasible solution that satisfies the constraints in Lemma[3.3]
where r < 0.7381. Together with Lemmal[3.3] we then find a hard instance such that no fixed-price mech-
anism attains a 0.7381-approximation of the optimal welfare. Please check our GitHub repository for the
detailed specification of the distributions.

d

Finally, we would like to point out that the optimal value obtained by LowerOp and UpperOp will
converge to the optimal value as the discretization accuracy tends to 0.

Lemma 3.4. Let r* be the optimal value of FullOp, i.e. the optimal approximation ratio. For any € > 0,
there exists two sets numbers 0 = p1 < po < --- < pp and {p}, p},---, p,} such that the optimal value of
LowerOp with respect to{p1, p2,--+, pn} is at least r* & and the optimal value ofUpperOp w.r.t. {p}, p5,-++, p),}
isatmostr* +e.

The proof of Lemma[3.4lis deferred to Appendix[B.4]

4 Breaking 1 - 1/e with Limited Information

We consider the limited information setting where we only knows the mean of the seller or the buyer. [24]
shows that any mechanism that only uses quantile information from the seller can not achieve a better
performance of 1 — 1/e. However, we observe that even with minimal information of Fg such as its mean
E[S] (or similarly E[B]), we can break the 1 —1/e barrier. We again provide a factor revealing program for
this setting. Although it looks similar to LowerOp, there is some subtle differences in how we discretize a
continuous distribution. See Appendix[Clfor details.

Theorem 4.1. Consider the following fixed-price mechanism: Given E[B] (or E[S]), it randomly pick a
number x ~ P according to a distribution P, and selects x - E[B] (or x -E[S]) as the price. There exists a
distribution Pg for the seller and a distribution Py for the buyer such that the corresponding fixed-price
mechanism achieves at least 0.65 - OPT welfare.

The high level idea is as follows. Lemma [B.I] shows us how to discretize a continuous distribution
so that E[max(S, B)] increases and E[# (%, p;)] decreases. In other words, the discretization worsens the
instance. Therefore, we could use a similar technique to derive a lower bound of the approximation ratio.
The complete proof of Theoremd.Tlis in Appendix[C]

4We choose {p1, p2,-*+, p16} to be {0.0,0.1,0.19,0.27,0.315,0.355, 0.395, 0.44, 0.485,0.535,0.595, 0.665, 0.74,0.875, 1.195, 1000.0}
to derive the 0.72. These numbers are chosen heuristically to provide good coverage between 0.3 to 0.5, which is the region
with concentration of probability mass in some bad instances we encounter.
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5 Fixed-Price Mechanism with Different Numbers of Samples

In this section, we consider the limited information setting where we only have sample access to the
distributions. We focus on order statistic mechanisms which is defined in Section [L.T] and our results
cover different number of samples for both symmetric and general instances. In the small sample regime,
we are able to characterize the optimal order statistic mechanism with any fixed number of samples.
When the number of samples goes to infinity, we show that the optimal quantile mechanism can be
approximated by order statistics mechanism as closely as desired and also obtain an upper bound on
the sample complexity. Finally, recall that we assume the distributions for the seller and the buyer are
continuous. See Appendix[Alfor details.

5.1 Order Statistic Mechanisms

To start with, we briefly discuss these two families of mechanisms that is used in the sample setting and
give high level ideas on how to design the order statistic mechanisms. Order statistic mechanisms will
be used when we only have samples from the distribution and quantile mechanisms will help us analyze
the performance of order statistic mechanisms. Actually, we will point out that quantile mechanisms
and order statistic mechanisms are equivalent in some sense.

5.1.1 Connection Between Two Mechanisms

Next we aim to show the connection between these two mechanisms. Such observations give us insights
on designing mechanisms with small or large number of samples.

The order statistic mechanism is a special kind of quantile mechanisms First, we can see that the
following two operations are equivalent:

e Draw a sample from distribution F.

* Uniformly sample a quantile x from [0, 1], and use F~!(x) as the sample.

Now suppose fI{,(x) =N (Il\.]__ll) -x!71.(1 = x)N~" be the p.d.f. of the i-th order statistic over N samples

drawn uniformly and independently from [0, 1] and let P; to be Pr,.p[x = i] for any distribution P over
[N]. Using similar ideas above, it can be proved that any order statistic mechanism P is equivalent to a
quantile mechanism Q with probability density function

N .
q(x) =) Pify(x)
i=1

Therefore, we can analyze the approximation ratio of quantile mechanism Q instead of order statistic
mechanism P. If we are able to compute the approximation ratio of any quantile mechanism Q, it fol-
lows that we can also characterize the optimal order statistic mechanism exactly. When the number of
samples are small, we can have a fine-grained analysis of the order statistic mechanisms and use these
limited samples carefully. Section [5.2] actually follow such intuitions to characterize the best possible
order statistic mechanism.

Quantile mechanisms can be approximated by order statistic mechanisms within any small error
Our goal is that for any quantile mechanism Q with p.d.f. g(x), we need to find some integer N and
a distribution P over [N], such that

N .
q(x)= Y Pify(x)
i=1



Since Zﬁ.\i 1 Pi fI(,(x) is a polynomial of degree N — 1, this could be done for any continuous g(x) on
[0,1] since the Weierstrass approximation theorem states that every continuous function defined on a
closed interval can be uniformly approximated as closely as desired by a polynomial function. What'’s
more interesting is that { f]f,(x)}?i , are Bernstein basis polynomials and there are a series of work show-
ing that (stochastic) Bernstein polynomials can efficiently and uniformly approximate to any continous
function. Therefore, we can have an asymptotic analysis of the order statistic mechanism. What'’s more,
such observation also shows that we have a block-box transformation from any quantile mechanism to

mechanisms only using samples. Section[5.3luses such techniques and ideas.

5.2 Small Sample Regime

In this section, we characterize the optimal order statistic mechanisms with any fixed number of sam-
ples for both symmetric and general instances. We first show that, in any setting, if we are able to give
a tight analysis of the quantile mechanism, we could directly characterize the optimal order statistic
mechanism with any fixed number of samples via an optimization problem. In the next, we show a tight
analysis of the quantile mechanism on both symmetric and general instances, and thus we obtain the
characterization of the optimal order statistic mechanism.

Recall that an order statistics mechanism with N samples randomly choose a number i € [N] ac-
cording to a previously defined distribution P and select the i-th smallest sample as the price, and a
quantile mechanism randomly choose a quantile x € [0, 1] from a determined distribution Q and choose
the x-quantile, i.e. Fg 1(x), as the price. Since every quantile mechanism and order statistic mechanism
is determined by the previously defined distribution, we abuse the notation and use distribution P over
[N] denote its corresponding order statistic mechanism and distribution Q over [0, 1] denote its corre-
sponding quantile mechanism.

Lemma5.1. Suppose € : A([0,1]) — R maps every quantile mechanism P to its exact approximation ratio.
Let 2(Q) be the corresponding quantile mechanism of the order statistic mechanism Q. Fixing the number
of samples N, the optimal order statistic mechanism with N samples Qy; is characterized by the following
optimization problem:
N = € (P
Qy =arg max (W)

where A([0,1]) is the set of all distributions over [0,1], i.e. the set of all quantile mechanisms, and Ay is the
set of all distributions over [N], i.e. the set of all order statistic mechanisms with N samples.

The proof of Lemma[.Tlis quite straightforward and thus is postponed to Appendix[D.2l

5.2.1 Symmetric Instances

Now we study the case when the distributions are symmetric, i.e., Fs = Fp, which means that the seller’s
value S and the buyer’s value B are drawn from the same distribution. For simplification, we will use F
to refer to their distributions in this setting.

In order to find out the optimal order statistic mechanism, we need to first give a tight analysis of the
quantile mechanism.

Lemma 5.2. For any quantile mechanism for symmetric instance with distribution Q over [0, 1], the ap-
proximation ratio is exactly

inf ./‘[O,x] t(1—-x)dQ(r) + f(x,l] 1-HxdQ(t)+(1-x)
xelf(l),l) 1—x2

where Q(t) is the cumulative distribution function of distribution Q.



Therefore, combining Lemma[b.Iland Lemma[5.2] we could characterize the optimal order statistic
mechanism via an optimization problem.

Theorem 5.1. The optimal order statistic mechanism with N samples for symmetric instances is the solu-
tion to the following optimization problem:

pe— e 0 POHL=DALE [ p01 - Oxdi+ (- x)
.

PPy P20 x€[0,1) 1—x2
Zﬁ\il‘pizl

where p(t) = Zﬁ.\il P,-flf,(x) and flf,(x) = N(I;]__ll) X7V 1 = x)N~! is the p.d.f. of the i-th order statistic over
N samples drawn uniformly and independently from [0, 1].

The proof of Lemma[B.2land TheoremB.Tlis in Appendix[D.3land[D.4l

It turns out the optimization above is computationally tractable when N is not too large. We solve
the optimization problem and find out the optimal order statistic mechanism numerally with different
numbers of samples N.

To compare with the order statistic mechanisms, we also consider the most natural sample-based
mechanism - the Empirical Risk Minimization mechanism (ERM). We first provide the formal definition
below.

Definition 5.1 (Empirical Risk Minimization Mechanism). Given N samples X1, Xy,..., Xy drawn from
F, define F be the empirical distribution of these N samples. That is to say, F is the distribution with c.d.f.
F(x) satisfying:

- 1 N
F(x):Ni:ZIJl[szi]

The Empirical Risk Minimization mechanism (ERM) is the mechanism that computes the optimal
price according the empirical distribution F. In particular, for N samples X1, X, ..., Xn,

ERM(X1, Xp, ..., XN) :argm;lx E [S+(B-S5)-1[B=p=S]]

S~F,B~F

If there are multiple prices p that maximize the expected welfare, the ERM mechanism may select any
of them.

