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Learning regular languages has long been a fundamental topic in computational
learning theory. In this thesis, we present our contributions to exploring the learnabil-
ity of regular languages and their representation class, deterministic finite automata
(DFAs).

To study the learnability of regular languages in the context of machine learning,
we first need to understand how humans learn and acquire a language. We consider
a society which consists of n people (or agents), where pairs of individuals are drawn
uniformly at random to interact. Each individual has a confidence level for a grammar
and a more confident person supports the grammar with higher probability. A person
increases her confidence level when interacting with another person supporting the
grammar, and decreases her confidence level otherwise. We prove that with high
probability the three-state binary signaling process reaches consensus after ©(nlogn)
interactions in the worst case, regardless of the initial configuration. In the general
case, the continuous-time binary signaling process in the limit will converge within
O(rlognr) time (corresponding to O(nrlognr) interactions in expectation) if the
initial configuration is monotone, where r is the number of confidence levels. In
the other direction, we also show a convergence lower bound Q(nr + nlogn) on the
number of interactions when r is large.

The class of shuffle ideals is an important sub-family of regular languages. The



shuffle ideal generated by a string set U is the collection of all strings containing
some string v € U as a (not necessarily contiguous) subsequence. We study the PAC
learnability of shuffle ideals and present positive results on this learning problem
under element-wise independent and identical distributions and Markovian distribu-
tions in the statistical query model. A constrained generalization to learning shuffle
ideals under product distributions is also provided. In the empirical direction, we
propose a heuristic algorithm for learning shuffle ideals from given labeled strings
under general unrestricted distributions.

As a representation class of regular languages, DFAs are one of the most ele-
mentary computational models in the study of computer science. We study the
learnability of a random DFA and propose a computationally efficient algorithm for
learning and recovering a random DFA from uniform input strings and state infor-
mation in the statistical query model. A random DFA is uniformly generated: for
each state-symbol pair (¢ € Q,0 € ¥), we choose a state ¢ € (Q with replacement
uniformly and independently at random and let ¢(g,0) = ¢, where @ is the state
space, X is the alphabet and ¢ is the transition function. The given data are string-
state pairs (z, q) where x is a string drawn uniformly at random and ¢ is the state of
the DFA reached on input x starting from the start state qo. A theoretical guarantee
on the absolute error of the algorithm in the statistical query model is presented.

Given that automaton graphs are out-regular, we generalize our DFA learning
algorithm to learning random regular graphs in the statistical query model from ran-
dom paths. In a standard label-guided graph exploration setting, the edges incident
from a node in the graph have distinct local labels. The input data to the statistical
query oracle are path-vertex pairs (x,v) where z is a random uniform path (a ran-
dom sequence of edge labels) and v is the vertex of the graph reached on the path x

starting from a particular start vertex vy.
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Chapter 1

Introduction

This thesis presents our contributions to learning regular languages and automaton
graphs. To study the learnability of regular languages in the context of machine
learning, we first need to understand how humans learn and acquire a language.
This thesis starts from a binary signaling model in Chapter 2 for the language emer-
gence process in a human society. In Chapter 3, we study the PAC learnability of
shuffle ideals, which are a fundamental sub-class of regular languages. In Chapter
4, we propose a computationally efficient algorithm for learning and recovering a
random deterministic finite automaton (DFA) from uniform input strings and state
information. Chapter 5 generalizes our results in Chapter 4 and applies the DFA

learning algorithm to learning random regular graphs from uniform paths.

1.1 Language emergence process and population
protocols

“A basic task of science is to build models — simplified and abstracted descrip-

tions — of natural phenomena” [BM96, p. 432]. A central goal of modern linguistic



theory is to explain how people learn and acquire a language, and how languages
emerge from communication among people. For decades, language scientists have
spent lots of effort on capturing and modeling the language emergence process in hu-
man society. Linguists’ intuitions about language emergence can be interpreted by
dynamical system models, often with strong subjectivity and randomness, from the
dynamics of human interactions and the nature of language acquisition. The works
of Galantucci [Gal05] and Galantucci et al. [GFR03] develop experimental semiotics,
which conduct controlled studies in conventionalization of form-meaning mappings
among interacting agents where human develop novel languages, in an experimental
way. The works of Coppola and Senghas [CS10] and Meir et al. [MSPA10] study the
spontaneous emergence of gestural communication systems in deaf individuals not
exposed to spoken or signed language and of natural languages in deaf communities,
which offer unique opportunities to study the process of human language emergence.
Language scientists have long been occupied with describing phonological, syntactic,
and semantic change, often appealing to a relation between language change and
evolution, but rarely going beyond analogy. The overall goal of Chapter 2 is to move
from this analogy to formal modeling.

Chomsky proposed a model of universal grammar — those aspects of linguis-
tic structure that are presumed innate and thus present in every linguistic system
[Cho81, Cho93]. A language is defined by a series of parameters and the learning
process for a learner of a language consists of constantly adjusting or fixing a num-
ber of parameters. Under this framework, Gibson and Wexler [GW94] formalized the
Triggering Learning Model to focus our investigation of parameter learning. Initially,
the process starts at some random point in the (finite) space of possible parameter
settings, specifying a single hypothesized grammar with its resulting extension as

a language. The learner keeps receiving a positive example sentences at each time



stamp from a uniform distribution on the language. If the current grammar doesn’t
parse the received sentence, the learner selects a single parameter uniformly at ran-
dom, to flip from its current setting, and changes it if and only if that change allows
the current sentence to be analyzed.

In the work of Richie et al. [RYC14], interactions happen randomly between peo-
ple in the society and each agent updates its state according to the information it
receives each time, which an instance of reinforcement learning. Each agent j has
probability parameter p; for a targeted grammar. Following the standard Linear-
Reward-Penalty scheme in reinforcement learning [WVO12, p. 453], upon each com-
munication, the listener agent j adjusts p; to match the speaker agent 7’s choices:
if j receives a message positive to the grammar from ¢, then p; = p; + v(1 — p;);
if j receives a negative message, then p; = (1 — ~)p,, where the learning rate ~ is
typically a small real number. Kirby et al. [KDGO07] use a simple Bayesian method
to understand the evolution of language. In this approach, the degree to which a
learner should believe in a particular hypothesis (i.e., support or object to a new
grammar) is a direct combination of their innate biases and the extent to which the
data are consistent with that hypothesis. The agents can then choose their opinions
about the grammar based on their degrees of belief. An agent might simply em-
ploy the hypothesis that has higher posterior probability, sample from the posterior
distribution, or do anything in between.

However, the above language emergence models have very little theoretical anal-
ysis and no guarantee on convergence. In fact, the Triggering Learning Model never
halts in the usual sense, so does everything built upon it. In Chapter 2, we present
a novel and simple model for language emergence process with a neat mathematical
framework and formal results on the convergence rate. Lightfoot [Lig91, p. 163] talks

about language evolution in this way: “Some general properties of language change



are shared by other dynamic systems in the world”. Chapter 2 is good evidence
of this statement. Our language emergence model shares some similarities with the
population protocols in distributed computing theory. To the best of our knowledge,
this is the first work that builds the connection between evolutionary linguistics and
population protocols.

A population protocol [AADT06] is where agents may interact in pairs and each
individual agent is extremely limited (in fact, being equipped only with a finite
number of possible states). Then the complex behavior of the system emerges from
the rules governing the possible pairwise interactions of the agents. The agents in a
population protocol are anonymous, i.e., there is only one transition function which
is common to all agents and the output of the transition function only depends on
the states of the two involved agents, regardless of their identities. Nor does each
agent have any knowledge of its identity. Usually it is assumed that interactions
between agents happen under some kind of a fairness condition.

Angluin et al. [AAE07] introduced a simple population protocol for majority com-
putation. This protocol assigns only three possible states to every agent, including
two opposite states and one intermediate state, and initially every agent starts from
one of the two opposite states. There is a 3 x 3 transition table capturing all possi-
ble interactions and the interactions between agents are dictated by a probabilistic
scheduler. The essential idea of this protocol is that when two agents with different
preferences meet, one drops its preference and enters the intermediate state; an agent
at the intermediate state adopts the preference of any biased agent it meet. Nothing
happens when two unbiased agents meet. The protocol converges at the point where
all the agents have the same preference with no unbiased agents left. They show
that with high probability this protocol reaches convergence within O(nlogn) inter-

actions with a complete interaction graph of n vertices, if the process starts from a



biased initial configuration. In addition, if the difference between the initial majority
and the initial minority is w(y/nlogn), their protocol converges to the correct initial
majority with high probability.

Becchetti et al. [BCNT15] is the most recent result we know of that generalizes
Angluin et al.’s three-state population protocol to computing plurality consensus in
the gossip model. Instead of two opposite preferences, an agent could have one of
many preferences (or “colors” in the paper). The update rule is the same: when two
agents with different preferences meet, one shifts to the intermediate state (blank);
a blank agent will be colored by a colored agent with its color. Another major differ-
ence concerns timing. They analyze the synchronous version of population protocol
in the gossip model, where at each round every agent updates its state simultane-
ously. Perron et al. [PVV09] analyzed the continuous-time process of Angluin et al.’s
three-state population protocol in the limit by studying the corresponding system of
differential equations modeling the expected change of the protocol. An additional
continuous-time three-state protocol is defined where instead of being passive, a
blank agent acts as in the two opposite states uniformly at random in an interaction.
The authors gave an elegant upper bound on the time to convergence of a differential
equation approximation that converges to the behavior of the discrete process for any
fixed time in the limit by Kurtz’s theorem [Kur81]. They claim the stronger result
that this approximation converges for time ©(logn). While this claim may in fact
be true, applying Kurtz’s theorem in this case requires an unjustified interchange
of limits that gives incorrect results in many cases. To avoid this issue, we employ
a potential-function approach similar to that used by Angluin et al. [AAEQ7]. For
more related works and theoretical background about population protocols we refer
to the survey of Aspnes and Ruppert [AR09].

Binary signaling consensus in the context of population protocols is where two in-



teracting agents communicate with only one binary bit, without knowing each other’s
state or identity. The population protocol reaches consensus if all the agents have
the same preference and the process stays put forever. For example, the protocol in
[AAEOQT7] is not a binary signaling one since the communication between two inter-
acting agents depend on their states, which are ternary, while the second protocol in
[PVV09] is, even though the state space of an agent is also ternary. Modeling the hu-
man language emergence process in evolutionary linguistics is one scenario of binary
signaling consensus. Given the connection between population protocols and biolog-
ical systems [CCN12], more potential applications of binary signaling consensus may

be found in biology and related fields.

1.2 Learning shuffle ideals

The learnablity of regular languages is a classic topic in computational learning
theory. The applications of this learning problem include natural language process-
ing (speech recognition, morphological analysis), computational linguistics, robotics
and control systems, computational biology (phylogeny, structural pattern recogni-
tion), data mining, time series and music [Kos83, DLH05, Moh96, MPR02, Moh97,
MMW10, RBB*02, SGSC96]. Exploring the learnability of the family of formal
languages is significant to both theoretical and applied realms. In the classic PAC
learning model defined by Valiant [Val84], unfortunately, the class of regular lan-
guages, or the concept class of deterministic finite automata (DFA), is known to
be inherently unpredictable [Ang78, Gol78, PW93, KV94]. In a modified version
of Valiant’s model which allows the learner to make membership queries, Angluin
[Ang87] has shown that the concept class of regular languages is PAC learnable.

Subsequent efforts have searched for nontrivial properly PAC learnable subfamilies



of regular languages [AAEK13, Chel4, RG96].

Throughout Chapter 3 we study the PAC' learnability of a fundamental subclass
of regular languages, the class of (extended) shuffle ideals. The shuffle ideal generated
by an augmented string U is the collection of all strings containing some u € U as
a (not necessarily contiguous) subsequence, where an augmented string is a finite
concatenation of symbol sets (see Figure 3.1 for an illustration). The special class
of shuffle ideals generated by a single string is called the principal shuffle ideals. In
spite of its simplicity, the class of shuffle ideals plays a prominent role in formal
language theory. The boolean closure of shuffle ideals is the important language
family known as piecewise-testable languages [Sim75]. The rich structure of this
language family has made it an object of intensive study in complexity theory and
group theory [Lot83, KP08]. In the applied direction, Kontorovich et al. [KRS03]
show that shuffle ideals capture some rudimentary phenomena in human language
morphology.

Unfortunately, even such a simple class is not PAC learnable, unless RP=NP
[AAEK13]. However, in most application scenarios, the strings are drawn from some
particular distribution we are interested in. Angluin et al. [AAEK13] prove under the
uniform string distribution, principal shuffle ideals are PAC learnable. Nevertheless,
the requirement of complete knowledge of the distribution, the dependence on the
symmetry of the uniform distribution and the restriction to principal shuffle ideals
lead to the lack of generality of the algorithm. Our main contribution in Chapter 3
is to present positive results on learning the class of shuffle ideals under element-wise
independent and identical distributions and Markovian distributions. Extensions of
our main results include a constrained generalization to learning shuffle ideals under
product distributions and a heuristic method for learning principal shuffle ideals

under general unrestricted distributions.



1.3 Learning a random DFA

Deterministic finite automata are one of the most elementary computational models
in the study of theoretical computer science. The important role of DFAs leads
to the classic problem in computational learning theory, the learnability of DFA.
Unfortunately, the concept class of DFAs is long known to be not efficiently learnable
in the classic PAC learning model define by Valiant [Val84].

Since learning all DFAs is computationally intractable, it is natural to ask whether
we can pursue positive results for “almost all” DFAs. This is addressed by studying
high-probability properties of uniformly generated random DFAs. The same ap-
proach has been used for learning random decision trees and random DNFs from
uniform strings [JLSWO08, JS05, Sel08, Sel09]. However, the learnability of random
DFAs has long been an open problem. Few formal results about random walks on
random DFAs are known. Grusho [Gru73] was the first work establishing an in-
teresting fact about this problem. Since then, very little progress was made until
a recent subsequent work by Balle [Ball3]. Our work connects these two problems
and contributes an algorithm for efficiently learning random DFAs, in addition to
positive theoretical results on random walks on random DFAs.

Trakhtenbrot and Barzdin [TB73] first introduced two random DFA models with
different sources of randomness: one with a random automaton graph, one with
random output labeling. In Chapter 4 we study the former model. A random DFA
is uniformly generated: for each state-symbol pair (¢ € Q, 0 € X), we choose a state
¢ € @ with replacement uniformly and independently at random and let ¢(gq,0) = ¢/,
where () is the state space, X is the alphabet and ¢ is the transition function. Given
data are of form (x,q) where x is a string drawn uniformly at random and ¢ is the

state of the DFA reached on input z starting from the start state gq.



Previous work by Freund et al. [FKR*97] has studied a different model under
different settings. First, the DFAs are generated with arbitrary transition graphs
and random output labeling, which is the latter model in [TB73]. Second, in their
work, the learner predicts and observes the exact label sequence of the states along
each walk. Such sequential data are crucial to the learner walking on the graph. In
Chapter 4, the learner is given noisy statistical data on the ending state, with no
information about any intermediate states along the walk.

Like most spectral methods, the theoretical error bound of our algorithm contains
a spectral parameter (||| P}|||s in Section 4.3.1), which reflects the asymmetry of the
underlying graph. This leads to a potential future work of eliminating this parameter
using random matrix theory techniques. Another direction of subsequent works is
to consider the more general case where the learner only observes the accept/reject
bits of the final states reached, which under arbitrary distributions has been proved
to be hard in the statistical query model by Angluin et al. [AEKR10] but remains
open under the uniform distribution [Ball3]. Our contribution narrows this gap and

pushes forward the study of the learnability of random DFAs.

1.4 Learning random regular graphs

The realm of random graph study was first established by Erdés and Rényi [ER59,
ER60, ER61b] after Erdés [Erd47, Erd59, Erd60] had discovered that probabilistic
methods that introduce randomness were often useful in tackling extremal prob-
lems in graph theory. There were subsequently several works on the study of graph
properties of the Erdds-Rényi model such as connectivity [ER64], chromatic number
[LW86, Bol88| and cliques [BE76]. These had not at that time gathered much at-

tention until the introduction at the end of the twentieth century of the small world



model [WS98] and the preferential attachment model [BA99] led to an explosion of
research.

Random walks on graphs serve as an important tool in the study of Markov
chains and graph models. Major previous contributions for random walks on graphs
are in the cover time and hitting time [Ald89, Fei95b, Fei95a|, mixing rate [LS90]
and spectrum [Chu97]. However, the volume of literature studying random walks
on random graphs [Jon98, CF08] is much smaller. See Lovéasz’s paper [Lov93] for
a survey of random walks on undirected graphs and Cooper’s paper [CF09] for an
overview of random walks on undirected random graphs.

