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Abstract

Weak normalization for the simply-typed -calculusis proven in Twelf, an imple-
mentation of the Edinburgh Logical Framework. Since due to proof-theoretical
restrictions Twelf Tait's computability method doesnot seemto be directly usable,
a conbinatorical proof is adapted and formalized instead.
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1 Intro duction

Twelf is an implemertation of the Edinburgh Logical Framework which sup-
ports reasoningin full higher-orderabstract syntax (HOAS); thereforeit is an
ideal candidatefor reasoningcomfortably about propertiesof prototypical pro-
gramming languageswith binding. Previouswork has focusedon properties
like subject reduction, con uence, compiler correctness.Even cut elimination
for various sequen calculi has been proven successfully But until recerly,
there wereno formalized proofs of normalization? in Twelf. The reasonmight
be that normalization is typically proven by Tait's method, which cannot be
applieddirectly in Twelf. This work explainswhy Tait's method is at leastnot
directly applicable and provides a combinatorical proof for the simply-typed
lambda-calculus.

! Researt supported by the Graduiertenkoleg Logik in der Informatik of the Deutsche
Forschungsgemeinshaft, the thematic networks TYPES (IST-1999-29001)and Applied Se-
mantics Il (IST-2001-38957)of the European Union and the project CoVer of the Swedish
Foundation of Strategic Researt.

2 There have beennormalization proofsin logical frameworks with inductiv e de nitions, for
instance, Altenkirc h's proof of strong normalization for SystemF in LEGO [2]. SinceHOAS
is not available in a framework like LEGO, he represerns terms using de Bruijn indices.

This is a preliminary version. The nal versionwill be published in

Electronic Notes in Theoretical Computer Science
URL: www.elsevier.nl/loca te/ entcs
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K = type kind of types
j FX:AQK dependen function kind
A = FM::::M, basetype
j TX:AQA dependen function type
JAT A non-dependen function type
M:=C term constart
] X term variable
j [X:A]M term abstraction
jMM term application

Fig. 1. Syntactic classesof LF.
2 Twelf

The Edinburgh Logical Framework (LF 2) [6,7] is a dependerily-t yped lambda-
calculuswith typefamiliesand -equality, but neither polymorphism,induc-
tive data types nor recursion. Expressionsare divided into three synactic
classeskinds, typesand terms, generatedby the grammarin Fig. 1. Herein,
the meta variable X rangesover a courtably in nte set of variable iderti-
ers, while F resp.C range over type-family resp.term constaris provided in
a signature . Note that neither a type nor a kind can depend on a type;
consequetty, abstraction is missingon the type level [10, p. 1124].

Syntax.
r;s;tbtu = xj xt jrs untypedterms
A;B;C = JA! B simple types
=] XA cortexts
Type assignmet ~ t: A. (x:A) 2
————— of var
XA
XA t:B of lam "r:A! B \S:Aofa
xt :Al' B "rs:B -apP
Weak headreductiont ! , t°
| ro
beta —— % appl
(xt)s I [s=Xt rs ! ,r0 PP

Fig. 2. Simply-typed -calculusand weak head reduction.

The framework comeswith judgemerts for typing, M : A, kinding, A : K,

3 This is not to be confusedwith Martin-Leof's framework for dependert type theory, which
is also abbreviated by LF.
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and wellformednes®f kinds, K kind, plus  -equality on for terms, types,and
kinds [7]. An object theory can be descriked in the framework by providing a
suitable signature which addskinded type family constaris F : K and typed
term constarts C : A.

Twelf [1]] is an implemenation of LF whosemost fundamenal task is to
che typing (and kinding) of a usergiven signature , usually provided asa
setof ASCII les. Symbols resened for the framework are the following.

()01 {} > type

All otherscanbeusedto denoteertities in the object theories. In the remain-
der of this section,we shav how to represem the simply-typed -calculuswith
weak headreduction, as speci ed in Fig. 2, in Twelf.

2.1 Representationof Syntactic Objects

Untyped lambda terms t can be represeted by onetype family constart tm
and two term constarts:

tm . type.
lam © (tm -> tm) -> tm.
app © tm -> tm -> tm.

The lack of a construct for variablesis dueto the useof HOAS: object variables
are represetted by variablesof the framework, e.g., in the code for the twice
function:

twice = lam [f:itm] lam [xitm] app f (app f X).