For N =1,2,3,5,10, we compute the approximation ratio of order statistic mechanisms and also show
the upper bound of ERM. The results are listed below. To prove the upper bound, we use a counter
example in [24] and show that ERM has a bad performance on this instance. We defer the complete
proof of the upper bound of ERM to Appendix[D.5land the details of numerical results to Appendix[E. 1l

#Samples | Order Statistics Mechanism | ERM
1 0.75 0.5
2 0.821 <0.67
3 0.822 <0.75
5 0.847 <0.76
10 0.852 =0.80
0 24¥2 ~ (.8536 /

Table 1: Approximation Ratios with Different Number of Samples
in the Symmetric Setting.
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5.2.2 General Instances

Now we consider the general setting, where the buyer’s distribution may be different from the seller’s.
Recall that we only consider mechanisms over seller’s information since there is no constant quantile or
order statistic mechanism over seller’s information. Using similar ideas, we first show a tight analysis re-
garding quantile mechanisms, which would guide us to discover the optimal order statistic mechanism.

Lemma 5.3 (Theorem 4.1 of [5]). For any quantile mechanism Q (over seller’s distribution) with cumula-
tive distribution function Q, its approximation ratio is exactly

min f tdQ(t)+1—x
x€[0,11J[0,x]

Similarly, combining Lemma[.Tland Lemmal5.3] we are able to charaterize the optimal order statistic
mechanism over with N samples from seller’s distribution by an optimization problem:

Theorem 5.2. The optimal order statistic mechanism with N samples for symmetric instances is the solu-
tion to the following optimization problem:

Py = max minf t-p(dt+1-x,
Pr.P2PN20 x€[0,1] J[0,x]

rN

i=1 Fi=l

where p(x) = Zﬁ.\il p; -f]f,(x) andf]f,(x) = N(N_l) x1. (1= x)N isthe p.d.f. of the i-th order statistic over

i-1
N samples drawn uniformly and independently from [0, 1].

The proof of Lemma[B.3land Theorem.2lis deferred to Appendix[D.6land [D.7}

Similarly, such optimization problem is easy to solve when the number of samples N is not to large.
We solve the optimization problem numerically for N =1,2,3,5,10. Note that we do not compare our
mechanism to the Empirical Risk Minimization mechanism in the general setting. This is because we

only have sample access to the seller’s distribution, and the ERM can not be implemented without the
buyer’s samples. The details of numerical results is defered to Appendix[E.2l

#Samples | Order Statistic Mechanism
1 0.5
2 0.531
3 0.578
5 0.601
10 0.615
0o 1-1~0.632

Table 2: Approximation Ratios with Different Number of Samples
In the General Setting.

5.3 Asymptotic Analysis: From Quantile to Order Statistics

In this section, we turn to the case when the number of samples tends to infinity. As we show in sec-
tion 5.1.1] we could approximate any quantile mechanisms by order statistic mechanisms within any
small error. Using such ideas, we provide a "black-box" reduction that allows us to convert any quantile
mechanism with continuous probability density function g(x) to order statistic mechanism with N sam-
ples. Here N is usually a polynomial of %, as long as the probability density function is not too crazy. We
now formally write it down.

11



Lemma 5.4. Let € : A([0,1]) — R be a function that maps every quantile mechanism Q with continuous
probability density function to its approximation ratio such that for any quantile mechanism Q, with
p.d.f. q1(x) and quantile mechanism Q, with p.d.f. q»(x), it holds that

€ Q) -€(Q)=—c|q1- g,

where ¢ is a constant.
Now let Q be any quantile mechanism with continuous probability density function q(x). Define M as
maxyeo,1] 4(x). For any e > 0, suppose n is a positive integer satisfying that

w( nl ) <¢€/100 (7)
€2
2nexp (—m) <e 8)
’n
exp(—48M3) <e/2 9)

where w(h) = sup xyeo,1 |q(x) - q(y)|. Then, there exists an order statistic mechanism with n samples that
lx—yl<h

achieves an approximation ratio of € (Q) — c- €.

The high level idea of the proofis as follows. Since we know that probability density functions of order
statistics form Bernstein basis polynomials, we could approximate the p.d.f. of the quantile mechanism
q(x) within any small error. Inequality (7, (8) and (9) actually help us to get an order statistic mechanism
whose corresponding distribution of quantile is close to the desired quantile mechanism Q. Finally,
by the property of €, we know that their approximation ratio is also close. The proof is postponed to
Appendix[D.8l

Finally, we show that we could apply lemma [5.4] to both the symmetric and general settings and
convert the optimal quantile mechanism to order statistic mechanism within a error of at most € using
poly (%) samples. We leave the details of such applications to Appendix[D.9l
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Tie Breaking

For distribution D with point masses, the following reduction will convert it to continuous one. We will
overload the notation of D and think of it as a bivariate distribution with the first coordinate drawn from
the previous single-variate distribution D and the second tie-breaker coordinate drawn independently
and uniformly from [0, 1]. And (X3, t1) > (X, £p) if and only if either X; > X5, or X; = X5 and # > t,. Since
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the tie-breaker coordinate is continuous, the probability of having (Xi, #;) = (X», f») for any two values
during a run of any mechanism is zero. Therefore we could define the c.d.f. of D as

Fp(X, 1) = Pr [(Y,u) < (X, 1)]
(Y, u)~(D,U[0,1])
Remind the second coordinate is only used to break ties, and it does not affect the calculation of
welfare. After including the additional random variable, we can see that D has been converted into a
continuous distribution since its second coordinate is continuous.

B Missing Proofs in Section (3]

B.1 Proofof Lemmalf3.1]

We first show the proof of Lemmal3.1l
The approximation ratio of the optimal fixed-price mechanism could be written as

m W (S, p)
=(Fs,Fp) pe[R OPT-# (#)’

We first show that for any instance . = (Fs, Fp), there is a valid solution (i, v, r) such that r = maxpep

% We could first simply scale the instance by m to .#' = (Fg, F) where OPT-#/ (') = 1.

Such scaling means that # (¢, OPT-# (%) - p) = OPT-W (£) - W (', p) for all p € R. This implies that

W (L, p)

PP haxw (S ).
X SPT 9  aH (T, p)

Therefore, let  and v be the probability measures of Fg and Fj, and r be max,cg # (.4, p). It is
easy to verify that (u, v,r) is a valid solution. Let r* be the optimal value of FullOp, this implies that
r* < maxpeR (;P{/T(—W(ﬂ for any instance .# = (Fs, Fg). Taking the minimum over all possible .#, we then

get that

r <, max—W(j P (10)
(Fg Fp) peR OPT-¥# (.#)

Next, let (u*, v*,r*) be the optimal solution of FullOp. Since u*, v* are both probability measures,
let Fg, Fy be the corresponding distributions of u and v and .#* = (Fg, Fg) be the instance. Now by the
constraint of FullOp, we know that OPT-# (%) = 1. Besides, (u*, v*,r") is an optimal solution implies
that r* = maxyer # (£, p). Therefore,

rr —maxW(J ,p) = LS > W5, p)

_— _ 11
peR p R OPT-W# (¥#*) o= (FS Fg) peR OPT-# (¥) (1)

Now combining inequality and (I1, it follows that
" WS, p)

r = min max——
 7=(Fs,Fz) peR OPT-# (.F)

which completes the proof.
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B.2 ProofofLemmalf3.2]

Before we give the proof of Lemma[3.2] we first show prove a lemma that helps us discretize a continuous
distribution.

Lemma B.1. For any instance .¥ = (Fs,Fp), and 0 = p; < p2 < --+ < pp, there exists a set of numbers
{sitiein), 1bitiein) satisfying the following equations.

si,b; =0 Vie([n] (12)
n E n E[B
1<) s;<1+ (5] 1<) bi<1+ 5] (13)
i=1 n i=1 Pn
n-1 n-1
si<1 b;<1 (14)
i=1 i=1
I oI 15
GE. 1S i:ZIs,p, (15)
n
55, B = ]Z bjp; (16)
def non
OPT-# ()= E [max(S,B)] < 2 2 sibj-max(p;, p;) 17)
B~Fg i=lj=1
W, pt)dff E IS+ E [(B $)-1[S < p; < B]
BNFB
n - n
=Y sipi+y, Y. sibj(pj—pi) Vteln] (18)
i=1 i=1j=t+1

Proof. We construct (s1,+, Sy, b1, , by) as follows. For the seller, define

qsi= PrlpisS<pialandEs;= E [S-1[p;<S<pil], Vie[n],
S~Fs S~Fs

where we assume that p,+; = +oo. It is clear from the definition that g, - p; < Es; < gs,i * Pi+1-
Therefore, for any i € [n — 1], there exists non-negative numbers s; 1zt and $;+1,rigur Such that

Si LErT + Si+1,Rigut = §s,i and S; 1ger- Pi + Siv1,Ricut Pi+1 = Es,i. (19)

We further define s, 1zrr as Es n/ prn and 1 rigur = 0. Now set §; = §; Lgpr + Si,Rigur for all 7 € [n]. For
the buyer, we define {b;};c[,) similarly.

We now verify that ({s;};c(n, {bi}ic[n) satisfies the properties above. The non-negativity of s; and b; is
immediately derived from s; 1grr, Si Rigur = 0. From our definition, it is clear that Y.}, g,; = 1, therefore

n

n n
Z Si= Z Si,Lerr t Si,RigHT = Z qs,i
i=1 i=1 j

and

n

ﬁM.