The study of random regular graphs started with the works of Bender [Ben74],
Bollobas [Bol80] and Wormald [Wor81]. Their applications in computer science soon
led to a large volume of subsequent works in this area (see the survey by Wormald
[Wor99]). Most of these contributions are on the topics of asymptotic enumeration,
chromatic number and Hamilton cycles. Nevertheless, research on random walks on
random regular graphs is very limited in the literature. Hildebrand [Hil94] showed
the fast convergence of random walks on a RG(s) with the constraint s = ©(log” n)
for some constant C' > 2 and Cooper and Frieze [CF05] studied the cover time with
fixed constant s = O(1) but no convergence result was presented. In the context of
DFA learning, Angluin and Chen [AC15] first proved the fast convergence of random
walks on a RMG™(s) for s > 2. In Chapter 5, we aim to fill this gap and prove
positive convergence results of random walks on a series of random regular graphs.
These fast convergence properties together with our results in Chapter 4 inspire us
to study the problem of learning random regular graphs in the setting of label-guided
graph exploration.

The first known algorithm designed for graph exploration was introduced by

Shannon [Sha51]. Since then, many subsequent works have studied the feasibility
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of graph exploration in the port numbering setting. Rollik [Rol79] gave a complete
proof of that no robot with a finite number of pebbles can explore all graphs. The
result holds even when restricted to planar 3-regular graphs. Without pebbles, it
was proved [FIP104] that a robot needs ©(Diam -log sy) bits of memory to explore
all graphs of diameter Diam and maximum degree s.

In Chapter 4 we proposed a random-walk based algorithm for learning random
DFAs. Observing the connection between DFA learning and label-guided graph
exploration, along with the fast convergence results we prove in Chapter 5, we gen-
eralize our algorithm in Chapter 4 to learning random regular graphs of fixed out-
degree s. The learning model we use is Kearns’ statistical query model [Kea98],
which is a variant of Valiant’s PAC model [Val84] and implies stronger learnabil-
ity. Learning graphs from exploration is a long studied theoretical learning problem
[BS94, BFR198], where the graphs are usually assumed out-regular. We follow Ben-
der and Slonim’s settings but in the passive learning scenario where blind agents
passively explore the graph on random paths with no memory of visited vertices. In
a regular graph of out-degree s, the s edges incident from a node are associated to
s distinct port numbers in {1,2,..., s} in a one-to-one manner, which is a standard
label-guided graph exploration setting [FIP*04, Rei05, BS94]. Each edge of a node
is labeled with its local port number. The input data to the statistical query oracle
are of the form (z,v) where z is a random uniform path (a sequence of edge labels)
of a fixed length and v is the vertex of the graph reached on the path x starting from

a particular start vertex vy.
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Chapter 2

A Binary Signaling Model for

Language Emergence

How do people learn and acquire a language? How do languages emerge in human
society? It has become one of the major challenges of modern linguistic theory to
understand the language emergence process in human society. In this chapter, we
establish the connection between the language emergence process and the study of
population protocols, and propose a novel and simple binary signaling consensus
model for the language emergence process. We consider a society which consists of
n people (or agents), where pairs of individuals are drawn uniformly at random to
interact. Each individual has a confidence level for a grammar and a more confi-
dent person supports the grammar with higher probability. A person increases her
confidence level when interacting with another person supporting the grammar, and
decreases her confidence level otherwise. In Section 2.1 we formalize our binary sig-
naling consensus model for human language emergence. A comprehensive analysis
of fast convergence for three-state binary signaling consensus then follows in Section

2.2. We show that with high probability, the three-state binary signaling process
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converges after ©(nlogn) interactions in the worst case, regardless of the initial con-
figuration. In Section 2.3, we study the general binary signaling consensus model
with large resistance r. We prove that the continuous-time binary signaling process
with large r in the limit will reach consensus within O(rlog nr) time (corresponding
to O(nrlognr) interactions in expectation) if the initial configuration is monotone.
We also provide a convergence lower bound of (nr + nlogn) on the number of
interactions in the general case. Experimental results are presented in Section 2.4 to
support our theoretical results and to provide evidence for some conjectures.

The content of this chapter appears in [AAC16].

2.1 Binary Signaling Consensus Model

We consider a society of population n. Define an interaction graph G = (V, E) over
this society to be a directed graph with |V| = n whose edges indicate the possible
interactions that may take place. Each agent ¢ € V' in the society has a confidence
level cl(i) for a grammar, which is an integer between 0 and r. We say r is the
resistance (or the recalcitrance). At each step, an edge (i, j) is chosen uniformly at
random from E. The “source” agent i is the initiator (or the speaker), and the “sink”
agent j is the responder (or the listener). The two agents communicate in a way that
the initiator sends a binary bit to the responder. With probability cl(i)/r agent i
sends a positive bit to agent j and the latter does the update ¢l(j) = min(cl(j)+1, 7).
Otherwise the initiator sends a negative bit to the responder who updates cl(j) =
max(cl(j) — 1,0). Starting from an initial configuration, the communication process
keeps going until convergence, where either all agents are of confidence level r (when
the whole society accepts the grammar, i.e., positive convergence) or all agents are

of confidence level 0 (when the grammar is discarded, i.e., negative convergence).
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We inherit the terminology “binary signaling” used by [PVV09] and call this
model a binary signaling consensus model for the language emergence process, in the
sense that the signaling between the agents is binary, although the state of an agent
is (r + 1)-ary. In this chapter, we study the cases where the interaction graph G
is a complete graph. For algebraic convenience we assume self-loops are allowed in
the interaction graph, while all our results can be easily applied to the setting of no
self-loops as n goes to infinity.

The parameter r is called the resistance or the recalcitrance as the larger r is, the
more difficult to persuade a person of the opposite opinion. A more general model
could allow different people to have different resistances, and this is true in real life.
In this setting, the range of the confidence level of agent i is from 0 to (7). Everything
remains the same except that the initiator ¢ has probability cl(i)/r(i) of sending a
positive bit and the responder updates ¢l(j) = min(cl(j) + 1,7(j)). Although this
general setting simulates better the real-world situation, it complicates the model
and violates the anonymity condition in population protocols, where the output of
the transition function should be independent of the identities of the two involved
agents. Hence, in this chapter we assume all agents are of the same resistance r.

Here we model a grammar as a single binary bit in the communication process.
It would be more realistic to model a grammar as a binary vector or a set of binary
bits which are usually not independent of each other, to model the complexity of a
human grammar in linguistics. However, this again complicates the setting and is
not theoretically very tractable. This vector-grammar model could be an interesting
generalization of our work.

Note that in our setting we consider one particular preference and all agents
eventually either accept the preference or reject it. Some readers might prefer an

equivalent setting where we consider two opposite preferences (corresponding to being
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supportive and being opposed in our setting) and the population eventually agrees
with one of them. However, this would make the concrete meaning of confidence
level confusing in some contexts. Thus in this chapter we employ the setting we have
described above.

To the best of our knowledge, this is the first model that establishes a connection
between evolutionary linguistics and population protocols. Unlike the population
protocol model proposed in previous works, the convergence of our model is guar-
anteed with any initial configuration. In addition, our model is a better simulation
of real-world language emergence process, as languages and grammars develop grad-
ually from interactions among the society with randomness. In another direction,
our model has advantages over the heuristic models in cognitive science (see related
works in Section 1.1) that it converges much faster and has a neat mathematical

framework and theoretical analysis provided in this chapter.

2.2 Three-State Binary Signaling Consensus

When simulating language emergence in a society, it is common to assume the pop-
ulation n is very large with constant value of resistance r. Since the r = 0 case is
trivial and the » = 1 model doesn’t involve probabilistic interactions, the three-state
case with r = 2 is a reasonable start for us to study this model. In this section,
we will prove that starting from any initial configuration, a grammar will eventually

survive or be discarded within ©(nlogn) interactions with high probability.

2.2.1 The main theorem

Let 7, be the number of interactions until the three-state binary signaling model

reaches consensus. The main result of this section is the following theorem. Note
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that the stated convergence bound is a worst-case bound. A best-case bound is

trivially 7, = 0, starting from consensus.

Theorem 2.1 With probability 1 — o(1), 7. = O(nlogn) in the worst case. In

addition, for any constant ¢ > 0 we have

1
P (1, > 96930(c 4 1)nlogn) < max <9nc, ‘ Ogn)

The convergence lower bound 7, = Q(nlogn) can be easily obtained from the well-
known coupon collector bound. When the initial configuration is c¢l(i) being 1 for
all + € V| in order to achieve consensus, every agent must participate in at least one

interaction, leading to the coupon collector lower bound.
Lemma 2.1 With probability 1 — o(1), 7. = Q(nlogn) in the worst case.

However, the upper bound 7, = O(nlogn) requires a substantial amount of work.
It may be surprising that fast convergence of such a simple consensus process needs
such a lengthy proof. Part of the reason is that we want to obtain exact asymptotic
bounds with explicit constants that work for arbitrary configurations.

The core of our proof is to construct a supermartingale for each region in the
configuration space. This technique is inspired by the proof used by Angluin et
al. [AAE07]. Recall that a supermartingale is a discrete stochastic process {M;}
where M, satisfies E(|M;|) < +oo and E(M; | My, ..., M;—1) < M;_4. The expected
value of each M; is bounded by the initial value EM; < EM,. Supermartingales are
commonly studied with a stopping time. A stopping time with respect to a stochastic
process { M, } is an almost surely finite random variable 7 with positive integer values
and the property that the event 7 = t depends only on the values of My, My, ..., M,.

A supermatingale with a stopping time is still a supermartingale. In this section,
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Indicator Counter

I7™: ¢ decreases by 1 Sy =yt 19T
I?*: ¢ increases by 1 Syt =yt 19t
I¢: the configuration is changed | S5 = 3!, I5¢
I¢: max(b, §,w) < 3/4 Se =yt | I¢
I b > 3/4 St =20 I}
I9: G > 3/4 SY =i If
I¥: b > 3/4 S¢ =3 1

Table 2.1: Indicators and Counters

we let 7 = min(r,, dnlogn) for some fixed constant d. Thus 7 is a stopping time.
This truncation guarantees that 7 and quantities defined in terms of it are finite and
well-defined, despite the logical possibility that convergence is not achieved and T,
is ill-defined.

Now that » = 2 and an agent has only three possible states, we denote by w
(white), ¢g (gray) and b (black) the states with confidence levels 0 (negative), 1
(neutral) and 2 (positive) respectively. For notational convenience we also overload
b, g,y to denote the number of each token in a configuration. Meanwhile, let b= b/n,
g = g/n and @ = w/n be the corresponding proportions. Obviously we always have
I~7—|—§—|—u~) = 1. Denote v = b—w and v = b+w. Notethat —n <u <nand0 <v <n.
The point when |u| = n is equivalent to convergence. The change of basis to v and
v allows us to take advantage of the symmetry between b and w tokens. Auxiliary
0-1 indicators and counters for the proof are defined in Table 2.1.

The key to constructing a supermartingale in a region is to design a proper po-
tential function that drops smoothly inside this region and doesn’t increase too much
elsewhere. Because the behavior of the consensus process is qualitatively different in
different regions, we choose a specific potential function for each region of the con-

figuration space. In our proof, we divide the configuration space into four regions:
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1. The corner region where at least 3n/4 agents are of confidence level 0 and
v =1;

2. The corner region where at least 3n/4 agents are of confidence level 1 and
19 =1,

3. The corner region where at least 3n/4 agents are of confidence level 2 and
I"=1;

4. The central region left where the tokens are more evenly balanced and I¢ = 1.

More concretely, given that the potential function f decreases consistently by
—O(n™1) in expectation when Il = 1 and increases by a relatively smaller amount in
expectation when I? = 1, we are able to construct a stochastic process of the form
{M; = exp((c1S} — ¢252)/n)- f} which is a supermartingale, where I} and I? are two
different binary indicators, S} = I, I} and S? = 3!_, I? are their counters, and
c1 and ¢y are two carefully chosen positive constants. The supermartingale property
EM, < EM, together with Markov’s inequality then gives us the desired O(nlogn)
upper bound for S} (depending on S?). Here we assume either S? is already well
bounded (Lemma 2.8, Lemma 2.9, Lemma 2.10 and Lemma 2.11), or there exists
some auxiliary inequality relationship between S! and S? (Lemma 2.4 and Lemma
2.6). A formal statement of this proof technique is presented in Lemma 2.3.

The proof of the upper bound consists of four components. Notice that t =
S¢+ S + 57 + SP for any time ¢. Thus upper bounds for S¢, S°, S9 and S¥ imply
one for 7. We will later find that these four quantities can be bounded using an
upper bound on the number of state-changing interactions S2¢. Therefore, the proof
starts with an O(nlogn) upper bound for S¢.

In three-state binary signaling consensus, every state-changing interaction must
increase or decrease the value of g by 1. Hence, we have S5 = S97 4 S9~. The

proof of bounding S = O(nlogn) (Lemma 2.2) is done case by case. First we
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show that if the process starts from some point in the region {¢g < min(b, w)/4},
then within O(nlogn) state-changing interactions, it will either converge or leave
the region (Lemma 2.4). If the former happens then we are happy. Otherwise, we
have g > min(b,w)/4 and we prove that within the next O(nlogn) state-changing
interactions, either the process will never enter the region {g < min(b, w)/10} again,
or it will enter the region {min(b,w) = O(logn) Ag = O(logn)} (Lemma 2.5 and
Corollary 2.1). In the first case, we show the population protocol will converge within
the next O(nlogn) state-changing interactions (Lemma 2.6). In the latter case, we
show the protocol will converge within the next O(n) state-changing interactions
(Lemma 2.7).

Based on the upper bound on state-changing interactions, we are able to construct
a family of supermartingales for different regions in the configuration space. To
bound the number of interactions S¢ in the central region, we prove the stochastic
process Cy = exp((Sf — 95;¢)/n) to be a supermartingale. The key observation is
that in the central region where max(b,§, @) < 3/4, we should have either b and
w are both > 1/8 or g > 1/8. We then show that in both cases we have C
dropping in expectation, which implies an O(nlogn) upper bound for S¢. For the
corner region where g > 3/4, we choose the potential function to be f =1/(2v+1).
We show that this potential function drops consistently by ©(—1/n) of its current
value in expectation in the large-g region, while its rise when I = 0 can be upper-
bounded by O(I/"/n). With this we then construct a supermartingale in the form
M = exp(aS/n)f(b,w) as described above and achieve the bound S¢ = O(nlogn).
For the corner region where b > 3n/4, the potential function we use is f = 3w +
g + 1. Similar to the idea of bounding SY, we bound S° by showing the value
of the potential function decreases by a factor of exp(—©(1/n)) when b is large,

and increases otherwise by an amount we can bound using the previous O(nlogn)
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bounds on S¢" and SY~. Thus the number of interactions SP that happen in the
large-b region is also O(nlogn). The number of interactions S that happen in
the large-w region can be bounded in a symmetric way using the potential function
f =3b+ g+ 1. Finally, for 7 = S¢ + S° + S¢ + S*, summing the bounds for all
the four regions we will obtain a bound on the total number of interactions. Given
a convergence upper bound O(nlogn) with an explicit constant ¢, we then choose a
slighter larger constant d > ¢ to truncate the process and let 7 = min(7,, dnlogn)
to make 7 a well defined stopping time. Some readers might think this truncation at
©(nlogn) interactions already assumes the correctness of the target statement, but
we have proved that the total number of interactions is smaller than dnlogn with
high probability so we have the convergence upper bound 7, = O(nlogn) as stated

in Theorem 2.1.

2.2.2 Bounding S = O(nlogn)

In this section we show the number of state-changing interactions S?¢ is at most
O(nlogn) with high probability. In the three-state model, every state-changing
interaction must increase or decrease the value of g by 1. Hence, we have 5S¢ =

S9t + 59~ with the following upper bounds.

Lemma 2.2 With probability 1 — o(1), S2¢ = O(nlogn). In addition, for any con-

stant ¢ > 0 we have

1
P (S:¢ > 372.72(c 4+ 1)nlogn) < max (571_0, ¢ eo/gﬁn)

1
P (S2+ > 186.36(c + 1)nlogn) < max <4n_c, ¢ \;gﬁn>
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and

1
P (S22 186.36(c + 1)nlogn) < max <4n—0, ¢ \;gﬁn>

The essential idea of our proof is to construct a family of supermartingales for
different regions in the configuration space by carefully selecting a series of corre-
sponding potential functions. The following lemma is a general statement of this

proof technique.

Lemma 2.3 Let f be a potential function and A be a region in the configuration
space. If in region A, B(Af/f | ') < —ki/n and E(Af/f | I?) < ky/n where
ki and ky are two constants such that ki > ko > 0, and I' and I? are two binary

indicators such that I} - I} = 0 at any number of interactions t, then the stochastic

1_ 2
M, = exp<clst €25 ) - fi
n

is a supermartingale in region A, where S} = Yi_ I} and S} = Yi_ I, and ¢1, c2

process {M;} given by

are two constants such that ki > ¢ > cg > ko > 0.
In addition, given fo/fy < n for some positive constant c3 > 0 at any number

of interactions t, if the process never leaves region A, we have
P (clSi > 0253 + (e3 + c4)nlog n) <np“

for any positive constant ¢y, > 0.