A more detailed explanation of higher-order encalings has been given by
Scwurmann [14, p. 20]. Simple types A can be generatedfrom a nullary
constart * for somebasetype and a binary constart =>, usedin x, for func-
tion type formation.

ty . type.
* Doty
=> Tty >ty >ty

2.2 Representationof Judgementsand Relations

Type assignmen for untyped terms, ~ t : A, can be represeted by two
constarts aswell: onefor function introduction and onefor function elimina-
tion. Note that in Twelf syntax, the typesof new constarts may corntain free
variables(captial letters), which are regardedas universally quarti ed on the
outside.

of ;tm > ty -> type.
of lam : ({xxtm} x of A-> (T x) of B)
-> (lam [xitm] T x) of (A => B).
of app : Rof (A =>B) -> Sof A-> (app RS) of B.
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Again, there is no separaterule for the typing of variables,insteadit is part
of the rule for abstraction. The premiseof rule of _lam is to be read as:

Considera temporary extensionof the signature by a fresh constant x:tm
and assumex of A Then (T x) of Bholds.

This adds a dynamial typing rule x of Afor eat new variable x instead of
inserting a typing hypothesisx : A into the typing context . Hence,we do
not explicitely encade , but let the framework handlethe typing hypotheses.

Similar to the typing relation, we canrepreseth weakheadreductiont ! ,
t% which eliminates the head (resp. key) redexin term t but doesnot step
under a binding.

->W tm -> tm -> type.
beta : app (lam T) S->w T S.
appl : R-->w R' -> app RS -->w app R' S.

One advantage of HOAS is that substitution doesnot have to be de ned, but
canbe inherited from the framework. Sincein rule beta, term T : tm -> tm
is -function, substitution [u=y]t is simply expressedas application T U

Lemma 2.1 If t ! ,tthenu=ylt ! , [u=y]t°
Pro of. By induction on the derivation oft ! , t°
Case(xit)s ! [s=Xt. W.l.o.g. x 6 y and x not freein u. Then,

[u=yl(( xit)s) = (x: [u=y]t) [u=yls
Pw [[usyls=x][u=ylt = [u=y][s=X]t:
Casers ! ,r%withr ! ,, r% Byind. hyp., [u=ylr !  [u=y]r® Hence,

[u=yl(rs) = ([u=ylr) ([u=y]s)
b w ([u=ylr9) ([u=yls) = [u=y](r°s)

Fig. 3. Weak headreduction is closedunder substitution.

2.3 Representationof Theoremsand Proofs

Fig. 3 shows the rst lemma of our object theory. How do we represen it?
Twelf's internal logic is constructive, thereforethe lemmamust be interpreted
constructively: Given a derivation P oft ! , tand a term u, we can con-
struct a derivation P%of [u=y]t ! , [u=y]t° In type theorieswith inductive
typesand recursion, like Agda, Coq [8] and LEGO [13], the lemmawould be
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represeted as a recursiwe function of the dependen type
t:tm: t%tm: P:t ! ,t® u:tm: y:var:[usyjt ! [usy]t®

In Twelf, howewer, with no recursiwe functions at hand, the lemma s repre-
serted as a relation betweeninput and output derivations, and, thus, via the
propositions-as-ypesparadigm, as just another type family.

subst_ red : {Uitm} ({y:tm} Ty -->w T vy)
> TU-->w T U-> type.
%modesubst red +U +P -P'.

The %modstatemen marksthe rst two argumerts of type family subst_red
asinputs (+) and the third asoutput ( ). Thus, the lemmais a functional
relation, and its proof is a logic program with two clauses,one for eat case
in the proof.

subst red beta: subst red U ([y] beta) beta.

subst_red_appl: subst red U ([y] appl (P y)) (appl P)
<- subst red UP P

%terminates P (subst red _ P ).

The basecaseof the induction is given by the constart subst_red_beta , and
the step case which appealsto the induction hypothesis,by subst_red_appl .
The types of theseconstaris are the actual program and correspnd to PRO-
LOG clauses. Note that in the secondtype a reversedarrow \<-", which
resenbles PROLOG's \ :- ", hasbeenusedto encouragean operational read-

ing:
Substitution in a derivation whoselast rule is appl, and the remainder, P,

may mertion y, resultsin a derivation P' extendedby an application of rule
appl. Herein, P' is constructed from P recursiely.

Sinceit is a logic program, we can even \execute" the lemma. Execution in
Twelf is seart: Given a type with free variables, nd an inhabitant of the
type and solutions for the free variables. For example:

P: {y} app (app (lam [x] X) y) y -->w appy y
= [y] appl beta.