Z Si,LerT T Si,RiguT = 2_ qs,i = 1.
i=1 i=1

We could also see that

s,n
Z Si= Z Si,Lerr t Si RigHT = Z qs,i+SnLerr =1+ .
i— i=1 i=1 Pn Pn
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For the expectations, it holds that

n n n
Z = Z Si,Lerr T Si,RIGHT) “Pi= Z Es,; =E[S]
i=1 i=1 i=1

By symmetry, similar inequalities also holds for for {b;};¢(,. So far, we have verified that properties
12, @3, I, and are satisfied. It only remains to show that (I7) and(I8) holds.
For any i # j € [n], wl.0.g. we can assume that i < j. We could see that

[E | max($,B)-LIS€ pi, pisDLIBE [pj, pj)]

B~Fp

= SN@E% B-1[S€[pi,pi+DILIBE[p),pj+1)]

B~Fg

=,E |B-11Bep),pj)]

P [SE [pi, pis1) (20)

=Epj-qs,i
= (bj,Lerr* Pj + bj+1,Ricur Pj+1) - (Si,Lepr + Si+1,Ricut)
= $i,Lerr* Dj,Lerr Max(p;, pj) + Si+1,Rigur” bj,LEFT max(pi+1, ;)
+ Si LEFT" bj+1,R1GHTmaX(Pi» pj+1) + Si+1,RIGHT" bj+1,R1GHTmaX(Pi+1» pj+1)

The second equality is due to the independence between S and B.
Now consider the case when i = j < n— 1. For any x, y € [p;, pi+1], we have

x_ .
max(x, y) < max(p;, y) - Pii” % o max(pis1,y)- Pi

Pi+1 = Di pin-pi’
Piv1i—X | X—pi .
Pi+1—Pi Pi+1—Pi =land Pi+1—Pi p’ P:+1— i pH'l
Based on the inequality above, for any fixed yElpi, pl+1), we have

(E [ maxs,p-1iseps prnl]

pi+1—S S—pi
< E ||max(p;,y) — +max(p;+1,y) —————
S~Fs [( S S Sy

pis1—S
—— - L[S€pi, pi+1)]
Disl— Di Pi>Pi+1

=Y SiLerr t Pi+1" Si+1,RIGHT

)Jl[Se [pi, pi+1)]

— Pi
=max(p;,y) E S —
oy Pi+1— Pi

sE, +max(p;+1,y) E

S~Fjs

-1[S€[pi, pi+1)]

The last equality is because of the following identities:

_O7Pi g
Pi+1— Pi
0P g
Pi+1— Pi

E Pi+1—
S~Fs Pi+1 - Pl
Pi+1—
Pi+1— Pz

+ E
S~Fg

L[S € [pi, pi+1)] I(Se [pl,PzH)]] Pr[S€ [pi, pi+1)]]

pi- E 1[S€(pi, pi+1)]

I(Se [pl,PzH)]] E[S-1[S€ [pi, pi+D]].
S~Fjs

t+Piv1-
pi S~ s

Hence, we can conclude that ([Es~pS [ 5’“ -1[S € [pi, pi+D]

Es~Fs [Psl -pi L[S € [pi, pi+1)] )iS the

unique solution to (I9). Thus, these two numbers respectively equal to s; 1 gpr and S;+1 Rigut-
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Due to the inequality above, we have

[B € [pi, Pi+1)]

S~[EFS [max(S,B) ‘L[Selpipi+)]|-1

B~Fg
SB [EF [(B *Si,LErT T Pi+1 'si+1,RIGHT) -1[Bel(pi, Pi+1)]] 2D
~I'B

=Dbj LerrSi,Lerr* Pi + Div1,RigutSi,Lerr* Pi+1 + Di LeprSi+1,Ricut* Pi+1 + Dit1,RigutSi+1,Ricut" Pi+1

The last special case is when i = j = n.

[E [max(S,B)-1[S = p,l1[B ]< [E [BS/pn-1[S= pplllB= pyl]
B~FB 13
:pn-( E [S-]l[Szpn]]/pn)-( E [B-]l[szn]]/pn) 22)
S~Fs S~Fp
= Sn,Lerr " D Lerr* Pr-
Combining inequality (20), 2I) and (22), we have
n n n
Y Y sibj-max(p;,pj) =Y. Z E [max(s B)1[SE€ [pi, pi+DILIBE [pj, pj+1)]
i=1j=1 i=1j= 13 F
= E [max(S,B)],
S~Fg
B~Fg
so inequality (I7) is satisfied.
Finally, we are only left to show that property (I8) holds. For any ¢ € [n], it follows that
W(F,po)= SN[EFS[S] + 555 [((B-S)-1[S < p; < B]]
B~Fp
> S~[EFS[S] + 555 [(B-S)-1[S< p: < B]]
B~Fg
n
- ; ‘+ [E [B-1[B = pl- Sljlrns[S< pil —SEEFS[S.]l[S< Pl 'BISEB[B = pl
n t—1
= Z ‘pit ( Z bj-pj+bLerr Pt) (Z N +St,RIGHT)
i=1 j=t+1 i=1 (23)
n
(Z Si*Pit St,RiguT " Pt) ( Z bj+ bt,LEFT)
j=t+1
n - t—1
2231"!71‘ Z Z sibj(pj —pi) + Z bj-strigur- (pj— Pt)+251 bt Leer - (pr— pi)
i=1 i=1j=t+1 j=t+1 =1
n -1
EZ pl+z Z s,b(p] pi).
i=1 i=1j=t+1
where the second inequality follows from the fact that
n-1 n-1 n
Pr[B = p] = Z (bj,Lerr + bj+1,Riur) + Pr[B = pyl< Z (bjLerr + bj11,Ricut) + by Lepr < Z bj+ by et
j=t j=t j=t+1
Therefore, we could see that inequality (I8) holds. This finishes our proof. O
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With the lemma above, we are ready to give the proof of Lemma[3.21

Consider the following fixed-price mechanism: Given any instance .# = (Fs, Fp), we first compute the
optimal welfare of the instance. Suppose OPT-# (.#) = ¢, we choose the fixed price p* from {cpy,---, cpn}
to maximizes the welfare, i.e., p* € argmaxpe(cp, ...,cp,} # (F, p). In the following, we show that this mech-
anism is an r*-approximation to the optimal welfare.

Note that the approximation ratio of our mechanism is independent of cB To keep our analysis
clean, we first assume that the instance .# = (Fs, Fg) has optimal welfare 1. The approximation ratio of
our mechanism could be written as

min max W (L, p).

e, e

Next, we argue that for any instance .# = (Fs, Fp) satisfying OPT-#'(.#) = 1, there exists a valid solu-
tion (sy,-++, Sy, b1,++, by, 1) of LowerOp such that r < maxpe(p, p,, - p,} # (£, p). This immediately implies
that r* is a lower bound of the approximation ratio.

Given an instance ¢ = (Fs, Fg) s.t. OPT-# (.#) = 1, the solution (sy,:--, Sy, b1,:**, by, 1) is constructed
as follows. Let (sy,S2,:-+,Sn, b1, ba, -+, by) be the set of numbers that satisfies all the properties stated in
Lemmal[B.1l Let r be

n t-1 n
max ) sipi+y, Y. sibj(pj—pi).
telnl i 5 i=1j=1+1

We first verify that ({s;}ie(n), {Di}ie[n, ) is a valid solution of LowerOp. Notice that E[S] < E[max(S, B)] =
1 and E[B] < E[max(B, S)] = 1. Therefore, constraints (2), B) and (4) directly follows from inequality
and (I3). What’s more, we could see (6) holds by the definition of r.

Now by property (I7), we have

n n n n
Y'Y sibj-max(pi,p) =Y. Y. E [max(s,B)Jl[SE [pi, pi+DILIBE [pj, pja1)]| =1,
i=1j=1 i=1j=1pp

B

so constraint () is satisfied.
Finally, we are only left to show that the best price in {p1, p»,:--, px} must obtain an approximation
ratio thatis at least r on instance .#, i.e., r < maXpe(p, p,, - p} # (£, p). Inequality (I8) states that

W(SF, p) = i Sipi+ ti Zn: sibj(pj—pi.
i=1 i=1j=1+1
Taking maximum over ¢ € [n], we then get that
n t-1 n
r= ?el[e}z)](,; Si-pi+ i=Z1j=Zt+1Sibj(pj —-pi) < Igel[eg]d//(f,pt)

which finishes our proof.

B.3 Proofof Lemmaf3.3

In the following, we complete the proof of Lemma[3.3]

5The price p* depends on ¢, but the approximation ratio to the optimal welfare does not.
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The Optimization Problem UpperOp

min r
$1,82,8n
by,bg,,bn,r

s.t. $;,b;=0 Vie[n]

n n
Y si=1 and ) bj=1

i=1 i=1

n n
Y. Y sibjmax(p;,pj) =1
i=1j=1

> ,pl+Z Z sibj(pj—pi)<r Ve n]

i=1 i=1j=t+1

For any fixed support 0 = p; < p < -+ < p,, and a valid solution (sy, S2,++, Sp, b1, b2, , by, 1), define
an instance .# = (Fs, Fp) satisfying

p1tE w.p. $§1 p1 w.p. by

+& w.p. s w.p. b

S~Fg = p2 p.- $2 B~ Fg B = p2 p 2
Pn+e€ w.p. Sp Pn w.p. by

where € > 0 is a constant that small enough.

It is easy to see that both Fs and Fp are valid distributions since the UpperOp requires the non-
negativity of s;, b; and Z;’zl S = Z;’zl b; = 1. Next, we aim to show that no fixed-price mechanism have
an approximation ratio of r + € on this instance .# = (Fs, Fg). For any x € R>(, we could first see that x < €
would never be a optimal price. Thus let p; be the largest p € {p1, p2,---, pn} thatis not greater than x—e¢.
Notice that both Fs is a distribution on support {p; + €} ;[ and Fp is a discrete distribution on support
{pi}tien- This means choosing p; + ¢ instead of x would never become worse. Therefore, we could see
that the optimal fixed-price mechanism on this instance is simply choosing one p; € {p1, p2,: -, pi} that
maximizes # (.4, p; + €). Again, by the fact that Fs and Fp are discrete distributions, # (%, p; + €) could
be written as:

W(SI, pi+e)= Z(pl+€)sl+z Z sibj(pj—pi—¢)

i=1 i=1j=t+1

<Zplsl+z Z sibj(pj—pi) +e.

i=1j=t+1

Also notice that the constraints of UpperOp guarantee that

n n n n
OPT-W (¥) = Z Z sibjmax(p; +¢,pj) = Z Z sibjmax(p;, pj) = 1.
i=1j=1 i=1j=1
Therefore, the approximation ratio of the optimal fixed-price mechanism on instance .# = (Fg, Fp) is
upper bounded by

maxse( # (S, pr +€)

OPT-# (%) te[a’fz mﬁlZ”Ztszb jpj—pi)+e=r+e.