Af 1 ft+1 kl
]E<f|[> ( |t+1>§—n

A 4 k
E(ffm) (f“ft ufﬂ)s;
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we have

E (ft+1 ‘ It1+1) < (1 - %) i < eXP{—Cnl} - fi

and

E (fur | ) < (1 ¥ ’jj) gozep{2)

Boosting the constants from —k; to —c; and from k5 to ¢y is to absorb the second-

order and higher terms in the Taylor series expansion of the exponential.

The expected value of M, in each case is as follows.

E (Mt+1 | Ly + T2 = 0) = M,

E (M | 1)

E (Mt—i-l | ]t2+1)

1 Q2
=E (eXp<Cl<St 1) = ) e | It1+1>
n

_F (Mt * i 'ijp(Cl/”) | ]t1+1>

:exp{j} -E (ft+1 | ]t1+1) '

<M;

M,
fi

1 2
) (exp(qSt CQ(St + 1)) 'ft+1 | It2+1>

n
M, - . _
:E( ¢ Jim ;txp( ca/m) | It2+1>
c M,
:exp{—;} - (ft+1 | It2+1) : Ttt
<M,

In any case we always have E (M;,;) < M, so the stochastic process {M,} is a

supermartingale in region A. If the process never leaves region A, we have E(M,) <
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My = fo. Given fo/f; < n® at any number of interactions ¢ (including the stopping

time ¢ = 7), we have

clSi — 62572.

n

1 . a2
E (exp (clST CQST)) < n%
n

From Markov’s inequality,

1 2
IPJ (exp<M> 2 nC3+C4> S n_c4

n

E(MT):E<GXP< ) 'fr> < My = fo

and

for any positive constant ¢, > 0 and then
P (clSi — 382 > (c3 + cs)nlog n) <n

which completes the proof. [ |

Lemma 2.3 presents the proof technique we use throughout this section. When
using this technique, we have either S? is already well bounded (Lemma 2.8, Lemma
2.9, Lemma 2.10 and Lemma 2.11), or there exists some auxiliary inequality rela-

tionship between S! and S? (Lemma 2.4 and Lemma 2.6).

Lemma 2.4 If the binary signaling consensus process starts with g < min(b, w)/4,
then for any constant ¢ > 0, with probability 1 —n=¢ one of the following two events

will happen within O.(nlogn) state-changing interactions:

1. g > min(b,w)/4.
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2. The process converges and

1000 2 392
P (Sf_ > — (n log <5n + 1) + cnlog n> + 7n> <n¢

and

1 2
P (S$+ > 0700 (n log <5n + 1) + cnlog n) + 33977) <n°©

Proof We can prove this fact by showing that if event 1 doesn’t happen, then event
2 will surely happen. That is, if we always have ¢ < min(b,w)/4 and never have
g > min(b, w)/4, then with probability 1—o0(1) the process converges after O(nlogn)
state-changing interactions. For notational convenience, let value f = u® + 5n/2 so

the potential function is 1/f. We have

Af =(u+ Au)* +5n/2 — u® — 5n/2
=u? + 2ulAu + (Au)? — u?

=2u(Au) + (Au)?

Because |[Au| < 1 and |[Af| < 2Jul + 1, we have |[Af/f| < (2lu| + 1)/(u* +
5n/2) = O(min(1/|ul, 2|u|/5n)), which is maximized at u = O(y/n) so that |[Af/f] =
O(1/+/n).

Let I* be the indicator of the event that neither of the two agents in a state-
changing interaction is in state gray. Let 19" be the indicator of the event that the
speaker in a state-changing interaction is in gray and the listener is in black or white.

Denote by p = b + g/2 and by M = 2bw + %gv. The expected change of value f
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conditioned on each case of state-changing interactions is as follows.

E(Af|1°7) =p2u+ 1)+ (1 - p)(—2u+ 1)

=1+(2p—1) 2u

2b+g—n
n

=1+2u-
2

n

=1+
1 1
E(Af|1™) =5 Qu+1)+ 5 (-2u+1) =1

E(Af | I9) =(2u + 1)% +(—2u+ 1)2

2bw  gu 2u? gu?

E((Af)[177) =p2u+1)° + (1 = p)(—2u + 1)°
=p(4u® + 4u+ 1) + (1 — p)(4u® — 4u + 1)

=4u® +1+ (2p—1)-4u

2b+g—n
n

=4u® + 1+ 4u -

42
4 414+ L
n
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E((Af 1) :;(2u +1)2+ ;(—2u +1)2 =4’ +1

E((AF)°[17) =—(2u+1)* + 9(—2u +1)2

(Y

SHESEESHES

b
(4u® +4u + 1) + —(4u® — du + 1)
v
—b
4+ 14+ 4
v
4u?

=4u® 4+ 1 - —
v

2bw qu 4u?
2 gt+) — 2 g 2 _
E((Af) |[ )—M(4u +1)—|—2M<4u +1 )

2gu?
M

=4u® +1—

When g < min(b, w)/4, we have

1
M =2bw + 9V

1
=2 min(b, w) - max(b, w) + 39" (min(b, w) + max(b, w))

1 1
>q- (27 max(b, w) + 3 min(b, w))
As 4g = 4(n — min(b, w) — max (b, w)) < min(b, w) < max(b, w), we know

‘5*(” — max(b, w)) < min(b, w) < max(b, w)
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Note that function %x + %y given %(1 —z)<y<zandy>0and z <1is at

least 4. Thus we have M > 4gn. Let z = u?/n.

=E (—Aff + (Aff> +0(n?*?) | ]9_)
14+ 2u?/n 4u® + 1+ 4u?/n

— -3/2
u2+5n/2+ (u? +5n/2)? +0(n)

= (u* + f,n/z)’2 (= 202 /n) (u? + 5n/2) + 40 + 1+ 4u* /n) + O(n~"72)
5n\ 2 , dn  2u 2 u 372
+2> (u—2—< >—|—4u +1+n>+0( )
5n\ 2 on n 2u
2 2 o e —-3/2
+ 2 <3u 1 (-t 2). n>+0( )

=n"2(2+5/2)"%(32n — 5n/2 + 1 4+ 2z(—zn — 5n/2 + 2)) + O(n‘3/2)

2

:<u
:<u

=n"2(z+5/2)"%((32 = 5/2)n + 1 —2z(z + 5/2)n + 4z2) + O(n_3/2)

1 —2224(3-5)z—5/2 1 1+4z 4
—_. .- 10 /2
n (= 15/2) *or GxsjE T

where the first equality is due to gl/écf) =S (=Af/f) for |Af/f| < 1. Note that

—222—22—5/2
(z45/2)

is at most 4/9. Thus we have

1+4x
(z+5/2)2

function given z > 0 is at most —2/5 and function given z > 0

4 <A8/ff) | Ig_> < _gn—1 n gn—Q 4 O3/ = _?n—1 +O(n3/?)
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In the other case when 9" = 1, we have

£ (200) ) )

1/f
—E (—Aff + ( ff> +0(n737) | [9+)
— et e 0
= (w4 5n/2) - (~(1— gu*/M)(u? + 5n/2) + du? + 1 — 2gu* /M) + O(n™>?)
= (u2 + 5;) - (—u2 — 52n + gMu2 (u2 + 5;) u? 2?;) +O(n=%?)
:(u2—|—52n)2 <3u2—52n+1—|— (u2—|—52n—2) g]&) +O(n™3/?)
< (u2+ 52n>2 <3u2 — 52n +1+ (u2 - 52n — 2) ZZ) +O(n™3/?)

=n"2(z +5/2)"2(32n — 5n/2 + 1 + 2(zn + 5n/2 — 2) /4) + O(n~*/?)

=n"2(2+5/2)72((32 = 5/2)n + 1 + z(2 + 5/2)n/4 — 2/2) + O(n*/?)

1 22/A4+(345/8)2—5/2 1 1—z/2 a
0T Gasr T Gaspp TO0)

Note that function MLI/B;S/Q given x > 0 is at most 1001/2560 and function

(z+5/2)
(;JFB%P given x > 0 is at most 4/25. Thus we have
(1/f) oot o4, L 1001 _ B
E _ 19) /2y Ly O(n3/2
( 1/f | 197 ) < 2560 + 557 +O0(n™%) 560" + O(n=""%)

According to Lemma 2.3, we can see the stochastic process {L;} given by

exp((0.3995¢~ — 0.3925¢%) /n)
u? +5n/2

t:
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is a supermartingale if we always have ¢ < min(b,w)/4. Because u? + 5n/2 <

n?+5n/2,

9— _ g+ 2
E (eXp (0.39957 0.39259 )) < 2(n -gn5n/2) 25n 1

- i
and then

P (0.3998¢" — 0.39257" > nlog(2n/5 + 1) + enlogn) < n~°

Because at any number of interactions ¢, the number of gray tokens the process has
produced can’t be more than the number of gray tokens the process has consumed

plus n, we have S9* < S9~ + n, giving the bound
P (0.3998¢" — 0.392(S¢™ +n) > nlog(2n/5+ 1) + cnlogn) < n"°

and

Vv

1 2 2
P (Sf__ 0700 (n log <5n + 1) + cnlog n) + 3371) <n°

which implies

1000 2 399
P (Ser Z = (n log <5n + 1) + cnlog n) + 7n> <n°
which completes the proof. [

Now we have shown that if the population starts from the region {¢g < min(b, w)/4},
within O(nlogn) state-changing steps, it will either reach consensus or leave the
region with high probability. While once the process leaves the region and has

g > min(b,w)/4, we prove that within the next O(nlogn) state-changing interac-
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interaction | b w |y g—w
(b, +, w) —1| +1 | +2
(w,—,b) -1 +1 | +1
(b,+,9) +1 |
(w,—,9) +1 | -1| -2
(9,+,9) +1 |
(9,—9) +1] -1 -2
(g9, +,w) —1 | +1 | +2
(g,—.b) -1 +1 | +1

Table 2.2: Changes in (g — w) by state-changing interactions

tions, either the population will never enter the region {g < min(b,w)/10}, or it will
enter the region {min(b, w) = O(logn) Ag = O(logn)} (Lemma 2.5 and Corollary
2.1).

Lemma 2.5 If the process starts with g > min(b,w)/4, then with probability 1 —
n=*W | for any polynomial T = poly(n), we have either g; > min(b;, w;)/10 holds for
all 1 <t <T or at some stage 1 <t < T, the process reaches min(b, w) = O(logn),

g = O(logn) and max(b,w) =n — O(logn).

Proof Again we can show this fact by showing that if latter event doesn’t happen,
former event will happen. Let’s consider how the value of (¢ — min(b, w)) changes in
different state-changing interactions. Without loss of generality, assume that at the
current time step max (b, w) = b and min(b, w) = w. Let N = ng+ 2bw + gv. Table
2.2 lists all the cases.

Thus

P(A(g — w) = 41| [*) = (bw + ;gb> IN = 7]’5(1 G- (w + ;g)
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P(A(g — w) = +2 | I*) = (b

sc n2 ~~ 1~2
P(Ag—w) = —2| 1) = % (@5 + 33°)

Note that if the process enters the region {g < min(b, w)/10} from the initial
region {¢g > min(b,w)/4}, it must pass through the region {min(b,w)/10 < g <
min(b,w)/4}. We show that even passing through this intermediate region already
requires strictly more than a polynomial number of state-changing interactions, let
alone the whole fleeing path.

Note that function % conditioned on 0 < z < (1 —y)/2 and /10 <
m‘jyfiy;@;g” conditioned on 0 < z < (1 —y)/2

and /10 < y < x/4 is always > 4. Thus when w/10 < g < w/4, we always have

y < x/4 is always > 4. Also, function

PlAg-—w)=+1]1") . P(Alg—w) =+2|I*)
P(A(g —w) =—1]1%*) ~ P(A(g —w) = =2 I**)

> 4

The value of (g — w) never stays put with /°¢ = 1.
When min(b, w) = w(logn), the length of this gap min(b, w)/4 — min(b, w)/10 =
3min(b,w)/20 is also w(logn). Let length ¢ = w(logn). Consider the following

one-dimensional random walk on integers from 0 to ¢. State 0 is a reflecting barrier
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always pushing the walk back to state 1. At any state 1 < i < ¢ — 1, the forward
probability is 1/5 and the backward probability is 4/5. The walk starts at state 1
and we are interested in the first hitting time of state /.

The number of steps until this random walk first hits state ¢ provides an upper
bound on the number of interactions needed by the process to flee from the region
{g > min(b, w)/4} and enter the region {g < min(b,w)/10}, conditioned on the event
that min(b, w) = w(logn) always holds. Now we show it needs strictly more than a
polynomial number of steps with high probability.

Note that every time that the walk hits state 0, the reflecting barrier “resets” it to
state 1. Everything the walk does between two consecutive “resets” can be viewed as
a Bernoulli trial. And we shall show with probability 1 — o(1), this Bernoulli process
needs strictly more than polynomially many trials to succeed. Here for each trial,
hitting 0 before hitting ¢ is a failure and otherwise it succeeds.

Denote by (; = P(hitting state 0 before hitting state ¢ | starting at state ).
Then fy = 1 and 5, = 0. The probability of failure is (.

For any 1 S 1 S {— 1, /82 = 6i+1/5 +451_1/5 Define

AB; =B — Bira
4
=0; — éﬁz’w — 55@
1
:5(61' — Bit2)
:;(ﬁi — Big1 + Biv1 — Biv2)

1 1
ZEA@' + BA@'H

which 1rnphes %ABZ = %Aﬁﬂ_l or A6i+1 = 4A62 Thus ABZ = 41Aﬁ0 = 4l<1 — 61)
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Note that

-1
SABi=Bo—Bi+Bi—Pot ... +Bi1—Be=F— B =1
i=0

Then

/—1 -1 45_1
D AB=(1=p)) 4 =(1=p) ——=1

Therefore, (1 — £;)(4° —1) =3 and 8, =1 —3/(4* - 1).
Let ¢ be any arbitrarily large constant. The probability that all the first n¢ trials
fail is

c c

3 \" I \"
n® _ _ _ _ _ _pew@)) 1 _ pew(l)
By = <1 T 1) = (1 n“’(l)> = exp( n ) 1—-n

The probability goes to 1 in order n*~¢. Thus with probability 1 — O(n=“(1)) the
random walk won’t hit state ¢ within a polynomial number of steps.
Therefore, we can have g < min(b, w)/10 only when min(b, w) = O(logn) hap-

pens. In this case g < min(b, w)/10 = O(logn) too so the other event happens. N

Because in this problem we are only interested in the next O(nlogn) state-

changing interactions, we have

Corollary 2.1 If the process starts with g > min(b,w)/4, then with probability 1 —
n=M for any T = O(nlogn), we have either g, > min(b;, w;)/10 holds for all
1 <t <T orat some stage 1 <t < T, the process reaches min(b,w) = O(logn),

g = O(logn) and max(b,w) =n — O(logn).

Next we will show the process also converges fast within the region {g > min(b, w)-

1/10}.
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Lemma 2.6 If g > min(b,w)/10 holds for a polynomial number of state-changing
interactions, then for any constant ¢ > 0, with probability 1 —n~=¢, after O.(nlogn)

state-changing interactions, the process will converge and we have
1 _
P (Sﬁc > 87nlog (64n + 1> + 87cnlog n) <n°

87 1 87 1
P (S£+ > ?nlog (64n + 1) +5en logn + 2n> <n°

and
87 1 87 1
9= > 20 — il “n) <n°
IP’(ST z 5 nlog <64n—|— 1) + 5 cnlogn + 2n> <n
Proof In this proof we use the potential function 1/(u? 4 64n) and denote by f =
u? + 64n. Similarly we have Af = 2u(Au) + (Au)? and |Af/f] = O(1/y/n). Recall

that N = ng + 2bw + %gv. We have

2u? 2 2u?
]E(Af|]“):ng<1+z)+bw+gv<1—u)

N N 2N v
teni (1 )
2
12
E((Af)?] 1)
:% <4u2+1+4:”;2>+2]b\:u(4u2+1)+29;<7<4u2+1—iu?>
:4u2+1+4u2<7\?~i—2’§7-i)
:4u2+1+2gu2

N

When ¢ > min(b, w)/10, we have bw = min(b, w) - max(b, w) < min(b, w) - n < 10bn

and N = ng + 2bw + gv/2 < gn + 20gn + gn/2 = 43gn/2. Again let z = u*/n. We
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have

E<A§1/§f ) |]Sc>

3]

1 2/N  4u®+ 1+ 29u®/N
LGN L2
u? + 64n (u? 4 64n)?

u” + 64n) - (—(1 + gu®/N)(u* + 64n) + 4u* + 1 + 2gu2/N> +0(n=%?)
2

2 2
—u —64n—%(u2+64n>+4u2+1+ ?\? ) +O(n=%?)

N
2

2u
2 2 -3/2
3u —64n+ 1+ ( u 64n+2> 43n> +O(n™7%)

= (v
= (u?+64n)
=
< (v

u2+64n <3u2—64n+1+( u2—64n+2) g4 ) +O(n 73/2)
U +64n (

=n"?(z 4+ 64)"%(3zn — 64n + 1 + 2z(—2n — 64n + 2)/43) + O(n_3/2)

=n"2(2 4 64)72((32 — 64)n + 1 — 22(z + 64)n/43 + 42/43) + O(n~3/?)