%define P' = X
%solve K : subst red (lam [z] z) P X

This de nes a 2-rule derivation P which witnessesthat ( x:x )yy !  yY.
The %solve statemen asksTwelf for a derivation P' which arisesfrom P by
substituting z :z for y, accordingto the lemma. The answer is:

P : app (app (lam [x] x) (lam [z] 2z)) (lam [z] 2)
->w app (lam [z] z) (lam [z] 2)

appl beta.

K : subst red (lam [z] z) P (appl beta)

subst_red_appl subst_red beta.
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Sincethe value of P' equalsP, the shape of the derivation has not changed,
only its result: the type of P'. The value of K gives an execution trace of
logic programsubst_red : First, clausesubst_red_appl has red, then clause
subst_red beta hasconcludedthe seard.

2.4 External Properties: Termination and Covelage

A logic program in Twelf correspnds to a partial function from inputs to
outputs as speci ed by the mode declaration. Sinceonly total functions cor-
respond to valid inductive proofs we must ensurethat the de ned function
terminates on all inputs and covers all possiblecases.Both properties cannot
be shovn within the framework, e.g., we cannot give a proof that subst_red
is terminating. Instead, totality of a function needsexternal reasoningand
can be ensuredby built-in tactics.

Brigitte Pientka [12] cortributed a termination cheder which is invoked
by the %terminates pragma. In our case,the secondargumen P decreases
structurally in ead recursiwe call. Casecoverageis ensuredby an algorithm
by Pfenning and Schermann [15]. Both termination and coverage cheding
are necessarilyundecidable. For the proof deweloped in the remainder of this
article, we found the implemerted termination cheder powerful enoughto
passour code, whereasthe coveragecheder could not \see" that indeedall
casesare handled. Thus, coveragehad to be establishedmanually, but for
lack of spacewe will not detail on it.

3 A Formalized Pro of of Weak Normalization

In this section,we presem a conmbinatorial proof of weak normalization for the
simply-typed lambda-calculus. It is similar to the textb ook proof in Girard,
Lafont and Taylor [4, Ch. 4], but we avoid reasoningwith numbersaltogether.
In fact, we follow closelythe very syntactical preseration of Joadhimski and
Matthes [9], which hasalsobeenimplemerted in Isabelle/Isar by Nipkow and
Berghofer [3]. The main obstacleto a direct formalization in Twelf is the
useof a vector notation for terms by Joadimski and Matthes, which allows
them to reasonon a high level in somecases. In this section, we will seea
\de-vectorized" version of their proof which can be outlined as follows:

(i) De ne aninductive relation t + A.
(i) Provethat for every term t : A the relation t + A holds.
(i) Show that ewery term in the relation is weakly normalizing.

3.1 Inductive Characterization of Weak Normalization

Inductive characterizations of normalization go badk to Goguen|[5] and van
Raamsdonkand Seeri [16,17]. We introduce a relation ~ t + A which
stipulates that t is weakly normalizing of type A, and an auxiliary relation
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© t # A which additionally claimsthat t = x s for somesequenceof terms
S, i.e., t is neutral and head-redexfree.

X: r ! S+ r

A) 2 Tr#Al B ) A Tr#A

T #A “rs# B wneapp - —=— o wnne
‘X:A t+B wnlam rolo,ro %+ A whex
xt +Al B T+ A P

The Twelf represemation is similar to the typing relation: Again, and the
hypothesisrule are indirectly represeted in rule wn_lam

wne ©tm -> ty -> tm -> type.
wn ©tm >ty -> type.

wne_app: wneR (A =>B) X-> wnS A-> wne(app RS) B X.
wn_ne : {Xitm} wneRA X -> wnRA.
wn_lam : ({xxtm} wnex Ax -> wn (T x) B)
-> wn(lam T) (A => B).
wn_exp : R-->w R' -> wnR' A-> wnRA.

3.2 Closure under Application and Substitution

To shaw that eat typedtermt : A isin the relationt + A, we will proceedby
induction on the typing derivation. Di cult is the casefor an application of
the form ( x:r ) s. It canonly be shovn to be in the relation by rule wn_exp
which requiresus to prove that [s=X]r is in the relation. If x is headvariable
of r, substitution might create new redexes. In this case,howewer, we can
arguethat the type of r is a smallertype than the oneof s. Thesepreliminary
thoughts lead to the following lemma.