And this finishes our proof.
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B.4 Proofof Lemmalf3.4]

In this section, we assume that £ > 0 is a small enough constant such that £? <« .

We first show that, for any € > 0, there exists a set of support {p1, p2,---, pn} such that UpperOp has
an optimal value of at most 7* + €.

As we show before, we could assume that the instance .# = (Fg, Fg) has optimal welfare 1. Thus, the
approximation ratio of the optimal fixed-price mechanism is

r*= min max¥# (4, p).
I=(Fg,Fg)  peR
OPT-# (#)=1
Suppose r* is attained at & * = (F, F5). Now define n=1/¢*, and p; = i- (1/e*) + /2 for i € [n+1].
Our idea is to construct a valid solution {s;, b;};e[5+1 by rounding up .#* to p; and show that this solution
has an objective value that is close to r*.

Suppose py = 0. Now we define

;= Pr [SE —1e?ie )] and b; = Pr [BE —1e? ie )]

for i € [n]. Especially, let

_ ) 2 2 _ ) 2 2
w1 = (E |S-1(5 = ne?l|/ (ne?) and by = ,E. |B-11B = ne?) |/ (ne?)

Smce E[S] and E[B] are upper bounded by 1, we could see that s,,,1,b,+1 < €. In the last, let s =
Z:’ L s;and b = Z”“ be the normalization factors. It’s also stralghtforward to see that s< Z 1SitSp1 <
1 +£2. Following the same argument, it also holds that b < 1 + 2. Now define

r—m[aXZ(s,/S)pl+Z Z (si/s)(bjIb)(pj - pi).
i=1j=t+1

We aim to verify that (s1/s, s2/5,--+, Sp+1/5,b1/b, bal b, -, by41/b, 1) is a valid solution of UpperOp.

It is easy to see the non-negativity of s;, b; and Z"” sils = Z"” b;/b = 1. What’s more, from the
definition of r, we could see the last constraint holds. Now we only need to check the third constraint.
For any i, j € [n], it holds that

E |max(S,B)1[S€ [(i—1)e?,ie?)]1[Be [(j—1De?, je?)]

¥
N Fg

*
B~FB

< (max(p;, pj) —€/4)s;ib;
When one of i, j equals to n + 1(we can assume i = n+ 1 wl.o.g), it is true that

E |max(S,B)1[S=ne’]1[Be[(j—1)e?, je?)]
SNF;
B}%

:S[E [S-1[S = ne?]) P [Be[(] De?, je?)]

= (nez) Sn+1bj

< (Pn+1—€/4)s;b;
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Finally, for the special case that i = j = n+ 1, we could see that

E_ | max($, B)1(S=> ne’|1[B = ne?]]

%
BNFB

< E_[BS/(ne?) 115> ne?I1(B = ne?|

*
S~FS

_R*
B FB

= (n€®) sps1bns

< (Pns+1—€/4)Sps1bnsa

Summing up all the inequalities above, we then get that

n+ln+l
E [max(S,B)l< ) ) (max(p;,p;)—¢/4)s;b;
S~Fs i=1 j=1
BNPB
This implies that
n+ln+l
(si/8)(b;j!b)max(p;, p;)
i=1 j=1
n+ln+l -
> sibjmax(p;, pj)- (1+¢%)
i=1j=1

n+ln+l
>| E [max(S,B)]+ ). Z eldsib; |- (1-€%)?
S~F§ in1 j=
>1+

e/8.

which means that (sy/s,$2/8,--+, Sp+1/8,b1/b, b2l b, -+ ,byy1/b, 1) is truly a valid solution.
Next, we give an upper bound of r. To start with, notice that

n+l
Zslp,—ZPr[SE[(l De?,ie?)|- (i = Ve +e? +£/4) +EIS- T[S = ne?]] + sy - (62 +£/4)
i=1
n+1 (24)
<Z[E[S 1[Se((i-De?, ie))] | +ELS- ]l[S>n£2]]+Zs,(£ +£/4)
<E[S]+¢€/2.
For the term of gain from trade, it holds that
t n+l
Y Y sibj(pj- p,)—z Z sibj(je? —ze)+Zs,bn+1(n£ —(i-1e?)
i=1j=t+1 i=1j=t+1
t n
<) X sibj((j—l)ez—i£2)+Zsib,m (ne? —ie®) +€*(1+¢£%)?
i=1j=r+1 i=1
t n (25)

=) Y E(B-9)-1iSe [(i —De?, ieH1[B e [(j — De?, je?]]

+E[(B-S)-1[S€[0,t-e2)]1[B=t-€%]] +€/2
<E[(B-S)-1[S€0,t-e*)]1[B=t-£%]] + /2.
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Combining and (25), we know that for any ¢ € [n + 1],

n+l n+1
> (si /s)p,+Z Y (sil)(bjIb)(pj—pi)
i=1 i=1j=t+1
n+1 n+1
= 2: 31P1+'§: 2: Szb (pj—pi)
i=1j=t+1

=E[S]+E[(B-S)-1[S€[0,¢-e*)]L[B=t-€*]] +¢
sW(ﬂ,t-ez)ﬂ?.

Taking maximum over [7n + 1], we then get that

n+l1 t n+l
r= max Z(s,/s)p,+zZ(s,/s)(b]/b)(p] pi) < max W(J t-e¥)+e<r’+e.
teln+l P!

This means that the optimal value of UpperOp with respect to {p;}ie(n+1) is at most r* + ¢, and this
finishes our proof.

Next, we aim to show that for any € > 0, there exists 0 = pg < p; < p2 < -+ p, such that LowerOp
has an optimal value of at least r* —e. Now define n = [¢76] +1, and p; = (i—1)- € for i € [n]. Let
(S1,°+*,Sn, b1,--+, by, 1) be the optimal solution of the optimization problem LowerOp with respect to
{pilien. Itis equivalent to show that there exists an instance .# = (Fg, Fp) such that the optimal approxi-

mation ratio of .#, i.e. maxyep OZT(—W& is at most r + €.

We construct the instance as follows. Let n’' = n+[2], and s; = b; = 0 for n < i < n’. Now define {s}}
where

4
s} = > s;/ {ﬂ )
i=max(1,j—[ 4] +1)

It follows that

n n j 4 n

IEED U S H o

=17 Ftiema(ng-[He)  TED 0=
Lets=3" 1 s; shand b= Z” b; be the normalization factors. LowerOp guaranteesthat1 < s,b < 1+€3.

What’s more, we could also see that

holds for all j € [n/].
Consider the following instance .# = (Fs, Fp):

pr+et w.p. sils p1 w.p. bilb
S~Fg,§5=1 B~Fg,B=
/s P w.p. bylb

pw+et  wp. s,
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First, it is straight forward to verify this is a valid distribution. We first calculate OPT-%#'(.#):

OPT-#(9) = ). Z max(p; +¢&*,p;)- (s}/5)(b; /D)

!

3
:\

v

max(p;, pj) - (s;/s)(bj/b) —

1
i 4
aX(szP]) Z (Sk/ ’7——‘)/8 (b]/b)—
ke=max(1,i—[4]+1) €

max(p;, pj)-sibjl/(bs) -

\%
1l 3
— —_
~. ~.
I §_ |
A

v
+ \M{

S

v

\%
—_

1

Now consider the optimal fixed-price mechanism for the instance. As we have shown in the proof of
Lemmal[3.3] the optimal mechanism only need to choose price from the support of the discrete distribu-
tion. This implies that

n'

maxW(J p) = m[axZ(p,+£4)(s /s)+Z Z (st/$)(bjIb)(pj— pi—€")
i=1j=t+1

For any ¢ € [n], one could see that
n' , n' i 4
Y=l 2 (wz]]|e
i=1 i=1\ k=max(1,i-[%]+1) €

(k maX(IXii:—[g]H) (Sk/ EU'(’)H Ew '83)) (26)

(p,+5£ )s;
1

IA
|frv1=\

:\

For the term of gain from trade, it follows that

n/

sibj(pj - P:)—Z Z sibj(pj—pi) + Z sibj(pj—pi)

ﬂ,[\/]{

Py

i=1j=t+1 Jj=t+1
-1 n i 4 1L
<) 2 > (Sk/ [—U bi(pj—pi)+s; ) bjp; 27
i=1j=1+1 | k=max(1,i[%]+1) £ j=1
-1 n
< Z sibj(pj— pi) +€/3.
i=1j=t+1

where we use the fact that sgb;(p; — pi) < sgbj(pj— pi) for j>i=k, s, < €/3, and Z?;l bjpj=1.
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Again by combining the two inequalities above, we know that

/

Z(pl+£ )(s” /s)+z Z (s/9)(bjIb)(pj — pi —€h)

i=1 i=1j=t+1
n n
<) pi HZ Z Sibj(pj—pi) +e'
i=1 i=1j=t+1
n' t-1 n
(pi+56%)si+ Y, Y. sibj(pj—pi)+el3
i=1 i=1j=t+1
n -1 n
<) pisi+Y., Y. sibj(pj—pi) +el2
i=1 i=1j=t+1

where we apply and (27) in the second inequality.

We could see that the optimal solution (s, $2,-*, Sp, b1, ba, -, by, r) of LowerOp must satisfy that
n

r=maxeep LIy pisi+ LI XN, Sibj(p) = pi)-
Therefore, taking the maximum over ¢ € [n'], we then get that

/

I;l(_%%(;//(f,p) maxZ(plﬂ? )(s’ /s)+z Z (s/9)(bjIb)(pj — pi — €Y
i=1j=t+1

< maprlsﬁ Z Z sibj(pj—pi) +el2

te[n]l 1

i=1j=t+1
t-1 n
—maprlsl+Z Y sibj(pj—pi) +el2
te[n] i=1j=t+1
£
=r+-.
2

where the second equation follows from s; = b; =0 when i > n.
Therefore, on instance .#, it holds that

maxper # (F, p) - r+el2 -
OPT-W (¥) T 1-g2 7

r+e.

And this completes our proof.

C Proof of Theorem[4.1]

We start with the case when we only know E[S].