1 —222/43 + (3 —128/43)z — 64 1 1+442/43
_ 1 22/43 4 /43)z L. 1+442/43 +O(n~3?)
n (z +64)2 n?  (z+64)2

Note that function W given x > 0 is at most —22015/1893376 <

—1/87 and function 1(:1”;1;‘3 given x > 0 is at most 4/9159. Thus from Lemma 2.3

we have the stochastic process {K;} given by

exp(57°/(87n))

K, =
! u? + 64n

is a supermartingale if we always have g > min(b, w)/10. This gives us

E (exp(S5¢/(87n))) < (n® + 64n)/(64n) = n/64 + 1
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For Markov’s inequality
P (exp(S:¢/(87n)) > n(n/64 + 1)) <n ¢

and
P (S2¢/87 > nlog(n/64 + 1) + cnlogn) < n™°

1
P (Sﬁc > 8Tnlog <64n + 1) + 87cnlog n) <n ¢

Since S5¢ = S9+ 4 597, S9T < 59~ +n and S9~ < S9* + n, we have

87 1 87 1
P (S$+ > —nlog (n - 1) +en logn + 2n> <n°°

2 64
and
87 1 87 1
P (579__ > ?nlog <64n + 1) + Tk logn + 2n> <n¢
which completes the proof. [ |

The only case left is when the protocol enters the region {min(b, w) = O(logn) A
g = O(logn)}. Recall that p = b+ §/2. Once it enters this region, we will have
p=0O(logn/n) or 1 —p = O(logn/n).

Lemma 2.7 If the process starts with p = O(logn/n) or 1 —p = O(logn/n), then

with probability 1 — O (1%%1) the population will reach consensus within O(n) state-

changing interactions.

Proof The proof is completed by worst-case analyses. Without loss of generality,

assume 1 — p = O(logn/n) and we will show with high probability p will converge
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to 1 within O(n) state-changing interactions. In this case, we have

pt(1 —ft)
pe(1 = 2¢) + (1 = pe)(1 — Gt)

1
P<pt+1 =Pt o | ISC) =
n

and

- sc\ __ (1 _pt)(1 _gt)
IED<pt+1_pt_2n | ) (=) + (1= p)(1—G)

Note that z; < p;. We have

P (pry1 =pe+1/2n [ I°°) _ p(1 —py) _
P (pry1 =pe — 1/2n | %) 1—p

v

To provide an upper bound on the moves of p in the region {1 —2/n/(2n) < p <
1}, consider the following one-dimensional random walk on integers from 0 to 2/n.
(Obviously each state i corresponds to the configuration p = 1 — (2/n —i)/(2n).)
State 0 is a reflecting barrier always pushing the walk back to state 1. At any state
1 <i < 2yn —1, the forward probability is p/(p + 1) = % and the
backward probability is 1/(p + 1) = m The walk starts at some state
k = 2¢n — O(logn). Denote by ¢; the number of steps needed to first hit state
2/n, starting at state i. And let h; be the number times hitting state 0 before
reaching state 2y/n, starting at state . Then the total number of state-changing
interactions for the process starting from this region to entirely converge is at most
hy, - O(nlogn) + ty.

Though this walk is already simple, we can further simplify it to the same walk

1—n—2/3

with fixed forward probability ¢, = ;== and backward probability ¢ = 2771%2/3’

which also provides an upper bound, because in the region {1 —2/n/(2n) < p < 1}

2/3

we always have p > 1 — n™*/°. We overload the notation ¢; and h; for this simpler

walk. Denote by ¢; = Et; and let At; be the expected number of steps the walk takes
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from state 7 — 1 to state 7. Then At; = 1 due to the reflecting barrier at state 0. For

1 > 2, we have

At; =1+ g4 - 0+ g_ - E(number of steps from state ¢ — 2 to state 7)

which implies

¢ ¢!
i—1 + 1—1
q+ q+

1 B 2
—— L Ty

9+ 9F g3

1 q q? ¢\
q+ q+ q+ q+

Note that for any 0 < i < 2/n, we have

Wl

A 2\ 20
(1=a8) 2 (1= ) = (1)) —enn(-2r9m) 1
Thus all (Z—;)i — 1 for large n. Then we have At; = 2(i — 1) + 1 = 2i — 1. Hence,

by = Ziﬁﬂ At; = O(/nlogn). Markov’s inequality gives
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Now if we can show with high probability hy = O(1) then we are done. But in
fact we can do much better: with high probability h; = 0. Denote by v; = P(h; = 0).

Then for 1 <i < 2¥n—1, v = ¢ Y1 + ¢_7Yi—1. Define

Ay =Yiy1 — Vi
=q+Yi+2 T 4= — Vi
=q+(Vi+2 — Vi)
=q4+ (Vit2 — Yir1 + Vi1 — Vi)

=q+ A%ip1 + ¢+ Ay

which implies Av;1 = Z—;A% and Ay; = ( )2 A~o. Note that 7537 = 1 and 79 = 0.

9-
9+

23n—1
Yo M=t Nt Ty~ Yeyao = Yeya — 0 =1
=0

Then ij{)ﬁ_l Ay =2¢nAv =180 Ayy = 1/(2¢/n). And we have

=l k 2yn — O(logn) logn
[ N (%)

Thus with probability 1—0O (g%), we have hy = 0, which means with high prob-

ability, a population starting from region {min(b, w) = O(logn) A g = O(logn)} will

reach consensus after O(n) state-changing interactions without leaving this region. W

Combining all the lemmas we have so far yields Lemma 2.2. Note that the error

bounds in these lemmas are all at most n™¢ except in Lemma 2.7 where the error

bound is O (1%,%”), which dominates the other error terms (with a tiny increase in

the constant) when c is large. Also note that the constants in the O’s in Lemma
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2.5 (“min(b,w) = O(logn) and g = O(logn)”) and Lemma 2.7 (“min(p,1 — p) =
O(logn/n)” ) can be chosen arbitrarily. We simply make them consistent, and choose

a proper value to have the error bound Cl{,‘}gﬁ” as claimed in Lemma 2.2. Eventually,

we have Lemma 2.2. [ |

2.2.3 Bounding S¢ = O(nlogn)

In this section we bound the number of interactions S¢ in the central region where

max (b, §, W) < 3/4, using the total number of state-changing interactions S*.

Lemma 2.8 With probability 1—o(1), S¢ = O(nlogn). In addition, for any constant
¢ >0, we have

P(SS > 95 + enlogn) < n~°

Proof We show that the stochastic process {C;} given by

Cr = exp((S7 — 957°)/n)

is a supermartingale. When I = 0, the value of C; cannot increase so obviously
E(Cy | Fiot NI = 0) < Cy_y. When If = 1, ie., max(b, §, ) < 3/4, at least two of

w,b and § must be at least 1/8:

e If b and @ are both > 1/8, then P(I97 = 1) = (2bw + gv/2)/n? > 1/8, because
function 2zy + (z + y)(1 —x — y)/2 given 1/8 < z,y < 3/4and x +y < 1
is at least 1/8. Then the probability of the event that the current interaction
increases S¢ but not S¢~ or S{* and multiplies C; by exp(1/n) is at most 7/8.
The probability of the event that the current interaction increases both Sf and

S¢* but not SY~ and multiplies C; by exp(—8/n) is at least 1/8.
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e If g > 1/8, we have P(I9~ = 1) = ng/n® > 1/8. Then the probability of
the event that the current interaction increases S¢ but not Sy~ or S{™ and
multiplies Cy by exp(1/n) is at most 7/8. The probability of the event that the
current interaction increases both S¢ and SY~ but not SY" and multiplies C,

by exp(—8/n) is at least 1/8.

This gives the bound

7 1 1 8
E(Ct | ft—l /\]tc) SCt—l (8 exp (n) + g exp <_))

n

(L2 o)
=C}4 (1 — én_l + O(n_2)>

<Ciq

where the first equality is due to the Taylor expansion of the exponential function.

Thus from Lemma 2.3 {C}} is a supermartingale and
P(SS > 95+ enlogn) <n™°

which completes the proof. [ |

2.2.4 Bounding S? = O(nlogn)

In this section we bound the number of interactions S¢ in the corner region where

g > 3/4, using the total number of g-decreasing interactions S9~.

Lemma 2.9 With probability 1 — o(1), S¢ = O(nlogn). In addition, for any con-
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stant ¢ > 0, we have
_ 45 _
P (579_ > 26597 + 6enlogn + 6nlog(2n + 1) + 2n> <n°°¢

Proof In the large-g region, we choose the potential function 1/(2v + 1) and let
f =2v+1. When v = 0, the whole population is at state g and the next interaction

is surely (g, ¢g). Then

A(l/f)zl_( 1 1 ):_2

1/f 2x1+1 2x0+41 3
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When v > 1, we have expectation

E

A(1/f)>
1/f

1 1 1 1
2 +1) (17 . 19+( - )))
(2v+ )< <2v+3 21)—{—1>jL 20—1 2v+1
219~ 219+ >

E

E

/NN N

213 201

2 2ng 2(2bw + gv/2)
2v+3 2v—1

=n*(2v+3)(2v — 1)) - (—2ng(2v — 1) + (4bw + gv)(2v + 3))
=(n*(4v° + 4v — 3)) 7" - (—4ngv + 2ng + 8bwv + 12bw + 2gv* + 3gv)
<(n*(4v* +4v — 3)) 7! - (—dngv + 2ng + 8v - v* /4 + 120° /4 + 2gv* + 3gv)

=(n?(4v® + 4v — 3)) 7' - (—4ngv + 2ng + 20° + 30* + 2gv* + 3gv)
_ —4n(n —v)v+2n(n — v) + 2v% 4+ 3v* 4+ 2(n — v)v* + 3(n — V)V
B n?(4v? + 4v — 3)
—4n?v + 4nv* + 2n% — 2nv + 203 + 302 + 2nv? — 203 + 3nv — 3v?
n?(4v? + 4v — 3)
—4n%v + 6nv* + 2n? + no
n?(4v? + 4v — 3)
—4nv + 6v2 + 2n + v
n(4v? + 4v — 3)
(2 — 4v)n + 6v? + v
n(4v? + 4v — 3)

When v > 1, we have 2 — 4v < 0. Since v =n — g < n/4, we have n > 4v and

A(1/f) (2 —40v) - 4v 4 602 + v 1 _
E( 1/f >< pir a3 S 5"

This is because function (—102% + 9z) /(422 + 4x — 3) given x > 1 is at most —1/5.
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When the population is not in the large-g region, i.e., § < 3/4, we have

A(L/f) 20 et 210 219+

Uf w43 20—1" m+3  2mjd—1
Hence, from Lemma 2.3 the stochastic process {G;} given by

_exp ((%Sf + 25:1 (%]{q_ - 5]£‘q+) (1- Ii‘q)> /n)
21)15 +1

=

is a supermartingale process. This gives us the bound

§ (exp ((gs2+xr, (317 —s177) (1 - 1)) /")> <EG, <Gy <1

2n +1

Again for Markov’s inequality,

< Z( Ig_—5lg+> (1-17) chlogn+nlog(2n—|—1)> <n~°

Note that 3¢ (1 — I7) is the number of 19~ interactions that occur in the

zlz

]9+

region {g < 3n/4} and 3'_, I?7 (1 — I7) is the number of [97 interactions that occur

in the region {g < 3n/4}. If the process never leaves the region after entering it,

Y1 —19) < L, 177 (1 — I7) 4 3n/4. If it passes the boundary of

we have Yf_, I

the region more than once, because every time that the process leaves the region it
must have g = 3n/4 — 1 and every time that it returns to the region it must have

g = 3n/4 — 1 too, we still have Y!_, I#*(1 —I7) < St 197 (1 — I7) + 3n/4. In

i=1"1

addition, > “(1—-1¢) < S7” so we have

zlz

T 15
p( IIC IR E cnlogn+nlog<2n+1>) <n
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1 13 15
P <6Sﬁ - ?Sf_ > cnlogn + nlog(2n + 1) + 4n> <n~¢

and

45
P (Sﬁ > 26597 + 6¢enlogn + 6nlog(2n + 1) + 2n> <n° ¢

which completes the proof. [ |

2.2.5 Bounding S’ = O(nlogn) and S* = O(nlogn)

We first bound the number of interactions S in the corner region where b > 3/4.
Then the upper bound for the number of interactions S in the other corner region

where 1w > 3/4 follows in a symmetric way.

Lemma 2.10 With probability 1 — o(1), S® = O(nlogn). In addition, for any con-

T

stant ¢ > 0, we have
P (S > 15359 + 858" + 17cnlogn + 17nlog(3n + 1)) < n”°

Proof In the large-b region, we choose the potential function f = 3w+ g+ 1. Table
2.3 lists the changes in f by different types of interactions. Suppose 3/4 < b<1so

max(g,w) > 1. (The case when b = 1 is convergence.) Again we need to bound the
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interaction | b w | g 3w+g+1
(b, 4+, w) —1]+1| -2
(w,—,b) -1 +1 | +1

(b, +,g) +1 |
(w,—,9) +1 | -1 42

(9, +,9) +1 -1 -1
(9.—,9) +1 ] 1] +2
(g,+,w) —1]+1| -2

(g, ) —1 +1 | +1

Others 0

Table 2.3: Changes in (3w + g+ 1)

expectation E (Af/f):

A 1 1
E(ff> =(n*(3w+g+1) ( 2bw+bw—bg—|—2gw—292+92_gw+2bg)
1
:(n2(3w—|—g+ ( bw—bg+gw—|—2g>
1 1
=(n2(Bw+g+1))" ( 59 g(2w + g) +2g(2w+g))
b _2wtg  gQRw+ty)

ST Butgal 2123w + g)
_1<—6~ 2w+ g +g(2w—|—g)>
on 3w+g+1 3w0+§
<L(21]
—2n 4 2 4

1

16n.

where the last inequality comes from the facts that function (2y+x)/(3y+x+1) given
x,y > 0 and max(z,y) > 1 is at least 1/2, and that function (z(2y + z))/(3y + z)

given z,y > 0 and x +y < 1/4 is at most 1/4.
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When the population is not in the large-b region, i.e., b < 3/4, we have w+¢g > n/4
and

g— g+ g— g+
Af _ 2007 + 10 209 41

= (819" + 41" )n~!
f T 3w+g+1~ n/d ( * n

Hence, from Lemma 2.3 the stochastic process { B;} given by

By = Bwi+ g +1) -exp ((1175'? — Xt: (9[5_ + 5[ig+) (1— [f)) /n)

i=1

is a supermartingale. This gives us the bound

E <exp ((15” - Z (9177 +517%) (1 - Jf)) /n>> <EB, < By <3n+1

=

Again for Markov’s inequality and ¢, I/~ (1—-17) < S{~ and X'_, I/ 7 (1-1?) < S7T,

7

we have
1
P <175£ — 989~ — 589" > cnlogn + nlog(3n + 1)> <n‘
and
P (S > 15359 +8582% + 17cnlogn + 17nlog(3n+ 1)) < n*
which completes the proof. [ |

Then the number of interactions S¥ in the other region where @ > 3/4 can be

bounded in a symmetric way using the potential function f = 3b+ g + 1.

Lemma 2.11 With probability 1 — o(1), S¥ = O(nlogn). In addition, for any

constant ¢ > 0, we have

P (8P > 1538 +85S¢" + 17enlogn + 17nlog(3n + 1)) < n~°
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Finally, combining all the above lemmas implies a bound on 7 = S¢+ 5+ 59 + S

that

1
P (7 > 96930(c + 1)nlogn) < max <9n_c7 c\;ggn)

As we explained in Section 2.1, let 7 = min(7,, 10°(c + 1)nlogn). This makes 7 a

well-defined stopping time and eventually, we have Theorem 2.1. Again the O (1‘%%”)

error term is because all the lemmas give error bounds at most O(n~¢) except Lemma

2.7, which gives an O (1(:3%”) error bound and dominates the other error terms (with

a tiny increase in the constant) when c is large. |

2.3 Binary Signaling Consensus with r > 2

In the previous section we have provided a comprehensive study of the binary signal-
ing consensus process with r = 2. This is a reasonable start to study binary signaling
consensus, as it is common to assume a large population n with a relatively small
resistance. However, to understand the model in depth, we have to investigate the
general case with larger 7.