Lemma 3.1 (Application and Substitution) LetD: ~ s+ A.
@ fE:: "r+A! Cthen "~ rs+C.
(i) If E: ;x:A  t+C,then ~ [s=X]t+C.
@iy If E: ;x:A  t# C,then ° [s=X]t + C and C is a part of A.
(iv) If E: ;x:A  t# C withx 6 y, then ~ [s=X]t# C.
In Twelf, the lemma s represeted by four type families. The invariant
that C is a subexpressionof A will be expressedvia a %reducesstatemert

later, which makesis necessaryto make type C an explicit argumen to type
family subst_x.

app_wn : {Aty} wnS A ->
wnR (A =>C)->wn(app RS) C-> type.

subst_wn: {Aity} wnS A ->
{xtm} wnex Ax ->wn (T x) C ) ->wn (TS)C -> type.
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subst x : {Aty} wnS A -> {C:ity}
({xtm} wnex Ax -> wne(T x) Cx) -> wn (T S) C -> type.

subst y : {Aty} wnS A ->
{x:tm} wnex Ax -> wne(T x) CY) -> wne(T S) CY -> type.

%modapp_ wn +A+D  +E-F.
%modesubst wn +A+D  +E -F.
%modesubst x +A +D +C +E -F.
%modesubst y +A +D +E -F.

Pro of of Lemma 3.1 Simultaneouslyby main induction on type A and side
induction on the derivation E.

(i) Shaov " rs + C. If the last rule of E waswn_ne hence,r is neutral,

(ii)

then r s is alsoneutral by rule wne_appthus, it is in the relation. If the
last rule waswn_exp we canapply the sideind. hyp. The interesting case
isr= xit and
XA t+C
T xt +A! C
Here, we proceedby sideind. hyp. ii.

app_wn_ne : app_wnA D (wn_ne X E) (wn_ne X (wne_app E D)).
app_wn_exp : app_wnA D (wn_exp P E) (wn_exp (appl P) F)

<- app_WwnADEF.
app_wn_lam : app_wnA D (wn_lam E) (wn_exp beta F)

<- subst wn ADE F.

Shov =~ [s=x]t + C for ;x:A " t+ C. If t is not neutral, we conclude
by ind. hyp. and possibly Lemma 2.1 Otherwise, we distinguish on the
headvariable of t: isit x, then we proceedby sideind. hyp. iii, otherwise
by sideind. hyp. iv.

wnlam:

subst_ wn_lam: subst wn A D
(Xl[dx] wn_lam([y][dy] Evy dy x dx)) (wn_lam F)
<- {yHdy} subst wn AD (E y dy) (F y dy).

subst_wn_exp: subst wn A (D : wnS A)
(XJ[dx] wn_exp(P x) (E x dx)) (wn_exp P' E)
<- subst wn ADEFE
<- subst red S P P.

subst wn_x : subst wn A D
(X][dx] (wn_nex (E x dx) : wn(T x) C)) F
<- subst x ADCEF.

subst wn_y : subst wn A D
8



Abel

(X][dx] wn_neY (E x dx)) (wn_neY F)
<- subst y ADEF.
(i) Shov " [s=xjt + C for % t# C with °:= ;x:A. In caset = X,
the type C is trivially a part of A = C and we concludeby assumption
" s+ C. Otherwise,t = r u and the last rule in E was

r#B! C * u+B
0" ru# C

wneapp:

By sideind. hyp. iii we know that B! C isapart of Aand ~ r%+
B! C wherer®:= [s=x]r. Similarly = u®+ B for u®:= [s=X]u by
side ind. hyp. ii. SinceB is a strict part of A, we can apply the main
ind. hyp. i and obtain * r°u®+ C.

subst_x_x : subst x ADA ([x][dx]dx) D.
subst x_app : subst x A D C ([x][dx] wne_app
(E x dx)
(F x dx : wn(U x) B)) EF
<- subst x AD(B =>C) EFE
<- subst wn ADF F
<- app_wnB F' E' EF.
%reduces C <= A (subst x ADCEF).