We consider discrete distribution Pg. Suppose x ~ Ps equals to p; with probabiltiy w; for i € [n]
where Z?: , w;i = 1. This means that our mechanism would choose p; with probability w; and use p; -
Es~r,[S] as the price. Fixing {p;, w;};e[n), we claim that the optimal solution of the following program
lower bounds the approximation ratio of this mechanism.
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) T wt(zz 1 Sipi+ X0 i= t+15ibj(pj—pi))
min

b i=1 2 j=1 Sibjmax(pi, p;)
s.t. $;,b;=0 Vie [n] (28)
n n 1 n-1
Y sizl and ) s;<1+— and ) s <1 (29)
i=1 i=1 Pn i=1
n n-1
bi=1 and ) bj<1 (30)
i=1 i=1
n
Z Sipi= 1 (619

=1

~.

Similar to the proof of Lemma [B.2] we could assume that E[S] = 1 without loss of generality. The
approximation ratio r* of our mechanism could be written as

. Z?:] wl"W(j»pi)
min
F=(Fg,Fp) OPT‘W(j)

E[S]=1

r*=

Suppose r* is attained at .#* = (F{,F *) Applying Lemma B.I with .#*, we know that there exists
{s1,82,°*,Sn, b1, b, -+, by} satistying all the propertles in the statement. Notice that Eg.. g+ [S] = 1. There-
fore, we could directly verify that constraints (28), (29), (30) and (31) are satisfied by all the properties in
Lemma[B.Il Again, by Lemma[B.1] it holds that " | s;p; + ZE;} ;l:t+1 sibj(pj—pi) < W (I, py) for all
t € [n] and Z" IZ | Sibjmax(p;, pj) = OPT-# (#'). This implies that

Yo wi (Z?zl sipi+XiC] Y sibj(pj— pi)) Y wi W (I, i)
<
i1 X1 Sibjmax(pi, pj) OPT-W/ (#*)

Since {s;, b;}ien) is a valid solution of the optimization problem above, we then show that it lower
bounds the approximation ratio.

Finally, we solve this optimization problem numerically and show that there exists {p;, w;};c[5 such
that the optimal solution is at least by 0.65. The details of the numerical result could be found at our
GitHub repository.

Now we turn to the case when we know E[B]. The proof uses similar ideas and is almost identical.

Consider the following mechanism: it picks p; with probability w; for i € [n] where Z" ,wi=1,and
chooses p;-E[B] as the price. Again, for fixed {p;, w;};c(n), we aim to show that the following optimization
problem give a lower bound of the approximation ratio.

ok

' I wt(Z?ZISiPMZf;i 7:”18;'19]‘(}9]‘—!?1'))
min

iy i=1 2= Sibjmax(pi, p;)
s.t. $;,b;=0 Vie [n] (32)
n -1
Zb>1an Z <1+ and Zb<1 (33)
i=1 i= Pn i=1
n n—
Z ;=1 and Z (34)
=1 =
Z = (35)
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Without loss of generality, we could assume that E[B] = 1. Therefore, the approximation ratio of the
mechanism is exactly

. Z?:] wl"W(j»pi)
min
JE[U;IS:J;BJ OPT—W(f)

r*=

Suppose r* is attained at #* = (F;,F ;) Again by Lemma [B.1], we could discretize the instance
¥ to {s1,82,--+, Sy, b1, by, -+, by} that satisfies all the properties in the lemma. Since [EB~F§ [B] =1, itis
easy to verify that constraints (32), (33), and (35) holds due to Lemma([B.Il Again, by Lemmal[B.1] it
holds that ¥, SiPH‘Z;;i 7:t+1 sibj(pj—pi) W (¥, p)forallte [nland X7 27:1 sibjmax(p;, pj) =
OPT-# (#'). This implies that

Yo Wr(Z,’Llsmi + X Sibj(py - p,-)) I wi W (I p)

iz X1 Sibjmax(pi, pj) T OPT-#(5%)

*

Since {s;, b;}ie(n) is a valid solution of the optimization problem above, this means that the optimiza-
tion problem is a lower bound of the approximation ratio.

Finally, we solve this optimization problem numerically and find a set of numbers {p;, w;};c[n such
that the optimal solution is at least by 0.65. The details of the numerical result could be found at our
GitHub repository.

D Missing Proofs in Section 5]

D.1 Mechanisms over Buyer’s information

In the sample setting, we only consider mechanisms over seller’s information. We do not consider quan-
tile or order statistics mechanisms over buyer’s information since it is impossible to get any constant
approximation with these family of mechanisms.

Theorem D.1. No quantile mechanism over buyer’s distribution or order statistic mechanism over only
buyer’s samples can achieve a constant fraction of the optimal welfare.

Proof. We first show that there is no constant approximation quantile mechanism Q over buyer’s distri-
bution. Remind that Fg and Fs respectively stand for the distribution of the buyer and the seller, and we
will also use Q to denote the corresponding distribution over the buyer’s quantile.

To start with, we can assume that distribution Q does not have point mass at 1. That’s because if we
set the 1-quantile of the buyer’s distribution, i.e. Fz'(1), as the price, we have Prg_p,[B = F5'(1)] = 0.
This means that the trade will never happen under such price and thus this price will not increase the
welfare. Therefore, if we move this probability mass to other values, the welfare and also the approxima-
tion ratio will not decrease, and we prove that this assumption is with out loss of generality.

Now, for an arbitarily small € > 0, we will show that there is no e-approximation quantile mechanism
over buyer’s distribution. For any quantile mechanism Q over buyer’s distribution, we construct the
following set

X ={te[0,1] ] xPrQ[xz ] <e/2}

Since there is no point mass at 1, this set will contain some t € & and ¢ # 1. Consider the following
instance .¢ = (Fs, Fp):
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0 w.p. t
B~Fg,B= S~Fs,S=¢€/2 w.p. 1
H wp 1-t

where H = ﬁ is alarge enough number.

In this instance, the intuition is that all the welfare is hide at some very little probability of the buyer,
and we must make sure that the trade is very likely to happen when the buyer has a very high value.
However, since we don’t know the value of the seller, it is hard for us to make sure that p = S which
means that this trade will not happen.

Remind that we define OPT-#(.#) as the optimal welfare, i.e., Es~F, p~F, [max(S, B)] against instance
& = (Fs,Fp) and #'(Q,.#) as the welfare of mechanism Q against instance .#. Formally speaking, we
have that

OPT-W#W(#)=zH-(1-1)=1

and also

w(Q,#)=ESI+ E [(B-S)-1[B=zp=S]]
p~F3'(Q

<e/2+ E [B-1l[p=S]]
p~F3'(Q)

<e/l2+H-(1-1t)-€l2=¢

where the last inequality holds since p = Fg 1(x) = Sis equivlent to x > ¢ where x is drawn from Q, and
this happends w.p. at most £/2 by the definition of ¢. So for every distribution Q over buyer’s quantile,
we find an instance .# so that #(Q, .#) < ¢- OPT-# (#), which completes the first part of our proof.

Next we aim to show that for any € > 0, N > 0, there is no e-approximation mechanisms using only N
samples from the buyer.

First, for any mechanisms .# using N samples from the buyer, it can be formallized as a mapping

fiRY — A(Rs)

where f(x1, x2,--+, xn) stands for the distribution of price selected by this mechanism after receiving
N samples (x1, x2,--+, xn). Let D be f(0,0,...,0), which is the distribution of the price if this mechanism
sees N samples all with value 0. Similarly, we consider the following set:

H' ={teRso| Prx=t]<el2}
x~D

Again we know this set is non-empty, so let ¢ be any real positive number in the set #”'. Therefore,
we could construct an instance .# = (Fs, Fp) satisfying

0 w.p. (1 —e/)l'N
B~Fg,B= AN S~Fs,S=t+1 w.p. 1
H wp 1-(1-¢€/4)
where H > m is a large enough number.

In this instance, we can see that with just N samples, no mechanism can distinguish this instance
with another instance whose buyer always have a value of 0. Therefore, it can not get the welfare hidden
at the buyer. Formally speaking:

r+1

OPT-# (#)=2H-(1-(1-¢/H'N) > 7
&
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To calculate # (4 ,.#), we consider the case when all the samples are zero and the case when there
is at least one non-zero number in the samples. In the latter case, the probability that at least one
sample is non-zero is at most 1 - ((1—¢/4)YN )N = £/4 which is negligible. In the former case, since
Pry-fw©,0,.0p = t] < €/2, the trade happends w.p. at most /2. Therefore, we could expand # (.4, .%)
into:

W (M, P) < p~f((£|::0,...,0)[s +(B-S)-1[B= p=S]]-Pr[All N samples are 0]
+ OPT-# (#) - Pr[at least 1 sample is not 0]
<(t+1+E[B-1[p=SI)-1+O0PT-# (£) - (e/4)
<OPT-WW(¥) - (eld+¢€l2+¢€/4)
=¢-OPT-¥# (¥)

where the second inequality holds since ¢ + 1 < (¢/4) - OPT-# (), Pry-r,0,..0[p = S] < €/2 and
Ep~Fy[B] < Es~Fg,B~F; [(max(S, B)] = OPT-#'(.¥).
And this finishes our proof.

D.2 Proofof Lemmal5.1]

The proof here is quite straight forward. As we show in Section G.1.T] each order statistic mechanism
corresponds to a quantile mechanism. Thus € (£2(Q)) is exactly the approximation ratio of the order
statistic mechanism Q. What’s more, we could see that the Ay enumerates all possible order statistic
mechanisms with N samples. Therefore, this directly implies that argmaxc,, € (2(Q)) is the optimal
order statistic mechanism with N samples. O

D.3 Proofof Lemmal5.2

Fix an instance .# = (F, F), recall that S and B are the random variables respectively indicating the value
of the seller and the buyer. Define ALG to be the random variable which indicates the welfare of our
mechanism in the realization, which is S+ (B —S)-1[B = p = S] where p is the price chosen by our
quantile mechanism Q. Similarly, let OPT be the random variable which indicates the optimal welfare in
the realization, which is max(B, S).

To prove Lemmal5.2] we introduce the following lemma.