In this section we allow resistance r to be arbitrarily large, i.e., not necessarily a
small constant. Denote by n; the population of confidence level i and by x; = n;/n
the corresponding proportion. Any configuration over the society can be represented
as a (r + 1)-dimensional vector Z € [0,1)""" where >I_,z; = 1. Denote by p =

" o(i/r)x;. We say an interaction is a positive interaction if the initiator sends a
positive bit, and is a megative interaction otherwise. Then p is the probability of
occurrence of a positive interaction. The curve of p serves as a significant indicator

of the underlying status of the society. A large p implies the grammar is almost
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accepted and p = 1 is equivalent to positive convergence. A small p indicates the
grammar is close to extinction and p = 0 is equivalent to negative convergence. If
we expect a positive convergence, then a positive interaction is never harmful while
a negative interaction never helps, and vice versa for negative convergence.
Unfortunately, rigorous and comprehensive analysis of large-r case turns out to
be rather difficult. This is not surprising given that even the proof for the three-
state model is already very lengthy. The increase of degrees of freedom with large
r leads to high dimensionality of the configuration space and makes the process
more unpredictable. One path of p could correspond to a large number of possible
hidden configuration sequences, which does not permit us to generalize the potential
functions in Section 2.2 to large-r case. In addition, the fact that the corresponding
systems of differential equations do not have closed-form solutions (even for the r = 2
case) rules out arguments based on techniques involving reduction to a continuous
process in the limit. In fact we will see later an essential difference between the r = 2
case and the r > 2 case. In the r = 2 case p is always increasing or always decreasing
in the limit, but the curve of p in the r > 2 case doesn’t have this nice property and
is more unpredictable. This intrinsic difference is one indication of that we should
expect more difficulties in analyzing the large-r case. However, this doesn’t prevent

us from pursuing theoretical results for the general model.

2.3.1 Continuous-time binary signaling consensus

When the gap between the discrete time steps in the model goes to zero in the
limit, the communication process becomes continuous-time. To study this continuous
process, we use the asynchronous timing defined by Boyd et al. [BGPS06]. Each agent
in the society has a clock which ticks at the times of a Poisson process of rate . The

inter-tick times at each agent are exponentials of rate r, independent across agents

49



and over time. Equivalently, this corresponds to a single clock ticking according to a
Poisson process of rate nr at time t;, k > 1, where {tx41 — ¢} are i.i.d. exponentials
of rate nr. At time t;, an edge (i, 7) is chosen uniformly at random from E and the
two chosen agents interact as defined in the model.

Note that the continuous process can be arbitrarily close to but never reaches
complete consensus where p = 0 or 1. A direct reason is that the derivative of
p goes to 0 as the process approaches to convergence. Therefore, instead of entire
convergence, we redefine consensus for the continuous process to be the region where
min(p, 1 — p) = O(1/(nr)), which is the closest point the process can achieve to
complete convergence. We say a configuration is monotone if it has g < z; < ... <
x, with at least one < in the middle, or zyg > 7 > ... > z, with at least one >
in the middle. The set of all monotone configuration is called the monotone region.
In this subsection we will show the fast convergence to consensus of the continuous

process inside the monotone region.

Theorem 2.2 [f the initial configuration is monotone, then the continuous process

will reach consensus within O(rlognr) time.

The proof starts with derivation of the corresponding ODE system of the process,
which can be inferred by taking the limit of the expectation of the configuration
vector. This ODE system provides a mathematical formula of the vector field in
the configuration space. We show that the vector field anywhere at the boundary of
the monotone region always points inwards into the monotone region, which means
the process stays in the monotone region and never leaves. We divide the monotone
region into two sub-areas A, the region where o < z; < ... < x, with at least one
< in the middle, and A_, the region where zo > 1 > ... > x, with at least one >

in the middle. The ODE system also gives us the differential equation for p, from
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which we prove that p is always increasing in A, and is always decreasing in A_. It
suffices to show the convergence bound for A, as it holds for A_ symmetrically.
The above two facts already tell us that once the process enters A, p will keep
increasing until convergence. What we need is a positive lower bound for the deriva-
tive of p that will lead to logarithmic convergence time. We need to take care of
two cases where dp/dt is very small. The first case is when the process is almost at
convergence and p is very close to 1. The other is when the configuration vector is
almost uniform and p is very close to 1/2. To do so, we divide the path of p from
1/241/(nr) to 1 —1/(nr) into two corresponding stages: from 2 to 1 — - and from
% + ﬁ to % We show the time for the former stage is O(lognr) and the time for the

latter is O(rlognr).
Lemma 2.12 Once the process enters the monotone region, it never leaves.

Proof The corresponding systems of differential equations of the process can be
inferred by taking the limit of the expectation of the configuration vector. For the

change of {z;} and p from time tick ¢; to the next time tick ¢4, we have

2o(tepr) = zo(te) + (1 — p(te)) - 21(tr) - = — p(te) - zo(te) - +
Ti(trr) = ity) + p(te) - wica(te) - 5 + (L =p(te) - wiga (te) - 5 — @alt) - 5

Ty (tes1) = 20 (tk) — (1 — p(te)) - 2 (te) - £+ p(te) - w1 (t) - =

where the second equation is for 1 < i < r — 1. Dividing both sides of the equations
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by the infinitesimal 1/(nr) gives

To(tes1) — wo(tr)
= (= pt)) () ) -6
Ti(thr1) — wi(tr)
1/(nr) =7 (p(tr) - i1 () + (1 = p(tr)) - g1 (te) — zi(ty))
Ty (tp1) — 2 (th)
/(nr) =71 (p(te) - xr—1(tx) — (1 — p(tr)) - (k)

Since nr is the rate of the Poisson process and we let 1/(nr) go to 0, we have the

ODE system

d.TO

o = (A =p) a1 —p-ao)

dﬂ?i

q =r-(p-zia+(1—p) Tigs —75)
dz,

g =" e —(1-p) )

This ODE system provides a mathematical formula for the vector field in the

configuration space. To complete the proof, we need to show that the vector field

anywhere at the boundary of the monotone region always points inwards into the

monotone region. Let A, be the region where xq < z; < ... < z, with at least one

< in the middle and A_ be the region where o > z; > ... > z, with at least one >

in the middle. It is sufficient to prove the lemma for A, and the proof for A_ will

hold in a symmetric way.

For some 1 <7 < r — 2, when the process is close to a point where x;.1 —x; = 0,
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given that the process is in region A, , we have
d(ziy1 — ;)
—a " (pri + (1 = p)@ige — Tiy1 — pricy — (1 = p)zips + 13)

=r- (p(x; — zi—1) + (1 — p)(Tig2 — Ti31)) > 0

which pushes the system back to the area with z;,; — x; > 0.
Notice that the probability of positive interaction p = Y.I_(i/r)z; is always
greater than 1/2 in region A, . When the process is close to a point where 1 —x¢ = 0

or x, — x,_1 = 0, we have

d(ZL‘l —Io)
—a =1 (pwo + (1 — p)re — 21 — (1 — p)T1 + PT0)
=r - (2pro — 1+ (1 = p)(x2 — 21)) > 0
and
d(z, — x,_)
T =r. (p$T—1 — (1 — p)ZET — PLyp_o — (1 —p)l’r + xr—l)

which pushes the system back to the area with 1 — zo > 0 and z,, — x,_; > 0 re-
spectively. Therefore, the continuous process will never escape from region A, once

it is inside. We can similarly show symmetric results in the other region A_. [ |

Lemma 2.13 The derivative of p is always positive in region A, and always negative

i region A_.
Proof From the above ODE system and p = >°7_,(i/r)x; and Y/_,x; = 1, we can
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infer the differential equation for p, which turns out to be very neat.

dp

= (1= )p— (1 —20)(1—p)

We can interpret the differential equation in a very simple way. With probability
p a positive interaction occurs. This is a stay-put interaction if and only if the
responder is already fully confident. Thus with conditional probability (1 — z,) it is
a state-changing interaction and increases p by 1/(nr). Likewise, with probability
(1 —x9)(1 — p), we will have a negative interaction that decreases p by 1/(nr).
Again, it suffices to prove the statement for region A,. We have already shown
the process stays in A, once it is inside. Denote by B = Y'_{ (i/r)z;, which is the

contribution of x; to z, — 1 to the probability p. Then p = B + z, and

dp
3 - —a)p = 1=z (1 -p)
=B+z.)1—2,)—(1—B—x.)(1—x)

=2 -, —20)B+ (1 — 2,)(z, — 1 + )

Since 2 — z, — 19 and B > S021(i/r) - (1 — 29 — 2,)/(r — 1) = (1 — 29 — 2,)/2 in
region A, we have

dp

1
az(2_557"_330)'5(1_330_%”)""(1_551”)(%”_1+$0)

Region A, also gives 1 = >7_x; > 29+ (r — 1)zg + 2z, and 0 < 29 < (1 — z,) /7.
Note that function 2—z—y)(1—2z—y)/2+ (1 —2z)(z+y—1)forz >y, z+y <1
and 0 < y < (1 — z)/2 is always non-negative. The only case where this func-

tion is 0 is when x = y but we always have o < =z, in A,. For any r > 2,
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zo < (1 —x,)/r <(1—ux,.)/2. Thus, we always have dp/dt > 0 inside region A,. In

a symmetric way, we know dp/dt < 0 inside region A_. |

Proof (of Theorem 2.2) Again without loss of generality, we only study the region
A,. We know the probability of positive interaction p is always greater than 1/2
inside A, and we expect a positive convergence p — 1. The above two lemmas
already tell us that once the process enters A, , p will keep increasing until conver-
gence. What we need is a positive lower bound for dp/dt¢ that will lead to the desired
convergence time. Let e = p—1/2 and 6 = 1 — p. There are two cases where dp/dt

is very small.

1. The process is almost at convergence and p is very close to 1 with a very small

d;

2. The configuration vector is almost uniform and p is very close to 1/2 with a

very small €.

To do so, we divide the path of p from 1/2 + 1/(nr) to 1 — 1/(nr) into two corre-

sponding stages:

1. p goes from 2 to 1 — L1 ;

N =
+
|~
g

2. p goes from

For Stage 1, we have 2/3 < p =7 (i/r)x; < Y (i/r)z, = (1 + r)z,/2 and
x, > 4/(3(r +1)). Note that function (2 —z —y)(1 —z—y)/2+ (1 —x)(z +y — 1)

forx >y, 24+y<1,0<y<(1—2x)/rand 4/(3(r+1)) <z <1 —0 is minimized
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at (y=9/r,ox =1—¢). Thus

dp

1
EZ —xr—xo)~g(l—xo—xT)—f—(l—xT)(xr—1+:v0)

2
_(2—1+5—5> ;<1—1+5—f>+5<1—5—1+f>
(-3 0-HensC

<1—)5 (1+(1 —) - 24)
=5 (1=0)8 (1= (1+7)9)

As d < %, we have

We let ¢ = [% (1 — %)}2 > (, which doesn’t change with time. Now the ODE becomes
simply dp/dt > ¢(1 —p) which is easy to solve. Let p(t;) = 1/2+1/(nr), p(t2) = 2/3

and p(t3) =1 —1/(nr). We have

c(ts — ta) < —log(1l — p(t3)) + log(1 — p(t2)) = log nr —log 3

Hence, t3 — ty < (lognr —log3)/c = O(lognr) time since 1/16 < ¢ < 1/4 for r > 2.
For Stage 2 from #; to t,, we have %+5 < (1+4+7)z,/2and x, > (14 2¢)/(r+1).
Note that function 2—z—y)(1—z—y)/2+ (1 —2)(z+y—1)forz >y, z+y < 1,

0<y<(l—z)/rand (1+2¢)/(r+1) <z < 1-—0 is minimized at (y = (1—z)/r,z =
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(14 2¢)/(r+1)). Thus letting z be (1 + 2¢)/(r + 1),

dp 1
E2(2—:U,~—x0)-5(1—xo—acr)—i—(l—ﬂvq~)($r—1‘1‘%)
(o) e a1 )
1—=2 1—=2 1 11—z
T2 (2_2_ r )(1_T)+2(Z_1+ r )
:12;22(27"—7“2—1—1—2)(7"—1)+2r(r2—r+1—z)
:u_zz)qg_l)[Qr—l—(r—l)z—Qr(l—z)]
ZO_ZQ)P[(T+1)Z_1]
r—1 r— 2
T T
C(r=1)(r —2¢e)e
(r+1)r?

Ase < %, we have

@> (r=D(r—2e  (r—1°
dt — (r+1)r2 (r+1)r2

Again we let g = (r — 1)2/((r + 1)r*) > 0, which doesn’t change with time. Solving

the simple ODE dp/dt > ¢(p — 1/2) gives

1 2
g(t2 — t1) <log(2p(tz) — 1) —log(2p(t1) — 1) = log 37 log oy

and to — t; < (lognr —log6)/g = O(rlog(nr)) time. Thus the total time from

p=1/24+1/(nr)top=1—1/(nr)ists —t;1 = (t3 — t2) + (t2 — t1) = O(rlognr).

The same statement can be proved for the other region A_ in a symmetric way. W

We have bounded the convergence time for the monotone region. To achieve
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a complete bound for the whole configuration space, we need either a convergence
bound for the non-monotone region separately if the process can stay in the non-
monotone region, or to bound the time until the process enters the monotone region
and show this always happens. Empirical results presented in Section 2.4 suggest
that the process will eventually enter the monotone region regardless of the initial
configuration and that the time needed for this to happen is short (see Conjecture
2.4), which indicates bounding the convergence time in the monotone region will be
essential to the general bound for the entire configuration space. This is why the
monotone case is interesting to us.

When the resistance 7 = 2 or r = O(1), the convergence time is O(logn) and
the rate of the clock is O(n), so the total number of ticks of the clock is ©(nlogn),
which matches our result for three-state binary signaling consensus in Section 2.2.

The analysis of the continuous process above gives us the following lemma.

Lemma 2.14 When r = 2, p is always increasing when p > 1/2 and is always

decreasing when p < 1/2. This doesn’t hold for any r > 2.

Proof When r =2, we have p =29 + (1 — 22 — 29)/2 = (1 + 22 — 2¢)/2 and

dp

5~ —@)p— (1 —z0)(1 —p)

1 — 1 —
:(1_:62).+$;x(]_(1_x0).<1_+x;x0>

((]_ - ZEQ)(l + IL‘Q) — (1 — JZQ)IL’() — (1 — Jfo)(]_ + l’o) -+ (]_ — ZL‘o)fL’Q)

1
2
1 2 2

5(1—91:2—330—1-1:0362—1+x0+x2—x0$2)
1

22((172 - 953) — (zo — 1’3))

Note that p > 1/2 is equivalent to xg < x9. Since xg+ x93 < 1 and 0 < g < 2,

we have either 0 < zg < 29 < 1/2 0or 0 < 25 < 1/2 < 25 < 1. In the former case we
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have (zo —x3) — (zo — 22) > 0 and dp/d¢ > 0. In the latter case we have rg < 1 — x5
and because function x — z? is symmetric with respect to line z = 1/2, we also have
dp/dt > 0. Likewise we have dp/dt < 0 when p < 1/2 when r = 2.

When r > 3, we have dp/dt = (1 —z,)p — (1 — 20)(1 — p). We consider a case in

which zy = 0 and z; + 2, = 1. Then we have p = z,, + (1 — x,)/r and this becomes

dp

5~ —@p— (L= z0)(1-p)

=(1 =z, )p—(1-p)

=2—x.)p—1

:(2_xr) ' (xr+ ! _rxr> —1

— (@) (= D 1) )
:i ((2r —=3)z, — (r— )22 +2—7)

Thus dp/dt is negative when z, < (r —2)/(r —1). When r > 3 we know
(r—2)/(r—1)>1/2. We now let z, = (r —2)/(r — 1) — 1/5 where dp/dt is surely

negative. Then

which disproves the statement for any r > 2. [ |
Therefore, when r = 2 the probability of positive interaction p is always pushed

towards convergence in the correct direction, but in the » > 2 case the change of p is
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more unpredictable. This shows an intrinsic difference between the r = 2 case and

the » > 2 case.

2.3.2 A convergence lower bound

Although convergence upper bounds are our primary interest in the population pro-
tocol for binary signaling consensus, in this subsection we study the general pro-
tocol in another direction and prove a convergence lower bound on the number of
interactions. Recall that for the three-state population protocol, the convergence
lower bound Q(nlogn) is an immediate result from the well-known coupon collec-
tor’s bound, because when the initial configuration is cl(i) = 1 for all i € V, every
agent must participate in at least one interaction in order to achieve consensus.
Likewise, to bound the number of interactions for the r > 2 case, we consider a
generalized version of the coupon collector problem. An r-coupon collector is where
instead of collecting at least one copy for each type of coupon, we need to keep draw-
ing coupons until we have collected at least r copies for each type of coupon. The
number of steps an (r/2)-coupon collector takes gives a convergence lower bound
for the general binary signaling consensus process, as every agent must participate
in at least r/2 interactions before convergence, when the initial configuration of the
population is w,/,=1 and x; = 0 for all i # r/2. Since we are only interested in
the magnitude, we will consider an r-coupon collector instead of an (r/2)-coupon
collector, for algebraic convenience.

Another important reason for us to study the r-coupon collector problem here is
the inspiration from the three-state population protocol that the convergence bound
of the binary signaling consensus process is exactly the tight bound of coupon col-
lector. This fact leads to our conjecture that this connection also holds for r» > 2

(see Conjecture 2.2 in Section 2.4).
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We note that the r-coupon collector problem defined above is also known as the
double dizie cup problem in the literature. Most works in the literature are concerning
the asymptotic formula in expectation and the limit distribution of the answer to this
problem with = O(1) < +oo [NS60, ER61a, Fla82]. To the best of our knowledge,
there exists no direct result we can use here for the general case with r = w(1).
Although getting the asymptotic formula for the general case is rather difficult, we
are only interested in the magnitude order here, which is proved in the following

theorem.