The %reducesdeclaration statesthat the type expressionC is a subex-
pressionof A. Twelf cheds that this invariant is presened in all pos-
sibilities of introducing subst x A D C E F. In casesubst _x_x it holds
becauseC is instantiated to A In casesubst _x_app it follows from the
ind. hyp. which statesthat already B => Cis a subexpressionof A

(iv) Shov =~ [s=x]t # C for ;x:A "~ t# C. There a two cases.t = vy,
which holds immediately, and t = r u, which follows from sideind. hyp.s
i and iv. In our Twelf represemation, we cannot distinguish variable y
from any other term, sowe widen the rst caseto cover all t sud that x
is not freein t. This is expressedy letting E not referto x or dx.

subst y y : substy AD(x][dx] E) E.
subst y app : subst 'y AD ([x][dx] wne_app(E x dx) (F x dx))
(wne_appE' F)
<- subst y ADEFE'
<- subst wn ADF F.
2

Tojustify the appealsto the ind. hyp.sweinvoke the Twelf termination cheder
with the following termination order.

%terminates {(Ax Ay As Aa) (Ex Ey Es Ea)}
(subst x Ax __ Ex )

(substy Ay  Ey )
(subst wn As _  Es )
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(app_wn Aa_ Ea ).

It expresseshat the four type families are mutually recursive and terminate
w.r. t. the lexicographicorderon pairs (A; E) of typesA and typing derivations
E. This correspndson a main induction on A and a sideinduction on E. To
verify termination, Twelf makesuseof the %reducesdeclaration.

3.3 Soundnessf Inductive Characterization

To completeour proof of weak normalization, we needto show that for eah
term t in the relation t + A or t # A there exists a normal form v sud
that t ! v. After formulating full reduction ! with the usual closure
properties, the proof is a simple induction on the derivation E :: t + A resp.
E:: t # A. For lack of spacewe excludethe details, an implemertation of the
proof is available online [1].

4 On Proof-Theoretical Limitations of Tw elf

Having successfullycompleted the proof of weak normalization we are in-
terested whether it could be extendedto strong normalization and stronger
object theories, like Gedel's T. In this section, we touch these questions,but
our ansvers are speculative and preliminary.

Joadimski and Matthes [9] extend their proof to Gedel's T, using the
in nitary ! -rule to state when a recursive function over natural numbers is
weakly normalizing. Their proof is not directly transferablesinceonly nitary
rules can be represeted in Twelf.

For the samereason, Tait's proof cannot be formalized in Twelf. Its key
part is the de nition

8s: s+A ) rs+B
r+A! B

with anin nitary premise.lts literal translation into Twelf
wn_arr : ({Sitm} wnS A-> wn(app RS) B) -> wnR (A => B)
means something else, namely \if for a fresh term S for which we assume

wn S Ait holdsthat wn (app R S) B thenwn R (A => B)". Translating this
bad into mathematical language,we obtain the rule

X+A ) rx+
r+A! B

B for a freshvariable x:

Sincevariablesx are weakly normalizing anyway, we can simplify the premise
further to r x + B, obtaining clearly somethingwe did not want in the rst
place.

Dueto the interpretation of quarti cation in Twelf, in nitary rulescannot
be represeted, which also obstructs the de nition of the predicate strongly
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normalizing snby the inductive rule

8t%t 1 t% snt®
snt ’

expressingthat the set of strongly normalizing terms is the accessibleart of
the reduction relation.

Concluding, one might say that normalization of Gedel's T and proofs of
strong normalization are at leastdi cult to expressin Twelf. To seewhether
they are feasibleat all, a detailed proof-theoretic analysis of Twelf would be
required.

5 Conclusion and Related Work

We have presened a formalization of Joadimski and Matthes' version of
an elememary proof of weak normalization of the simply-typed -calculusin
Twelf. We further have outlined someproblemswith direct proofs of strong
normalization and Tait style proofs.

In the 1990s,Filinski hasinvestigatedfeasibility of logical relation proofs
in the Edinburgh LF, but his ndings remained unpublished. According to
Pfenning, a possibleway is to rst de ne alogicin LF, and then within this
logic investigate normalization of -calculi. This path is takenin the Isabelle
systemwhose framework is similar to LF but only simply-typed instead of
dependertly typed. On top of core Isabelle, higher-orderlogic (HOL) is im-
plemerted which senesasthe metalanguagein which, in turn, object theories
are considered.Rich tactics for HOL make up for the lossof framework med-
anismdue to the extra indirection level. In Twelf, one could follow this path
aswell, with the drawbad that the built-in facilities like termination cheder
and automated prover [14] would be renderedinapplicable.

Independertly of the author, Watkins and Crary have formalizeda normal-
ization algorithm and proof in Twelf, namely for Watkins' concurren logical
framework. It is saidto follow the principle of our Lemma3.1, namelyshowing
that canonicalforms (=normal forms) are closedunder eliminations.
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