Lemma D.1. For any quantile mechanism Q, let ALG and OPT respectively be the random variables indi-
cating the welfare of the mechanism Q and the optimal welfare in the realization. Let r be

.. . PrlALG=F'(x)]
min m
F=(EF) x€[0,1) Pr[OPT = F~1(x)]

where F(x) is the cumulative distribution function of distribution F, and F~1(x) is the quantile function.
The quantile mechanism Q is at least r -approximate.

Proof. We have
Pr[ALG = F~'(x)] = r - Pr[OPT = F ' (x)]

for all x € [0,1] and quantile function F~!(x).
Without loss of generality, we could assume the distribution has a support over [0, a]. Notice that
since we assume the distribution is continuous w.L.o.g. in the sample setting, F~!(x) is a continuous and
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increasing function over [0,1] and F~1(0) = 0, F}(1) = a, so we have

W (S,Q) =E[ALG]

:f Pr[ALG = x] dx
0
1
= f PrlALG = F~Y(2)] dF (2
0
1
zf r-Pr[OPT = FY(2)]dF (2
0

a

= r~f Pr[OPT = x] dx = r -E[OPT]
0

=r-OPT-W (%)

holds for any instance .# = (F, F), which implies that quantile mechanism Q is at least r-approximate.
d

With Lemma [D.I] we are able to give a lower bound of approximation ratio for any quantile function
Q.

Fixing the buyer and seller’s distribution F, we only need to calculate the term Pr[ALG = F~!(x)] and
Pr[OPT = F~!(x)]. The event OPT = F~!(x) happens if and only if either B or S is greater than F~!(x).
Thus,

PrlOPT = F ' (x)] =1 - x* (36)

The event ALG = F~!(x) happens if and only if one of the following conditions is satisfied:
¢ S=F'(x)
e p<Fl(x),S<pand B = F !(x). Here S < p < B, thus the trade takes place, and B = F~! (x).

e p>Fl(x),S<F'(x) and B = p. Since S < p < B, the seller trades the item to the buyer,and we
have B> p = F~!(x).

Note that these three events are disjoint, so we could calculate the probability for each event to hap-
pen and add them up.

For the first event, Pr(S= F~'(x)] = 1 - x.

For the second event, we just enumerate the quantile of p. Suppose the quantile of p is ¢, which
means that F~1(#) = p. Then, we have Pr[S < p] = t and Pr[B = F~1(x)] = 1 - x. Thus, this event takes
place w.p. f[O' 4 t(1—x) dQ(r) where Q(?) is the c.d.f. of distribution Q.

For the third event, we use the same idea. Suppose the quantile of p is ¢, we have Pr[S < F~1(x)] = x
and Pr[B = p] = 1 — t. Therefore, this event happens w.p. f(x'n (1-1xdQ(p).

By adding the terms above up, we have:

PrlALG = F ' (x)] = f
[0,x]

t(l—x)dQ(t)+f 1-HxdQ(H+(1—-x) (37)

(x,1]

Therefore, combining Lemmal[D.I]and Equation and (37), we have that for any quantile mecha-
nism Q with c.d.f. Q(x), the minimum of the following optimization problem lower bounds the approxi-
mation ratio of the quantile mechanism Q.

- [Eq-tQ-xde+ [l q-0-nxdt+1-x)
in

min

F=(FF)xe[0,1) 1-x2
i [Fq-ta-xdt+ [l qt)-A-Dxdt+1-x)
_xel%,l) 1—x2
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where the equality holds since we could see that the term is independent from F(x).
We now left to show that the approximation ratio of Q is also upper bounded by r. It suffices to show
that for any € > 0 there exists some instance .# = (F, F) such that

w(Q,) < (r+¢)-OPT-% (%)

First, Recall Equation and (37). We could see that both the term Pr[ALG = F~!(x)] and the term
Pr[OPT = F~1(x)] are independent of the distribution F. Thus,

.. PrALG=Fl)] . . JFqn-tQ-xde+ [lq®-(1-Dxdr+1-x)
r=min in = inf
F x€[0,) PrOPT = F~1(x)] x€i0,) 1—x2

fEqta-nde+ [l q(-0-nxdt+(1-x)
)

= is attained at x*. Consider the

Suppose the optimum of infy¢jo 1
following instance .# = (F, F) satisfying

F Ulo,r-(1—x%)-€/2] w.p. x*
~ ,U:
Ull,1+¢/2] w.p. 1-x*

Notice that in this instance, The event 1[ALG = F~!(x*)] is equivalent to 1|ALG € [1,1+£/2]|. Such
argument also holds for OPT. Thus, we can see that

W (Q, %) =E[ALG]
<Pr[ALGE€[1,1+¢&/2]]-(1+&/2) +Pr[ALG € [0,r- (1 —x¥)-€/2]]- (r- (1 — x™)-€/2)
<PrALG=F '(x")]-(1+&/2)+7-(1-x*) /2
=71 -Pr[OPT = F_l(x*)] c(1+e/)+r-1-x")-€/2
<r-E[OPT]-(1+&/2)+r-(1-x")-€/2
< (r+¢€)-E[OPT] = (r +¢)-OPT-# (¥)

where the second equation uses the fact that r-Pr[OPT = F~!(x*)] = Pr[ALG = F~!(x*)] since r is attained
atx*.
Since the above holds for every € > 0, this completes our proof of Lemmal[5.2l

D.4 Proof of Theorem[5.1]

The proof of Theorem[B.lis directly a combination of Lemma[.Tland Lemmal5.2l From Lemmal5.2] we
know that the approximation ratio of a quantile mechanism Q with c.d.f. Q(x) is exactly

 Jon 4010 -0 dis [y aW0 - Dxdi+ - )
xelftl),l) 1—x2 '

where we use g(x) dx instead of dQ(x) since we have a continuous probability density function.

We could see that the set of all distributions over [N] is actually {{P,-},-e[n] | P; = 0and Z;’zl P; = 1}
where distribution P would choose i w.p. P;. What’s more, the probabiltiy density function of the quan-
tile of such order statistic mechanism is exactly p(x) = X7, P; fjf,(x) where fI(,(x) =N (?:11) i1 -
x)N=1. Therefore, combining it with Lemmal5.T] it follows that Theorem[5.Ilholds.
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D.5 Analysis of Empirical Risk Minimization Mechanism

In this section, we give the upper bounds of the Empirical Risk Minimization mechanism.
When N = 1, the empirical distribution is a one-point distribution, so any price x € R>( is optimal.
Therefore, we consider the following instance .# = (F, F) s.t.

0 w.p. 1-1/H
x~F,x={ p

H w.p. 1/H

Since any price is optimal for ERM, we can assume that it will always select H + 1 so that the trade
will never take place. Therefore taking H — oo in this instance, the approximation ratio tends to 0.5.

When N = 2, the empirical distribution is a two-point distribution. Suppose the two samples are
X; = X,, we can see that any price in [X;, X») is optimal for this empirical distribution. Thus, we can
assume that it will always select X;. So, ERM is equivalent to an order statistic mechanism that always
selects the smallest sample. Therefore, we can solve the following optimization problem:

1.3 .2 1

X7 —x"—3x+1 2
inf 32 3 =—
x€[0,1) 1—x2 3

Then, by Lemma[5.2] we know that there exists an instance such that ERM achieves exactly % approx-
imation.

Now we are in the case that N = 3. By some calculations, we know that the second smallest sample
will always be an optimal choice. Therefore, ERM is equivalent to an order statistic mechanism that
always selects the second smallest sample when N = 3. Similarly, we can calculate that

x-xd-ix+1 3

1
inf 2 =
x€[0,1) 1—x? 4
Applying Lemmal5.2lagain, there is an instance such that ERM has an approximation ratio of exactly
Z .
Our proof strategy changes when the number of samples is greater than 5. We consider a particular
instance .# = (F, F) and calculate the performance of ERM on such instance.

1
0 w.p. (\/5—1)-(1—%)
x~Ex= % w.p. 2-V2
1 w.p. %(\/5—1)

Actually, this is a counterexample appeared in [24]. They show that

4v2-1) 4v2-1
n

n2

OPT-W (¥) =

Since we will let n — oo, we will ignore the O(#) terms in the following calculation. Notice that
Prix=1] = O(%), the probability that there is at least 1 sample with value 1 is negligible, so we will also
assume that all samples are 0 or % Recall that there will be a tie-breaker coordinate drawn uniformly
from [0, 1] for each variable, and we will compare the tie-breaker coordinate if they have the same value.
Now suppose there are k; samples with value 0 and k, samples with value % We know that the largest 0
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or the smallest % is an optimal price for the empirical distribution when k1, k, # 0. Now, if we choose the
largest 0, as the price p, the expected welfare is:

11 1
Wi (k) =Pr[S=0]-Pr[S<p]-E[B]+Pr|S=—|-—+Pr[S=1]-1
L i . (38)
(V21— ((2—f2+f2—1)~—)+(2—f2)~—+—-(f2—1)
ki1+1 n n n
if we choose the smallest %, as the price p, the expected welfare is:
Wy (k) =Pr[S=0]-E[B& B> p]+Pr S=%]-(%+Pr[$<p]-[E[B&B=1])+Pr[S=1]-1
(39)

1 ke
n k2+1

1

=(vV2-1)-|2-V2)- ol

1 1 1 1
+—(\/E—1)))+(2—\/§)-(—+ ~(\/§—1)—)+—-(\/§—1)
n n n n
When all the samples have the same value, any price is optimal. Similar to the case when N =1, the
trade may never happen, so the expected welfare is % in this case.
Now, when there are 5 samples, suppose the ERM will choose the largest 0 when there are 1 ~ 3

samples with value 0, and choose the smallest % when there are 1 samples with value % The expected
welfare of ERM when N =5is:

3 . (5 1 ) [5 1
Z(\/E—l)l(z—fzf‘l(i)-Wl(i)+Z(\/§—1)5"(2—\/§)l(l.)-Wz(i)+(p5+(1—p)5)-;
i=1 i=1

Now compare it to the optimal:

4(\/2—1)_4\/2—1
n

OPT-# (.F) = .
n

By numerical calculations, the ratio is = 0.76 as n — oo.