Theorem 2.3 An r-coupon collector needs ©(nr 4+ nlogn) steps with high probabil-

1ty.

To prove this bound, we consider the equivalent balls-in-bins problem: if we keep
throwing balls uniformly at random into n bins, how many balls do we need to throw
such that every bin has at least r balls with high probability? Let N be the answer
to this question. The proof is easy for r = O(1), by doing at most r rounds of classic
coupon collector to fill the bins. For r = w(1), the proof is done by using Poisson
approximation. Let Y be the minimum load among the n bins, which is the minimum
among n i.i.d. Poisson random variables with mean N/n in Poisson approximation.
We show case by case, depending on the magnitude of r, that we can always find
an Ny = O(nr + nlogn) such that P(Y < r) goes to zero after throwing Ny balls.
Because P(Y < r) is monotonically decreasing in N, all N > N, have P(Y < r) — 0.
Therefore, we have N < Ny = O(nr + nlogn), which completes the proof.

Proof When r = O(1) is a constant, we have N = Q(nlogn) from the classic
coupon collector’s bound. We also have N = O(nlogn) because at most r rounds of
coupon collector are enough to fill the bins. Thus N = O(nlogn) = ©(nr+nlogn) is

a tight bound for r = O(1). We refer to related works on the equivalent double dixie
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cup problem for concrete asymptotic formula in expectation [NS60, ER6G1a, Fla82].

When r = w(1), the lower bound N = Q(nr + nlogn) is also easy to see. We
must throw at least nr balls to fill the bins and the addend Q(nlogn) is again from
classic coupon collector. To prove the upper bound N = O(nr 4+ nlogn), by using
Poisson approximation, we know the joint distribution of the number of balls in all
the bins is well approximated by assuming the load at each bin is an independent
Poisson random variable with mean A = N/n after we have thrown N balls in total.
More concretely, if the probability of an event is either monotonically increasing or
monotonically decreasing in the number of balls, then if this event has probability
q in Poisson approximation, it has probability at most 2¢ in the exact balls-in-bins
case [MUO5, p. 103]. As Y is the minimum load among the n bins, the probability of
Y < ris monotonically decreasing in the number of balls and satisfies the condition of
Poisson approximation. If P(Y < r) — 0 holds in Poisson approximation, P(Y < r)
also goes to zero in the exact balls-in-bins case (or equivalently the r-coupon collector
problem).

In Poisson approximation, Y is the minimum among n i.i.d. Poisson random

variables with mean N/n. We have

P(Y <7)=P(Y <r—1)=1- <1— (1;(??))!)"

where A = N/n and I'(-,-) is the incomplete Gamma function. An asymptotic
representation for I'(-,-) is T'(r,\) = A" te™ + 0o(1) when A — +oco. When N =

Q(nr+nlogn), A= N/n=Q(r +logn) = w(1) and this asymptotic representation
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is applicable. Letting s = r — 1, we have
| . g8

S E—,TC P _Vss

n-T'(s+1,\) n-es e

1 N N
:O(l)-exp<logs+slogs+—slog—s—logn)
2 n n

N N 1 n
=0(1) - — —log— —1—-log—
(1) - exp <S (ns %8 s s 08 \/§>>

Denote by f the exponent in this expression. The sign and magnitude of f are
crucial for the convergence bound. When f — —oo, we have s!/T'(s + 1,\) = o(n)
and P(Y > r) — 0; When f = O(1) is a constant, we have s!/T'(s+1,\) = ©(n) and
P(Y > r) is a constant between 0 and 1; When f — +oo, we have s!/T'(s + 1,\) =
w(n) and P(Y <r) — 0.

When r = o(logn), we have ©(nr 4+ nlogn) = O(nlogn). Choose Ny = 2nlogn

and then
N1 N1 1 n
M g™ 1~ g L
ns & s Sog\/g
1 21 1
_, logn Ogn—l——logﬁ
s s s T \/s

Since r = w(1), s is also w(l). Thus f > s-logs/(2s) = logs/2 = w(1) and
P(Y < r) — 0. Because P(Y < r) is monotonically decreasing in N, all N > N;

have P(Y < r) — 0. Therefore, we have N < Ny = O(nr + nlogn).
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When r = w(logn), we choose Ny = 2ns + nlogn and then

N. N.
—2—10 —2—1—710g n

ns ns Vs
1 1 1 1
=2+ o8 — log (2—|— ogn) —1- —logn—i-z—logs
s s

S

log n

1 1
=1—log |2+ + —logs > —logs

2s 2s
Thus f > s-logs/(2s) =logs/2 = w(1l) and P(Y < r) — 0. Hence, all N > N, have
P(Y <r) — 0. Therefore, we have N < Ny = O(nr + nlogn).

The only case left is when r = ©(logn) and we need to take care of the constant.

When lim 1"% < 2, we choose N3 = 3ns 4+ nlogn and then

N, N,
—3—log—3—1——10g n

ns ns NG

1 1 1 1
=3+ een — log <3—|— ogn) —1——logn+ —logs
s s s

2s
1 1
=2 — log <3—i— ogn) + 2—logs
s

1 1
>2 —logh+ —logs > —logs
2s 2s

Thus f = w(l) and P(Y < r) — 0. Hence, all N > N;3 have P(Y < r) — 0.
Therefore, we have N < N3 = O(nr + nlogn).

When limlo% > 2, we choose Ny = ns + 2nlogn. Notice that function z —
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log(1 + 2x) is always greater than 0.2 for all z > 2.

N4 1 N4 1 11 n
ns & s s g\/g
logn logn 1 1
=1+2- —log|1+2- —1——10gn+2—10g5
5 5

1 1 1
= Ogn—log<1+2-0gn> + —logs
s S 2s

1 1
>0.2+ —logs > —logs
2s 2s

Thus f = w(l) and P(Y < r) — 0. Hence, all N > Ny have P(Y < r) — 0.
Therefore, we have N < Ny, = O(nr + nlogn).
Combining with the lower bound N = Q(nr+nlogn) we have N = ©(nr+nlogn)

and complete the proof. [ |

An intuitive interpretation of this bound is that we throw the first ©(nr) balls to
have all the bins almost full, and after that the last stage is to wait for these almost-
full bins to be eventually full, which is a classic coupon collector. The r-coupon

collector gives a convergence lower bound for the binary signaling consensus process.

Corollary 2.2 With high probability, a binary signaling consensus process needs

Q(nr +nlogn) interactions to converge.

2.4 Empirical Results and Conjectures

To support our theoretical results, in this section we present a series of empirical
results, based on which we propose several conjectures for different aspects of binary
signaling consensus. All experiments were run in MATLAB on a workstation built

with Intel i5-2500 3.30GHz CPU and 8GB memory. To be more robust against
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Figure 2.1: The number of interactions with fixed resistance 2 and varying population
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Figure 2.2: The number of interactions with fixed resistance 50 and varying popula-
tion
fluctuation from randomness, each test was run for ten times and the medians were
taken. The simulation of the discrete model strictly follows the description in Section
2.1 using discrete time steps, and the continuous-time process is simulated according
to the corresponding system of differential equations derived in Section 2.3.1 using
the Runge-Kutta method.

The experiments start from verifying the fast convergence result for three-state

binary signaling model. In Section 2.2, we have proved that with high probability
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the society with fixed resistance r = 2 will reach consensus within ©(nlogn) inter-
actions. We study two groups of experiments with different initial configurations.
Group 1 is a society starting with everyone in the intermediate state. Group 2 is a
society with initial balanced configuration where half of the population supports the
grammar with full confidence while the other half is in the opposite state. These are
two worst cases that are expected to have the longest convergence time and are ideal
for examining convergence upper bound. We fix the resistance r as 2 and vary the
population n. The results are plotted in Figure 2.1 with the curves of convergence
time (i.e., the number of interactions in discrete model) of the two groups respec-
tively. These two curves indicate the society in group 2 converges slightly slower
than the one in group 1. To verify the order of the convergence time and estimate
the concrete constant, we divide the number of interactions by nlogn and also show
this quotient on the plot. From the results we can see this quotient is stable around
5. This is supportive evidence of our theoretical results on the order of convergence
rate. However, the constant we provided in Theorem 2.1 seems too large, as the
experiments suggest this constant be 5, or conservatively speaking, smaller than 10,

which leads to our first conjecture.

Conjecture 2.1 With high probability, the number of interactions for a society with

resistance 2 to reach consensus is at most 10 - nlogn for all sufficiently large n.

This means there is still space to improve our constants in Theorem 2.1.

What interests us more is the large-r case, for the questions we are not able to
answer theoretically. We have noticed that the number of interactions ©(nlogn)
of the three-state binary signaling model is exactly the tight bound of the coupon
collector problem. This inspires us that the tight bound of the r-coupon collector

might also indicate (or at least approximate) the convergence time of large-r binary
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Figure 2.3: The number of interactions with fixed population 1000 and varying
resistance

signaling consensus. In Section 2.3.2 we have shown ©(nr +nlogn) is a tight bound
for the r-coupon collector process. Thus it is reasonable for us to conjecture O (nr +

nlogn) as the number of interactions in the large-r case.

Conjecture 2.2 With high probability, the number of interactions for a society with

resistance 1 to reach consensus in the worst case is O(nr + nlogn).

We seek empirical evidence to support this conjecture. Since the bound ©(nr +
nlogn) involves both r and n, we conduct two sets of experiments with fixed r
(shown in Figure 2.2) and with fixed n (shown in Figure 2.3) respectively. With
fixed r and varying n, we expect the number of interactions to increase in the order
of ©(nlogn). In fact the experiments we presented above for the three-state model
can serve as the supportive fixed-r experiments needed here. Nevertheless, given
the essential difference between the r = 2 case and the r > 2 case discussed in
Section 2.3.1, we found it more persuasive to choose a large value of r. In Figure
2.2, we fix the resistance r as 50 and vary the population n. The four curves are
plotted as in the previous experiments with » = 2 and have similar shapes. The

process converges obviously slower with » = 50 than with » = 2. The constant is

68



Xx10° Convergence Time [r=10]

"1 Non-monotone region
10} I Monotone region -

convergence time

0 -

1 2 3 4 5
groups

Figure 2.4: Convergence time comparison for continuous process

also larger. For group 1 the quotient is stable around 28 and for group 2 it is around
33. The process in group 2 is still slower to converge than the one in group 1 but
the difference is now more apparent. Hence, the behaviors of the curves match what
our conjecture predicts. Figure 2.3 shows the curves of convergence time when we
fix the population n as 1000 and vary the resistance r. The same four curves are
plotted and the only difference is now we divide the number of interactions by r, as
we expect the convergence time to be ©(r) with fixed n. Group 1 is still faster than
group 2 in the sense of convergence and also with smaller constant, which is stable
around 5000 while the constant of group 2 is about 8200. These large constants are
not surprising since all the values of n and r we choose for this set are quite large.
Again these results agree with the prediction of our conjecture.

In Section 2.3.1 we studied the continuous-time process in the limit with in-
finitesimal time step and showed that the convergence time is O(rlog nr) if it starts

from a monotone initial configuration. However, the behavior of the process outside
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the monotone region is still uncertain. Fortunately, empirical simulation suggests
the process will enter the monotone region fast enough and then go to convergence
rapidly. To simulate the continuous-time binary signaling model, we follow the cor-
responding system of differential equations derived in Section 2.3.1 using the Runge-
Kutta method. As this is a numerical method, we are unable to have n equal to
infinity with infinitesimal time step. To approximate the process well, we choose a
large value of n and let n = 100000. In order to show the process will eventually
enter the monotone region with any initial configuration, we conduct more groups
of simulations with different types of initial configuration. Figure 2.4 demonstrates
the experimental results in the form of a bar chart to compare the time in the non-
monotone region and the time in the monotone region. The initial setup of each
group is as follows.

Group 1: 40% of the population at confidence level 0 and 60% of the population
at confidence level r;

Group 2: 1/2 — 1/(nr) of the population at confidence level 0 and 1/2 + 1/(nr)
of the population at confidence level r;

Group 3: 0.1% of the population at confidence level 0 and 99.9% of the population
at confidence level 7;

Group 4: 50% of the population at confidence level 1 and 50% of the population
at confidence level 7;

Group 5: 40% of the population at confidence level 1 and 60% of the population
at confidence level r.

Group 1 is designed for the majority computation scenario. Group 2 and group
3 are to show the process will enter the monotone region first before convergence
regardless of whether the population is almost balanced (group 2) or almost con-

verged (group 3). As expected, group 2 is the slowest to converge while group 3 is
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the fastest. Group 4 and group 5 are designed to witness the drop of p in the p > 1/2
region, which is an essential difference between the » = 2 case and the r» > 2 case

(Lemma 2.14). From these results we propose the following conjecture.

Conjecture 2.3 A continuous-time binary signaling process will enter the monotone

region before convergence starting from any initial configuration.

The bar chart also suggests the time needed to enter the monotone region doesn’t
dominate the whole process, although it is still considerable in some special cases
such as group 2. Thus it is reasonable to conjecture that the total convergence time
is of the same order as the convergence time inside the monotone region we presented

in Theorem 2.2.

Conjecture 2.4 A continuous-time binary signaling process reaches consensus within

O(rlognr) time.

2.5 Conclusion and Future Work

We study here the language emergence process in human society. To capture this
process, we describe and analyze a binary signaling consensus model for language
emergence, which builds a connection between language emergence process and the
study of population protocols. We present a tight convergence bound ©(nlogn) with
concrete constants for the three-state binary signaling consensus process where the
resistance parameter r is 2. Even though this model appears to be quite simple,
it turns out to be very hard to analyze. When the resistance r is large, we show
the continuous-time binary signaling process in the limit will reach consensus within
O(rlognr) time if the initial configuration is monotone. We show that the binary

signaling process needs at least Q(nr + nlogn) interactions to converge with high
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probability. To support our theoretical results, we have done a series of experiments,
based on which we also propose several conjectures for the convergence properties of
the process.

One direct open question is to prove or disprove the conjectures we propose
in this chapter, especially those for the large-r case. A potential way to study
the large-r case is to generalize the proof idea for the three-state model, which
divides the configuration space into several regions and constructs a well-bounded
supermartingale process for each region using carefully chosen potential functions.
The high dimensionality of the configuration space would be one of the trickiest
parts in the analysis. Another direction of future work is to study a more general
model of binary signaling consensus where, for example, the interaction graph is not
necessarily complete, or different people in the society could have different resistance
values. We are also interested in multi-valued consensus under this binary signaling
setting, where there is more than one grammar spreading among the society which
are not independent. With our convergence upper bound for the three-state binary
signaling consensus process, additional results can be proved including bounds on
approximate majority computation, correctness with epidemic-triggered start and
tolerance towards Byzantine agents. Last but not least, we believe this model can be
generalized and applied to other real-world problems because, as described in Section
1.1, the language emergence process in human society shares many similarities with
other dynamic systems in the world. We are hoping this work will also make a

contribution to other related fields such as epidemiology, physics and biology.
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Chapter 3

Learning Shuffle Ideals Under

Restricted Distributions

The class of shuffle ideals is a fundamental sub-family of regular languages. The
shuffle ideal generated by a string set U is the collection of all strings containing
some string v € U as a (not necessarily contiguous) subsequence. In spite of its
apparent simplicity, the problem of learning a shuffle ideal from given data is known
to be computationally intractable. In this chapter, we study the PAC learnability
of shuffle ideals. After introducing the preliminaries in Section 3.1, we present our
main result in Section 3.2: the extended class of shuffle ideals is PAC learnable from
element-wise i.i.d. strings. That is, the distributions of the symbols in a string are
identical and independent of each other. A constrained generalization to learning
shuffle ideals under product distributions is also provided. In Section 3.3, we further
show the PAC learnability of principal shuffle ideals when the example strings drawn
from =" are generated by a Markov chain with some lower bound assumptions on the
transition matrix. In Section 3.5, we propose a greedy algorithm for learning principal

shuffle ideals under general unrestricted distributions. Experiments demonstrate the
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advantage for both efficiency and accuracy of our heuristic algorithm.

The content of this chapter appears in [Chel4].

3.1 Preliminaries

We consider strings over a fixed finite alphabet Y. The empty string is A. Let ¥*
be the Kleene star of ¥ and X" be the collection of all subsets of 3. As strings are
concatenations of symbols, we similarly define augmented strings as concatenations

of unions of symbols.

Definition 3.1 (Alphabet, simple string and augmented string) Let ¥ be a
non-empty finite set of symbols, called the alphabet. A simple string over ¥ is any
finite sequence of symbols from X, and X* is the collection of all simple strings. An
augmented string over X is any finite sequence of symbol sets from ¥V, and (XY)* is

the collection of all augmented strings.

For example, (a|b|d)a(b|c) is an augmented string. It is the set of the strings
which start with an ‘a’ or a ‘b’ or a ‘d’, followed by an ‘a’, and end with a ‘b’ or a ‘c’.