Similarly, when there are 10 samples, suppose the ERM will choose the largest 0 when there are 1 ~ 6
samples with value 0, and choose the smallest % when there are 1 ~ 3 samples with value % The expected
welfare of ERM when N =101is:

6 . . 3 . .
Y vV2-1nie- ﬁ)lO"(liO)-Wl(i) +Y (V2= 2- \/E)’(lio)-wz(i) +(p+a-p' %
i=1

i=1
By calculations, the approximation ratio is = 0.80 as n — co.

D.6 Proofof Lemmal5.3l

Now we fix the quantile mechanism Q and suppose its c.d.f. is Q(x). Let r be

minf tdQ(t)+1-—x.
x€[0,11J0,x]

[5] already prove that r is the lower bound the approximation ratio. We are only left to show that it is
also the upper bound. We aim to show that for any € > 0, there exists an instance .# = (Fs, Fp) such that

W (L,Q) < (r+¢g)-OPT-W (#)

Now suppose the optimization problem above achieves its minimum at x*. Consider the following
instance .¢ = (Fs, Fp).
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Ul0, €] w.p. x*
S~Fs,S= . B~Fpg,B=H w.p. 1
H+e w.p. l1-x

where H > 1 is a sufficiently large number. We can see that in this instance,
OPT-#(¥#)=H

Now we compute the expected welfare for our mechanism. When its price has a quantile ¢ smaller
than or equal to x*, the trade will happen with probability exactly . When the quantile of its price is
greater than x*, the trade will never happen.

W (F)=E[SI+E[(B-S)1[B=p=<S]]

Sx*€+(H+£)(1—x*)+f tHdQ(1)

[0,x*]
sH-(l—x*+/ tdQ(t))+£
[0,x*]

<H-r+e<H-(r+¢)
<(r+¢)-OPT-# (%)

where the third inequality follows from r = f; .., £dQ(#) + (1 - x*).
Therefore, we could find an instance .# = (Fs, Fp) such that #'(Q,.%) < (r + ) - OPT-%# (.#) for any
small enough € > 0, and this concludes our proof.

D.7 Proofof Theorem[5.2

The proof of Theorem[.2lis nearly identical to Theorem 5.1l From Lemmalb.3] we know that the approx-
imation ratio of a quantile mechanism Q with a continuous p.d.f. g(x) is exactly

X
€(p) = mmf qgi)tdet+1—x.
€[0,11Jo

where we use g(x) dx instead of dQ(x) since we have a continuous probability density function.
Again, we know that the set of all distributions over [N] is actually {{Pi}ig[n] | P; = 0and Z?zl p; =

1} where distribution P would choose i w.p. P;. What’s more, the probabiltiy density function of the
quantile of such order statistic mechanism is exactly p(x) = ¥, P; flf,(x) where flf,(x) =N (:’:11 i-1.

(1 - x)N=%. Therefore, combining it with Lemma[5.1} it follows that Theorem[5.2/holds.

)-x

D.8 Proofof Lemmal5.4

Before we give the proof, we first introduce some notations and lemmas about Bernstein that may useful
to our proof.

Definition D.1 (Stochastic Bernstein Polynomials). The stochastic Bernstein polynomial of degree n for a
continous function f on [0, 1] is defined as

(Bxf) ()= Z F X Pk (D)

k=0
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in which Xy, X1, X, are the order statistics of (n+ 1) independent copies of the random variable
uniformly distributed in [0,1], and,

n
)xk(l—x)"_k,OS k<noO<t<l

pn,k(t) = (k

Now fix the continous function g(x) we aim to approximate, define w(h) as the following function:

w(h) = sup |q(x) - gyl
0=x,y<1
lx—yl<h

Now we can introduce the lemma in [30] that help us approximate the function g(x) by order statis-
tics.

Lemma D.2 (Theorem 2.11 In [30]). Lete >0 and f € C[0,1] be given. Suppose that v (ﬁ) <¢€/6.2. Then
the following inequality holds true:

2
Pr(||Byf-fl>¢] =2(n+Dexp (—Ll)
()
We are now ready to prove Lemmal.4l
We first present our mechanism P. For some instance . = (Fs, Fg), suppose there are n samples
X1 = Xy -+ = X, drawn from the distribution. We draw another n samples ¥; < Y» < --- < Y, uniformly
and independently from [0,1]. Let s=}."" | q(Y;) be the sum. Then our mechanism will choose X; with
probability g(Y;)/s
Now, let
L i i n—1} i n-i
g) =) q(Y)fu(x)/s where f,(x) = n(i_l)-x (1-x)
i=1
be the corresponding probability density function of the order statistic mechanism P. It suffices to
prove that with high probability
lg(x)—q(x)|<e Vxe[0,1]

To prove this, we introduce an intermediate function h(x):

h(x)=) q(Y;)-
i=1

-1\ . .
'l.’_ X )xl‘l(l —0NT =Y gD pp-1,i1 ()
i=1

As we can see, h is the stochastic Bernstein polynomial of g with degree n—1 and w( r}_l) < €/100.
Applying lemma|[D.2] we know that

2
Pr(|h-q|. >e/4] sZnexp(—gi))se (40)
=

ol

where the last inequality comes from the assumption in the statement of lemma.
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Thus, we only need to show that the difference between & and g is small. First we have

N Y; .
g =Y G’(Sl)f,’l(x)
i=1

So it is equivalent to prove that n and s are close w.h.p. We have the following lemma.

Lemma D.3.
Pr[(l—ﬁ)-nSSS(l+ﬁ)-n] >1-¢

We first use the lemma to continue our proof, before proving the lemma itself. We know that |g(x) —

h(x)|<e/2Vxe[0,1]if n(1- 75;) < s<n(1+55;) and h(x) <2M Vx € [0,1]. Therefore,

Pr{lg(x) - h(x)| = €/2 3x € [0,1]] < Pr[s> n(1+ i)] +Pr[s< n(1- ﬁ)] +Pr[3yepo, h(x) > 2M]

aM (41)

<2¢

where the second inequality is from Lemmal[D.3]and the fact that with probability at least 1 —¢, ||k —
gl < €/4 and g has a maximum of M on [0, 1].
Now combining inequality and (41), we know that with probability at least 1 — 3¢, we have:

lg(x)—gx)|=l|g(x)—hX)|+|h(x)—qgx)|<¢€

Since such probability is strictly greater than 0, we know that there exists some order statistic mech-
anism P over N samples such that |g(x) — g(x)| < € Vx € [0,1]. Also we show that our construction will
find such order statistics with high probability. Finally, as we assumed in the statement, it holds that

EP)=26(Q)—clg—qloo=€6(Q)—ce
This completes the proof of Lemma[.4l

Proof of LemmalD.3l We know that E[s] = n. Notice that s is the sum of 7 i.i.d. random variables ranging
in [0, M]. Therefore, by Chernoff bound, it holds that

£ £ e’n e’n
Pr[(l—m)-nSss (1+m)n] > 1—exp(—48M2)—exp(—32M2)

=>1-¢
where the last inequality is from the property in the statement. O
D.9 Application of Lemmal5.4]

D.9.1 Symmetric Instance

We first study the case when the distributions are symmetric. [24] provide a mechanism that chooses the
mean of the distribution F as the price. They show that in the symmetric setting, this is the optimal fixed
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price mechanism and achieves an approximation ratio of %. However, what we want here is a quan-

tile mechanism and we could not convert such mean-based mechanism directly into an order statistic

mechanism. We show that quantile mechanisms can also reach the optimal #-approximation ratio.

After that, we use the technique in Lemmal[5.4]to produce an order statistic mechanism that achieves an
approximation ratio of 2+Tﬁ — € with poly (1) samples.
To start with, we first show our optimal order statistic mechanism.

Theorem D.2. Thereisa 2+Tﬁ -approximation quantile mechanism in the symmetric setting.
Proof. Our quantile mechanism Q runs as following:

e Let F be the c.d.f. of the distribution.

e Output F~! (%), ie. g-quantile of the distribution, as the price.

The approximation ratio could be directly calculated using Lemmal5.2] One could see that

) f[()x] t(l—x)dQ(t)+f(x1](1—t)de(t)+(1—x)
inf ’ :

x€[0,1) 1—x?
| oxa-¥r1-x | L.a-n+0-1
=min| min > , inf 5
x€[0,2] 1-x xe[Z,1) 1-x
242
==
which completes the proof. O

Now we aim to convert it to an order statistic mechanism.

Theorem D.3. There exists an order statistic mechanism P with N = O (%) samples that achieves # —€
approximation.

To start with, we may notice that it is impossible to directly apply Lemmal5.4]to the optimal quantile
mechanism a since it is does not have a continiuous probability density function. So our first step is to
provide a quantile mechanism with continuous distribution.

Lemma D.4. Foranye >0, let Q' be the quantile mechanism with p.d.f. §(x) satisfying

2 1 2 1
0 x€ 0,£——£ U £+—£,1
2 32 2 32
2 1 2 1 2
q(x) = (32/8)2-(x—£+—£) € £——E,£
2 32 2 32 2
2 1 2 v2 1
—(32/6)2-(x—£——5) x€ £,£+—£
2 32 22 32

The quantile mechanism Q' has an appriximation ratio of @ —£/2.

Our last step is to make sure that the approximation ratio would not differ to much for two probability
density functions that are close to each other.
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Lemma D.5. Suppose € (p) is the function that maps every quantile mechanism Q for symmetric instances
with a continuous probabilitiy density function q(x) to its approximation ratio where

o Jow A0 =2 di i GO0 - Dxdi+ (1= x)
m .

cg(p):xe[ﬂ,l) 1—x2

For any quantile mechanism Qy with continuous p.d.f q,(x) and Q. with continuous p.d.f. g»(x), it
holds that
€ (p1)—€(p2) =—|q1 - G2 -

We first use these lemmas to give a proof of Theorem [D.3] and leave the proof of Lemma [D.4] and
LemmalD.5to Appendix[D.I0land

Proof Of Theorem[D.3l Letn=c- % + 1 where c is a large enough constant. We could see that w (\/%) <

322¢795.¢15, This means that 2nexp (—8572)) < £/2. Besides, define M = max,c(o 1) §(x) = 32/¢, it is

2( 1

Va1

also easy to verify that exp (— 4’;\’}3) < ¢/4. Combining the properties above with Lemma [D.5] we could
apply Lemmal5.4] and see that there exists an order statistic mechanism with n samples with an approx-

imation of at least ¢ (Q’) — €/2. Together with Lemmal[D.4} it follows that this order statistic mechanism
4

— e-approximate. This concludes our proof.