Denote by s the cardinality of ». Because an augmented string only contains
strings of the same length, the length of an augmented string U, denoted by |U], is
the length of any u € U. We use exponential notation for repeated concatenation of a
string with itself, that is, v* is the concatenation of k copies of string v. Starting from
index 1, we denote by v; the i-th symbol in string v and use notation vi, j| = v; ... v;
for 1 < i < j < |v|]. Define the binary relation C on ((X")",¥*) as follows. For a
simple string w, w C v holds if and only if there is a witness i = (i1 < iy < ... < iju|)

such that v;; = w; for all integers 1 < j < |w|. For an augmented string W,

W C v if and only if there exists some w € W such that w C v. When there are
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Figure 3.1: The DFA accepting precisely the shuffle ideal of U = (a|b|d)a(b|c) over
Y. ={a,b,c d}.

several witnesses for W C v, we may order them coordinate-wise, referring to the
unique minimal element as the leftmost embedding. We will write Iy, to denote
the position of the last symbol of W in its leftmost embedding in v (if the latter

exists; otherwise, Iy, = 00).

Definition 3.2 (Extended/Principal Shuffle Ideal) The (extended) shuffle ideal
of an augmented string U € (S°)" is a reqular language defined as IL(U) = {v €
Y| Ju e Uu C o} =X U X UE ... 2*ULY*. A shuffie ideal is principal if it is

generated by a simple string.

A shuffle ideal is an order ideal on monoid (¥* -, \) and was originally defined
for lattices. Denote by u the class of principal shuffle ideals and by III the class of
extended shuffle ideals. Unless otherwise stated, in this chapter shuffle ideal refers to
the extended ideal. An example is given in Figure 3.1. The feasibility of determining

whether a string is in the class III(U) is obvious.

Lemma 3.1 Evaluating relation U T x and meanwhile determining Iyc, ts feasible

in time O(|z|).

Proof The evalution can be done recursively. The base case is U = A\ , where
U C z holds and Iyc, = 0. If U = U;U’ where U; € 3V, we search for the leftmost
occurrence of U; in z. If there is no such occurrence, then U £ = and Iyc, = oo.
Otherwise, + = yU;2’, where Uy Z y. Then U C =z if and only if U’ C 2/ and

Iyce = ly,ce + Iyicw. We continue recursively with U’ and 2’. The total running
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time of this procedure is O(|z]). [

In a computational learning model, an algorithm is usually given access to an or-
acle providing information about the sample. In Valiant’s work [Val84], the example
oracle EX(c,D) was defined, where ¢ is the target concept and D is a distribution
over the instance space. On each call, EX (¢, D) draws an input = independently at
random from the instance space Z under the distribution D, and returns the labeled

example (z, c(x)).

Definition 3.3 (PAC Learnability: [Val84]) Let C be a concept class over the
instance space . We say C is probably approzimately correctly (PAC) learnable if
there exists an algorithm A with the following property: for every concept ¢ € C, for
every distribution D on Z, and for all0 < e < 1/2 and 0 < 0 < 1/2, if A is given
access to EX (¢, D) on I and inputs € and 0, then with probability at least 1 —§, A
outputs a hypothesis h € H satisfying Prep(c(z) # h(x)) < e. If A runs in time
polynomial in 1/€, 1/6 and the representation size of ¢, we say that C is efficiently

PAC learnable.

We refer to e as the error parameter and ¢ as the confidence parameter. If the
error parameter is set to 0, the learning is exact [Bsh97]. Kearns [Kea98] extended
Valiant’s model and introduced the statistical query oracle STAT(¢,D). Kearns’
oracle takes as input a statistical query of the form (x, 7). Here x is any mapping of
a labeled example to {0,1} and 7 € [0, 1] is called the noise tolerance. STAT (¢, D)
returns an estimate for the expectation Ey, that is, the probability that y = 1
when the labeled example is drawn according to D. A statistical query can have a
condition so Ex can be a conditional probability. This estimate is accurate within

additive error .
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Definition 3.4 (Legitimacy and Feasibility: [Kea98]) A statistical query x is

legimate and feasible if and only if with respect to 1/e, 1/7 and representation size

of c:
1. Query x maps a labeled example (z,c(x)) to {0,1};
2. Query x can be efficiently evaluated in polynomial time;
3. The condition of x, if any, can be efficiently evaluated in polynomial time;

4. The probability of the condition of x, if any, should be at least polynomially

large.

Throughout this chapter, the learnability of shuffle ideals is studied in the statisti-
cal query model. Kearns [Kea98| proves that oracle STAT (¢, D) is weaker than oracle
EX (¢, D). In other words, if a concept class is PAC learnable from STAT (¢, D), then
it is PAC learnable from E X (¢, D), but not necessarily vice versa.

Angluin et al. [AAEK13] have proved the class of shuffle ideals is not efficiently
PAC learnable unless RP=NP. In the positive direction, they showed that a principal
shuffle ideal can be efficiently approximately learned in the statistical query model

under the uniform distribution.

3.2 Learning shuffle ideals from element-wise i.i.d.
strings

Although learning the class of shuffle ideals has been proved hard, in most scenarios
the string distribution is restricted or even known. A very usual situation in practice

is that we have some prior knowledge of the unknown distribution. One common
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Figure 3.2: Definition of 6y, (z) when V = U][1, (]

example is the string distributions where each symbol in a string is generated in-
dependently and identically from an unknown distribution. It is element-wise i.i.d.
because we view a string as a vector of symbols. This case is general enough to
cover some popular distributions in applications such as the uniform distribution
and the multinomial distribution. In this section, we present as our main result a
statistical query algorithm for learning the concept class of extended shuffle ideals
from element-wise i.i.d. strings and provide theoretical guarantees of its computa-
tional efficiency and accuracy in the statistical query model. The instance space is
™. Denote by U the augmented pattern string that generates the target shuffle ideal
and by L = |U| the length of U.

3.2.1 Statistical query algorithm

Before presenting the algorithm, we define function 0y, (-) and query xv(-, ) for any

augmented string V € (V)" and any symbol a € 3 as as follows.

a if VIZx[l,n—1]
9\/@(1') =
Tryc,+1 if VEz[l,n—1]

1 .
XV,a(xa y) - i(y + 1) given 6)V,a(x) =a

where y = ¢(z) is the label of example string x. More precisely, y = +1 if x € HI(U)

and y = —1 otherwise. Figure 3.2 explains the definition of 6y ,(x) when we have
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V = U|[L,{]. For any augmented string V', if at least one element in V' is a subsequence
of z[1,n — 1], then 6y ,(x) is the symbol next to the leftmost embedding of V' in z.
Otherwise, Oy, (z) is simply the symbol a. Conditioned on y,(z) = a, the query
Xv.a(z,y) is 1 if 2 is a positive string and is 0 otherwise. The expected value of xy,,
under the distribution over the instance space means the conditional probability of
positivity given Oy, (z) = a.

Our learning algorithm uses statistical queries to recover string U € (ZY)" one
element at a time. It starts with the empty string V' = A. Having recovered V =
Ul1,¢] where 0 < ¢ < L, we infer U, as follows. For each a € X, the statistical
query oracle is called with the query xv,, at the error tolerance 7 claimed in Theorem
3.1. Our key technical observation is that the value of Exy,, effectively selects Upy;.
The query results of xy, will form two separate clusters such that the maximum
difference (variance) inside one cluster is smaller than the minimum difference (gap)
between the two clusters, making them distinguishable. The set of symbols in the
cluster with larger query results is proved to be U,;;. Notice that this statistical
query only works for 0 < ¢ < L. To complete the algorithm, we address the trivial
case { = L with query P(y = +1 | V C z) and the algorithm halts if the query

answer is close to 1.

3.2.2 PAC learnability

We show the algorithm described above learns the class of shuffle ideals from element-

wise i.i.d. strings in the statistical query learning model.

Theorem 3.1 Under element-wise independent and identical distributions over in-

stance space T = X", concept class 1 is approximately identifiable with O(sn) con-

79



ditional statistical queries from STAT(I, D) at tolerance

E2

T 40sn? + 4e

or with O(sn) statistical queries from STAT(IL, D) at tolerance

€ et
- )
20sn2 + 2¢/ 16sn(10sn? + ¢)

The proof starts from the legitimacy and feasibility of the algorithm. Since xy.,,
computes a binary mapping from labeled examples to {0, 1}, the legitimacy is trivial.
But xv, is not feasible for symbols in ¥ of small occurrence probabilities. We avoid
the problematic cases by reducing the original learning problem to the same problem
with a polynomial lower bound assumption P(x; = a) > €/(2sn) — €2/(20sn? + 2¢)
for any a € ¥ and achieve feasibility.

The correctness of the algorithm is based on the intuition that the query result
Exv,q. of asymbol ay € Upyq should be greater than that of a symbol a_ & Uy and
the difference is large enough to tolerate the noise from the oracle. To prove this,
we first consider the exact learning case. Define an infinite string U’ = U[1, (JU[¢ +
2, L|Up, and let 2’ = £3°° be the extension of x obtained by padding it on the right
with an infinite string generated from the same distribution as z. Let Q(j,) be the

probability that the largest g such that U'[1,¢] C 2'[1,4] is j, or formally
QUjri) = BU'L /) C /(LA AT'[L, j + 1] Z [1,4]

By taking the difference between Exy,,, and Exy,  in terms of Q(j,7), we get the

query tolerance for exact learning.

Lemma 3.2 Under element-wise independent and identical distributions over in-
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stance space T = X", concept class 111 is exactly identifiable with O(sn) conditional

statistical queries from STAT(IIL, D) at tolerance

Lemma 3.2 indicates bounding the quantity Q(L — 1,n — 1) is the key to the
tolerance for PAC learning. Unfortunately, the distribution {Q(j,7)} doesn’t seem
of any strong properties we know of providing a polynomial lower bound. Instead

we introduce new quantity

R(j,i) = P(U'[L, 5] C «'[1,d AU'[L,§] Z 2/[1,i — 1))

being the probability that the smallest g such that U’[1, j] C 2/[1, ¢] is . An impor-

tant property of distribution {R(j,4)} is its strong unimodality as defined below.

Definition 3.5 (Unimodality: [GK49]) A distribution {P(i)} with all support
on the lattice of integers is unimodal if and only if there exists at least one inte-
ger K such that P(i) > P(i — 1) for alli < K and P(i+ 1) < P(i) for alli > K.

We say K is a mode of distribution {P(i)}.

Throughout this chapter, when referring to the mode of a distribution, we mean
the one with the largest index, if the distribution has multiple modes with equal

probabilities.

Definition 3.6 (Strong Unimodality: [Ibr56]) A distribution {H (i)} is strongly
unimodal if and only if the convolution of {H (i)} with any unimodal distribution

{P(i)} is unimodal.

Since a distribution with all mass at zero is unimodal, a strongly unimodal dis-

tribution is also unimodal. In this chapter, we only consider distributions with all

81



support on the lattice of integers. So the convolution of {H (i)} and {P(7)} is

(H«PYi)= 3 HGPG—j)= 3 H(i—j)PG)

j=—o00 j=—o00

We prove the strong unimodality of { R(7,4)} with respect to i via showing it is the
convolution of two log-concave distributions by induction. We do an initial statistical
query to estimate P(y = 41) to handle two marginal cases P(y = +1) < ¢/2 and
P(y = +1) > 1 —¢/2. After that an additional query P(y = +1 | V C z) is made to
tell whether ¢ = L. If the algorithm doesn’t halt, it means ¢ < L and both P(y = +1)
and P(y = —1) are at least ¢/2 — 27. By upper bounding P(y = +1) and P(y = —1)
using linear sums of R(j,1), the strong unimodality of {R(j,4)} gives a lower bound
for R(L,n), which further implies one for Q(L — 1,n — 1) and completes the proof.

Now we present the formal proof. We first provide a quick proof of Lemma 3.1.
Proof (of Lemma 3.1) The evalution can be done recursively. The base case is
U = X, where U C z holds and Iy, = 0. If U = U;U’ where U; € 3¥, we search
for the leftmost occurrence of U; in x. If there is no such occurrence, then U £ x
and [y, = oo. Otherwise, = yU;2’, where U; £ y. Then U C z if and only if
U' C 2 and Iyc, = Iy,ce + lycw. We continue recursively with U' and 2’. The

total running time of this procedure is O(|z|). |

Lemma 3.3 Under element-wise independent and identical distributions over in-
stance space T = X", the conditional statistical query v, 1s legitimate and feasible

at tolerance

€2

T= 40sn2 + 4e

Proof First of all, the function xy, computes a binary mapping from labeled ex-

amples (x,y) to {0,1} and satisfies the definition of a statistical query. Given

82



Ova(z) = a, that is, given V £ z[l,n — 1] or x5, 41 = a if V C z[l,n — 1],
the query xvq(x,y) returns 0 if z is a negative example (y = —1) or returns 1 if z is
a positive example (y = +1).
From Lemma 1, evaluating the relation V' T x and meanwhile determining Iy,
is feasible in time O(n). Thus, Oy, (z) and then yv,.(z, y) can be efficiently evaluated.
For

P(Qv,a(x) = a) :IP)(V iz m[Ln - 1])+

P(VEx[l,n—1]) -Pwr, 41 =a|V Ex[l,n—1])

in order to prove P(fy,(z) = a) not too small, we only need to show one of the two
items in the sum is at least polynomially large.

We make an initial statistical query with tolerance 7 = €/(40sn?+4¢) to estimate
P(y = +1). If the answer is < € — 7, then P(y = +1) < € and the algorithm outputs
a hypothesis that all examples are negative. Otherwise, P(y = +1) is at least € — 27,
and the statistical query xv, is used. As VC z[l,n —1]=U[l,{|C z[l,n—1]is a

necessary condition of y = +1, we have

62

PV Call,n—1]) 2Py = +1) > € 20sn2 + 2¢

Since zp,-, 11 and (1, Iyc,] are independent,

P(xlvgz—i-l =a | VE 13[17 n— 1]) = P(*TIVQI-H = CL)

Because we don’t have any knowledge of the distribution, we can’t guarantee
P(xr,c,+1 = a) is large enough for every a € 3. However, we notice that there is no

need to consider symbols with small probabilities of occurrence. Now we show why
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and how. For each a € X, execute a statistical query

X:z(xv y) = ]l{:r:i:a} (31)

at tolerance 7, where 1 represents the 0-1 truth value of the predicate 7. Since
the strings are element-wise i.i.d., the index ¢ can be any integer between 1 and n.
If the answer from oracle STAT is < ¢/(2sn) — 7, then P(x; = a) < €/(2sn). For
such an a, the probability that it shows up in a string is at most €/(2s). Because
there are at most s — 1 such symbols in ¥, the probability that any of them shows
up in a string is at most €/2. Otherwise, P(z; = a) > €/(2sn) — 27. Thus we only
need to consider the symbols a € ¥ such that P(xz; = a) > €/(2sn) — 27 and learn
the ideal with error parameter €/2 so that the total error will be bounded within e.

For algebraic succinctness, we use a concise lower bound for P(z; = a):

€ € 62 €

P(r; =a) > — —2r = — — > 2
(v =a) 2 2sn 1 2sn 20sn2 1 2¢ — 4sn (32)
Eventually we have
P(va(z) =a) 2 P(V Ex[l,n—1]) - Plzy, .y =a |V Ex[l,n—1])
9 (3.3)
€ €
> (1~ g )
20sn? 4 2¢/ 4sn
is polynomially large. Query xv,, is legitimate and feasible. [ |

The correctness of the algorithm is based on the intuition that the query result
Exv,, of a; € Uy should be greater than that of a_ ¢ U,y and the difference is
large enough to tolerate the noise from the oracle. To prove this, we first consider

the exact learning case. Define an infinite string U’ = U[1,/]JU[¢ + 2, L)U;¥, and let
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' = xX°° be the extension of x obtained by padding it on the right with an infinite
string generated from the same distribution as z. Let Q(j,7) be the probability that
the largest ¢ such that U'[1,¢g] C 2'[1,4] is j, or formally, Q(j,7) = P(U’'[1,j] C
(1, ANU'[1, 5+ 1] Z 2'[1,1]).
Proof (of Lemma 3.2) If the algorithm doesn’t halt, U has not been completely
recovered and ¢ < L. By assumption, V = U[Ll,(]. If V £ z[l,n — 1] then z
must be a negative example and xy.(x,y) = 0. Hence xvq(z,y) = 1 if and only if
VEz[l,n—1] and y = +1.

Let random variable J be the largest value for which U’[1, J] is a subsequence of
z[1,n — 1]. Consequently, P(J = j) = Q(j,n — 1).