We would like to comment that if we always choose the {@ . nJ -th order statistic as the price, there is

an argument to prove that we could achieve an approximation ratio of 2+Tﬁ —ewith O (5_12) samples. O

D.9.2 General Instance

We now consider the general instance. [5] provides a 1 —1/e approximation quantile mechanism that is
also shown to be optimal by [24]. Using the block-box reduction shown in Lemmal5.4] we show that the
optimal quantile mechanism can be approximated by order statistics mechanism as closely as desired
and also obtain an upper bound on the sample complexity.

Theorem D.4. There exists an order statistic mechanism P with N = O (5_15) samples that achieves1—1 —¢
approximation.

In the following proof, we will use order statistic mechanism to approximate the optimal quantile
mechanism Q with p.d.f. g(x) = % on [1/e,1]. Similarly, g(x) is not a continous function on [0, 1]. Thus,
we need to first convert it to a continous function g(x) on [0, 1] and then apply Lemma[.4l

Similarly, we introduce the following two lemmas first.

Lemma D.6. Foranye >0, let Q be the quantile mechanism with p.d.f. G(x) satisfying

1-e!)
0 x€e|(0,—— €

e (e-3

_ 1.2 | _ -1
qx) = e3¢ xX— l—(l ¢ )8 Xe€ 1 _U-e )8,l
el—el) e (e—%g e —%5) e

1 1 1
———€ xe|—-,1

x 2

The quantile mechanism Q' has an appriximation ratio of 1 — % —€/2.
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Lemma D.7. Suppose € (p) is the function that maps every quantile mechanism Q for general instances
with a continuous probabilitiy density function q(x) to its approximation ratio where

X
€(p) = minf qgotde+1-x.
x€[0,11 Jo

For any quantile mechanism Q; with continuous p.d.f q,(x) and Q. with continuous p.d.f. q»(x), it
holds that

E€(p1)-€(p2) =—|q - |-
The proofs of Lemmal[D.6land LemmalD.7]are respectively in Appendix[D.12land[D.13

Proof Of Theorem[D.4. We follow the same argument to prove Theorem[D.4l

Letn=c- 5_15 + 1 where c is a large enough constant. Again it is easy to see that w (ﬁ) < ¢ 0%2(1 -

e"1)71.£15 Thus we have 2nexp|-—&— | <e/2.
8 7)

Besides, define M = maxyc[o,1] §(x) < 2e, we could also verify that exp(— 4221\’4’3) < ¢/4. Combining
the properties above with Lemmal[D.7] we could see the existence of an order statistic mechanism with n
samples with an approximation of at least ¢ (Q') —&/2 by applying Lemmal5.4l Together with Lemmal[D.6]
we know that the approximation ratio of this order statistic mechanism is 1 — 1/e — €. This finishes our
proof. O

D.10 Proof of LemmalD.4

One could see that the quantile mechanism Q would choose a price with its quantile in [ g - %8, g + %8

Fix a price p and an instance .# = (F, F), ALG is the random variable indicating the welfare for the

fixed price p in the realzation, i.e. S+ (B—S)1[B = p = S] where B, S are drawn independently from F.

Thus, it suffices to show that for any instance .# = (F, F), the following holds when @ - %8 <t< % + %e.

2442
4

E[ALGIp=F' (1] = —¢/2|-OPT-W ()

To prove the approximation ratio, we need to use Lemmal5.2 Notice that the term E[ALG | p = F~1(1)]
could be understood as the expected welfare of a quantile mechanism that always selects the #-quantile
as the price, so Lemma[5.2] could also be applied to analyze the ratio between E[ALG | p = F~1(1)] and
OPT-# (.#). For x = t, we know that

. Q1-x+t1-x) 1+t
lnf =
xelt,1) 1-x2 2

When x < ¢, it holds that

Q-0 +xQ-1 1+vV1-1¢2
min =
x€(0,1] 1-x2 2

_ 12
As we can see, % > LVI-i® VZI’

know that for any instance .¢ = (F, F),

_ 12
Whenlztzgandus“— “21’

> when % =t = 0. By Lemmal5.2] we
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1+V1-12 2
%-OPT-W(J) re %,1
E[ALG | p=F (] =
[ P ] 1+t V2

Now if Y2 - Le < 1< %2 it holds that

E[ALGIp=F' (1] = % -OPT-% (¥)

242
z( +4‘/_—e/2)-opT-W(f)
Forg < ts§+$e,wehave
1+V1-1¢2
E[ALG|p=Fl(n]= +T -OPT-W (.9)

2+v2
= ( +4\/_ —8/2) -OPT-wW (S )WW

which concludes the proof.

D.11 Proof of LemmalD.5

Suppose |1 (x) — g2 (x)| < c for all x € [0, 1]. We could see that

@) - )t -xdt+ [Hq(D) - q2() (1 - Hxdt
1-x?

>_foxct(l—x)dt+f;c(1—t)xdt

- 1-x?

_ JetQ-xdr+ [; e -xxdt

- 1-x?

1
_ Joctdt+ [y cxdt -

1+x

holds for all x € [0,1].
Taking the infimum over [0, 1), this directly implies that € (Q;) — € (Q2) = —c.

D.12 Proof of LemmalD.6l

By Lemmal5.3] the approximation ratio of Q can be computed as

X X 1 1
minf g -tdt+l—-x= minﬁ (;—56)-tdt+1—x
0 ¢

x€[0,1] x€[0,1]

\%

. X1 1
mmf —tdt+l1—-x——¢
1 t 2

x€[0,1]
1 1
=1—-—-——¢.
e 2
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D.13 Proof of Lemma[D.7|

Suppose |q1 (x) — q2(x)| < c for all x € [0,1]. We could see that

(f ql(t)tdt+(1—x))—(f go(O)tdt+(1—x)
0 0
z—f ctdt=—c.

0

holds for all x € [0,1].
Taking the minimum over [0, 1), this directly implies that € (Q;) — € (Q2) = —c.

E Details of Numerical Experiments

E.1 Symmetric Instance

We now present the details of numerical experiments for the symmetric instances .#¢ = (F, F). We first for-
mally write down the optimization problem that indicates the optimal order statistic mechanisms. As we
proved in Section[5.2.1] suppose the following optimization problem PO achieves its maximum OPTpg
at (P{,P;,...,Py). Let P* be the distribution over [N] such that Pry.p+[x = i] = P;. Then, P* is the op-
timal order statistic mechanism in the symmetric setting with N samples and its approximation ratio is
OPTpo. Notice that since the c.d.f. of the order statistic mechanism Q(x) is differentiable, we use () dt
instead of dQ(¢) for ease of computation. Here g(x) is the probality density function of mechanism Q.

The Optimization Problem PO

) foxq(t)~t(1—x)dt+fxlq(t)~(1—t)xdt+(1—x)
max  min
Pi,...Py  x€[0,1] 1-x2

N .
st. g =) Pi-fy)
i=1

fix=N N=1) dta—gni vien

X)) = .i—l. X) i €[N]

Y Pi=1 (42)
i=1

P;=0 Vie[N] (43)

Now we aim to solve the optimization problem PO numerally with different numbers of samples N.
For the inner minimization problem, it must be solved accurately so that it precisely reflect the approxi-
mation ratio of the order statistics mechanism. We use binary search to find its optimum. When we need
to check whether

o Joam-r-x di+ [ q) (1-Dxdr+(1-x) _
x€l0,) 1—x2 B

r

It is equivalent to check if
X 1
fq(t)-t(l—x)dt+f q(t)-(l—t)xdt+(1—x)—r(1—x2)20 Vxel0,1]
0 X

Notice that g(#) is a polynomial of degree N, thus we only need to find the minimum of a single-
variable polynomial over [0, 1], and this could be efficiently done by finding the roots of its derivatives.
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We do the binary search for 100 times, so the error caused by binary search is at most 271%°, which is

much smaller than the floating point errors and can be ignored. Then we use some empirical algorithms
to search for parameters in the outer maximization problem. Unlike the inner minimization problem,
we do not need to get an exact optimum of the outer maximization problem since it only reflects the ratio
of the order statistic mechanism we have found. The code can be found at our|GitHub repository(https:
//github.com/BilateralTradeAnonymous/On-the-Optimal-Fixed-Price-Mechanism-in-Bilateral-Trade).

E.2 General Instance

Now again we formally write down the optimization problem that characterizes the optimal order statis-
tic mechanism with N samples. Similarly, as we proved in Section[5.2.2] suppose the following optimiza-
tion problem QO achieves its maximum OPTqo at (P§,P;,..., P;). Let P* be the distribution over [N]
such that Pry.p«[x =i] = P;‘. Then, P* is the optimal order statistic mechanism in the general setting
with N samples and its approximation ratio is exactly OPTqo. Again notice that since the c.d.f. of the
order statistic mechanism Q(x) is differentiable, we use g(¢) dt instead of dQ(t) where g(x) is the p.d.f.
of the order statistic mechanism.

The Optimization Problem QO

X
max minf qt)-tdt+1—-x
Py,...Py  x€(0,11Jo

N .
st. gx) =) P;-fr(x)
i=1
i N-1| i n-i
fnx)=N- 1] (1-x) Vie[N]

Y Pi=1 (44)
i=1

P;=0 Vie[N] (45)

Now we solve the optimization problem numerically for different fixed number N. Again the inner
minimization problem could be solved efficiently by calculating the zero point of its derivatives and we
search for the parameters in the outer maximization problem to get a good enough solution. The code
could be found at our Github repository.
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