If a € Upyq, then y = +1 if and only if J > L — 1. Thus we have

n—1

IEXV,a = Z Q(jan_ 1)

j=L—1

Ifa & Uppq, theny = +1ifand only if U C z[1, Iy, |z [lvec,+2, n|. Since elements
in a string are i.i.d., P(U C z[1, Iy, ]z[lyc. +2,n]) = P(U'[1, L] C z[1,n—1]), which

is exactly P(J > L). Thus we have

n—1
EXV,a - Z Q(]7 n— 1)

J=L

The difference between these two values is Q(L —1,n—1). In order to distinguish
the target Uy, from other symbols, the query tolerance can be set to one fifth of the
difference. The alphabet ¥ will be separated into two clusters by the results of Exy,,:
Uss1 and the other symbols. The maximum difference (variance) inside a cluster is
smaller than the minimum difference (gap) between the two clusters, making them
distinguishable. As a consequence s statistical queries for each prefix of U suffice to

learn U exactly. [
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Lemma 3.2 indicates bounding the quantity Q(L — 1,n — 1) is the key to the
tolerance for PAC learning. Unfortunately, the distribution {Q(j,7)} doesn’t seem
of any strong properties we know of providing a polynomial lower bound. Instead
we introduce new quantity R(j,i) = P(U’'[1, j] C 2'[1,i{] AU'[1, j] £ 2/[1,7—1]) being
the probability that the smallest g such that U'[1, j] C 2/[1, g] is i. Now we show the

strong unimodality of distribution {R(j,7)}. Denote p; = P(x; € UJ).

Lemma 3.4 The convolution of two strongly unimodal discrete distributions is strongly

unimodal.

Proof The proof is obvious from the definition of strong unimodality and the asso-
ciativity of convolution. Let H3 = Hs x H; be the convolution of two strongly uni-
modal distributions H; and H,. For any unimodal distribution Py, let P, = Hy x P;
be the convolution of H; and P;. Because of the strong unimodality of distribution
Hy, P, is a unimodal distribution. Also because of the strong unimodality of dis-
tribution Hs, the convolution of Hy and Py, Hy x P, = Hy x Hy * P, = Hy *x P is
a unimodal distribution. Since P; can be an arbitrary unimodal distribution, Hj is

strongly unimodal according to the definition of strong unimodality. [

Previous work [Ibr56] provided a useful equivalent statement of the strong uni-

modality of a distribution.

Lemma 3.5 [Ibr56] Distribution { H(7)} is strongly unimodal if and only if H(7) is
log-concave. That is,

H(i)> > H(i+1)-H(i—1)

for all 7.
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Since a distribution with all mass at zero is unimodal, an immediate consequence

is
Corollary 3.1 A strongly unimodal distribution is unimodal.
We now prove the strong unimodality of distribution {R(j,7)}.

Lemma 3.6 For any fized j, distribution {R(j,1)} is strongly unimodal with respect

to 1.

Proof This proof can be done by induction on j as follows.

Basis: For j = 1, it is obvious that {R(1,4)} = {(1 — p1)"'p1} is a geometric
distribution, which is strongly unimodal. According to Lemma 3.5, this is due to
R*(1,i) = R(1,i—1)- R(1,i+ 1) for all i > 1.

Inductive step: For j > 1, assume by induction { R(j —1,4)} is strongly unimodal.

Based on the definition of R(j,7), we have

i—1

R(j,i) = Y (RG—1,k)- (1—p;) ™ 'p;) (3.4)

k=j—1

Thus R(j,17) is the convolution of distribution {R(j — 1,7)} and distribution {(1 —
p;)"'p;}, a geometric distribution just proved to be strongly unimodal. By assump-
tion, {R(j — 1,4)} is strongly unimodal. From Lemma 3.4, distribution {R(j,7)} is
also strongly unimodal.

Conclusion: For any fixed j, distribution {R(j,7)} is strongly unimodal with re-

spect to 1. |

Combining Lemma 3.6 with Corollary 3.1, we have

Corollary 3.2 For any fized j, distribution {R(j,i)} is unimodal with respect to i.
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Lemma 3.7 Denote by N(j) the mode of {R(j,i)}, then N(j) is strictly increasing

with respect to j. That is, for any j > 1, N(j) > N(j — 1).

Proof According to Equation 3.4, R(j,%) is the convolution of distribution {R(j —

1,7)} and distribution {(1 — p;)*'p;} so
i1 .
R(,i)= > (RG—1k) - (1—p) " p))

k=j—1

and

Hence, we get

R(j,i+1)=p;R(j —1,i) + (1 — p;)R(j,1) (3.5)

Denote by AR(j,) the difference R(j,i) — R(j,7 — 1). From Equation 3.5, we have

For any j > 1, we have R(j,1) > R(j5,0) = 0 or AR(j,1) > 0. From the def-
inition of N(j), N(j) must be at least j and for any ¢ < N(j — 1), the difference
AR(j — 1,1) is non-negative. Hence, if AR(j,7) is non-negative, then AR(j,i+ 1) is
non-negative for Equation 3.6. So inductively, for any i < N(j — 1) + 1, we always
have AR(j,i) > 0. Recall that we define the mode of a distribution with multiple

modes as the one with the largest index, thus N(j) > N(j —1). |

With the strong unimodality of distribution {R(j,4)}, we are able to present the

PAC learnability of concept class III in the statistical query model.
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Proof (of Theorem 3.1) From Lemma 3.3, statistical query yv, is legitimate and
feasible at tolerance 7 = €2/(40sn? + 4¢) and our error parameter must be set to ¢/2
in order to have Inequality 3.2.

We modify the statistical query algorithm to make an initial statistical query
with tolerance 7 = €2/(40sn? +4e) to estimate P(y = +1). If the answer is < ¢/2— T,
then P(y = +1) < ¢/2 and the algorithm outputs a hypothesis that all examples are
negative. If the answer is > 1 —¢/2+ 7, then P(y = +1) > 1 —¢/2 and the algorithm
outputs a hypothesis that all examples are positive.

Otherwise, P(y = +1) and P(y = —1) are both at least €¢/2 — 27. We then do
another statistical query at tolerance 7 to estimate P(y = +1 | V C z). Since V C z
is a necessary condition of positivity, P(V C x) must be at least P(y = +1) > €/2—27
and this statistical query is legitimate and feasible. If the answer is > 1 — ¢/2 + 7,
then P(y = +1 | V C z) > 1 — ¢/2. The algorithm outputs a hypothesis that all
strings x such that V' C x are positive and all strings x such that V' [Z x are negative
because P(y = —1 |V L x) = 1. If { = L, Ply = +1 | V C z) must be 1 and
the algorithm halts. Otherwise, ¢ < L and the first statistical query algorithm is
used. We now show that Q(L — 1,n — 1) > 57, establishing the bound on the query
tolerance.

Let random variable I be the smallest value for which U’[1, L] is a subsequence
of 2/[1,I]. Based on the definition of R(j,4), we have P(I = i) = R(L,i). String «
is a positive example if and only if U’[1, L] C 2/[1, n|, which is exactly I < n. As a
consequence,

Py =+1) = Z R(L,1) (3.7)

i=L
From Corollary 3.2, distribution {R(L,7)} is unimodal and assume its mode is

N(L). If n < N(L) then R(L,n) is at least as large as every term in the sum
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Py =+1)=>", R(L,i). Hence we get

5T

€ —4r € —4r 5e?
R(L > > —
( 7n>_2(71—L+1)_ 2n 7 40sn? + 4e

If n > N(L), according to Lemma 3.7, for any j < L we have n > N(j). That is,
for any j < L, we have R(j,n) > R(j,n + 1).

From Equation 3.5,

p;R(j—1,n)+ (1 —p;)R(j,n) <R(j,n)

We then have

R(j —1,n) < R(j,n)

This holds for any j < L so R(j,n) is non-decreasing with respect to j when n >

N(L). Inductively we get R(L,n) > R(j,n) for any j < L.

Because U'[1, L] IZ x[1,n — 1] is a necessary condition of y = —1 and
L—1
=0
we get
L=t e —4r
> QUn-1)2By=-1> "
=0

Note that R(j,n) = p;Q(j —1,n — 1), then

R(j,n) > € —4r
j=1 Dy 2
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Since

€ —4r

Ply =+1) > >0

from Inequality 3.2, we must have p; > €/(4sn) for all j. Then we have

L L . B
ZR(j’n)ZZR(j,n) 26 At
j=1 DPj 2

€ 3

4sn

Because R(L,n) > R(j,n) for any j < L, we get

4sn € —4r

—LR(L,n) >

and
(e —47)e 5e?

f— f— 5
8sn? 40sn? + 4e g

R(L,n)

AV

Finally, we have

Q(L,n)=(1—-pr1)Q(L,n—1)+p,Q(L—1,n—-1)
5e?
>prQ(L—1,n—1)=R(L,n) > 20sn2 1 4e

That is, Q(L—1,n—1) > 57. For Lemma 3.2, we have 7 = €2/(40sn*+4e). Inferring

7 from 7 is trivial. Define general statistical query

1)/2 ifOyy(x) =a
Xva(,y) = R o) (3.8)
0 if Oyo(x) #a

Then for any a, the expected query result

E)ZV,& = P(Qv,a(x) = (l) : EXV,a +0
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and the difference between Exy,, | @ € Uppy and Exv, | @ & Uppq is 57-P(0yq(x) = a).

Hence, from Inequality 3.3,

_ (1 € > et
T = —_
20sn? 4 2¢/ 16sn(10sn? + ¢)

This completes the proof. [

3.2.3 A generalization to instance space Y="

We have proved the extended class of shuffle ideals is PAC learnable from element-
wise i.i.d. fixed-length strings. Nevertheless, in many real-world applications such as
natural language processing and computational linguistics, it is more natural to have
strings of varying lengths. Let n be the maximum length of the sample strings and as
a consequence the instance space for learning is ©=". Here we show how to generalize
the statistical query algorithm in Section 3.2.1 to the more general instance space
ysn,

Let A; be the algorithm in Section 3.2.1 for learning shuffle ideals from element-
wise 1.1.d. strings of fixed length ¢. Because instance space X=" = (J;<,, X', we divide
the sample S into n subsets {S;} where S; = {z | || = ¢}. An initial statistical
query then is made to estimate probability P(|z| = i) for each i < n at tolerance
€/(8n). We discard all subsets S; with query answer < 3¢/(8n) in the learning
procedure, because we know P(|z| = i) < ¢/(2n). There are at most (n — 1) such S,
of low occurrence probabilities. The total probability that an instance comes from
one of these negligible sets is at most €¢/2. Otherwise, P(|x| = i) > ¢/(4n) and we
apply algorithm A; on each S; with query answer > 3¢/(8n) with error parameter

€/2. Because the probability of the condition is polynomially large, the algorithm is
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feasible. Finally, the total error over the whole instance space will be bounded by €
and concept class I is PAC learnable from element-wise i.i.d. strings over instance

space L5,

Corollary 3.3 Under element-wise independent and identical distributions over in-
stance space T = L=, concept class 11 is approzimately identifiable with O(sn?)

conditional statistical queries from STAT(I, D) at tolerance

62

T= 160sn2 + 8¢

or with O(sn?) statistical queries from STAT(IL, D) at tolerance

5

€ €
1—
( 40sn? + 25) 512sn2(20sn? + €)

Rl
I

3.3 Learning principal shuffle ideals from Marko-
vian strings

Markovian strings are widely studied in natural language processing and biological
sequence modeling. Formally, a random string = is Markovian if the distribution of
x;+1 only depends on the value of x;: P(x;q | x1...2;) = P(z41 | ;) for any ¢ > 1.
If we denote by 7 the distribution of x; and define s x s stochastic matrix M by
M(ay,as) = P(z;41 = a1 | ; = ag), then a random string can be viewed as a Markov
chain with initial distribution 7, and transition matrix M. We choose X=" as the
instance space in this section and assume independence between the string length
and the symbols in the string. We assume P(|z| = k) > ¢ for all 1 < k < n and
min{M(-,-), mo(-)} > ¢ for some positive ¢ and c¢. We will prove the PAC learnability

of class L under this lower bound assumption. Denote by u the target pattern string
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and let L = |ul.

3.3.1 Statistical query algorithm

Starting with empty string v = A, the pattern string u is recovered one symbol at a

time. Having recovered v = u[l, ¢], we infer ugi1 by Voo = Y711 EXovak, where

1
X'u,a,k(xay) - §(y + ]-) given [’Ugm - ]’L, Th+1 = Q and |ZE‘ =k

0 < /¢ < L and h is chosen from [0,n — 1] such that the probability P(I,c, = h) is
polynomially large. The statistical queries x, o are made at tolerance 7 claimed in
Theorem 3.2 and the symbol with the largest query result of ¥, , is proved to be
upy1. Again, the case where ¢ = L is addressed by query P(y = +1 | v C z). The

learning procedure is completed if the query result is close to 1.

3.3.2 PAC learnability

With query ¥, ,, we are able to recover the pattern string u approximately from

STAT (ww(u), D) at proper tolerance as stated in Theorem 3.2:

Theorem 3.2 Under Markovian string distributions over instance space I = N=",
gwen P(lx| = k) >t >0 forV 1<k <n and min{M(-,-),m(-)} > ¢ > 0, concept
class Wi is approzimately identifiable with O(sn?) conditional statistical queries from

STAT(w, D) at tolerance
B €
T on+2

or with O(sn?) statistical queries from STAT(w, D) at tolerance

3ctne?
(3n2 + 2n 4 2)?

7=
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Due to the probability lower bound assumptions, the legitimacy and feasibility
are obvious. To calculate the tolerance for PAC learning, we first consider the exact
learning tolerance. Let 2’ be an infinite string generated by the Markov chain defined
above. For any 0 < ¢ < L — j, we define quantity Ry(j,7) to be the conditional

probability
Pull+1,0+j]Ca'm+1,m+i Aul+ 1,0+ L2 Im+1,m+i—1] |z, =u.)

Intuitively, Ry(j,4) is the probability that the smallest g such that u[¢ + 1,¢ + j] C
'[m+1,m + g| is i, given 2/, = u,. We have the following conclusion for the exact

learning tolerance.

Lemma 3.8 Under Markovian string distributions over instance space I = =",
given P(lz| = k) >t > 0 forV 1 < k < n and min{M(-,-),m(-)} > ¢ > 0,
the concept class wi is exactly identifiable with O(sn?*) conditional statistical queries

from STAT(ww, D) at tolerance

1 n
o : - Z o oy
= OISHEISL {S(n - h) k=h+1 RZ—H(L ‘ 17 g " 1)}

The algorithm first deals with the marginal case where P(y = +1) < e through query
P(y = +1). If it doesn’t halt, we know P(y = +1) is at least (3n*+2n)e/(3n?+2n+2).
We then make a statistical query x},(z,y) = 5(y +1) - Ls,c,=ny for each h from £ to
n—1. It can be shown that at least one h will give an answer > (3n+1)e/(3n?+2n+2).
This implies lower bounds for P(/,c, = h) and P(y = +1 | I,c, = k). The former
guarantees the feasibility while the latter can serve as a lower bound for the sum in

Lemma 3.8 after some algebra and completes the proof.
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The assumption on M and 7y can be weakened to M (w1, up) = P(ze = upyq |
x1 =uy) > cand mo(uy) > c for all 1 < ¢ < L —1. We first make a statistical query
to estimate M (a,uy) for £ > 1 or my(a) for £ = 0 for each symbol a € ¥ at tolerance
c¢/3. If the result is < 2¢/3 then M(a,u,) < ¢ or my(a) < ¢ and we won’t consider
symbol a at this position. Otherwise, M (a,us) > ¢/3 or my(a) > ¢/3 and the queries

in the algorithm are feasible.

Corollary 3.4 Under Markovian string distributions over instance space T = N=",
gwen P(lz| = k) >t >0 for V1 < k < n, mo(uy) > ¢ and M(upy1,us) > ¢ > 0 for
V1 < ¢ < L—1, concept class i is approximately identifiable with O(sn?) conditional

statistical queries from STAT(w, D) at tolerance

e a Ty )
= min ————, —
g 32+ 2n+2'3

or with O(sn?) statistical queries from STAT(w, D) at tolerance

~ ) ctne? tnec?
7 = min ,
(3n2 +2n + 2)2" 3(3n? 4+ 2n + 2)

Now we present the complete proof.
Proof (of Lemma 3.8) If the algorithm doesn’t halt, u has not been completely
recovered and ¢ < L. Again, we calculate the difference of ¥, , between the cases
ar = ugpr and a_ # Ui

For a_ # w41, let p; denote the probability that the first passage time from a_

to ugyq is equal to j. Notice that

k—h—1 k—h—1—j
EXv,a,,k = Z Dj Z Re+1(L — ¢ — 1, Z)
j =0

1

<
Il

k

I
=

—1 k—h—2
<pj ST Re(L—(— Lz’))

1 1=0

J
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We get

k—h—2
]EXU,a_,k < Z R€+1<L —{— 172)
=0
For a; = uyyq1, we have
k—h—1

EXv,a+,k = Z RHl(L — 0 — 172)

Summing up all the items, we can get the difference

\I]v,a+ - \I]v,a_ = Z (EXv,a+,k - EXv,a_,k>
k=h+1
n k 1 k—h—2
> > (Z Reyi(L—0—1,i)— > Rep(L— E—lz))
k=h+1 1=0 1=0
= > Rp(L—0—-1k—h-1)
k=h+1

In order to distinguish the target u,,; from other symbols, the query tolerance can
be set to one third of the difference so that the symbol with largest query result must
be wuz41. Thus the overall tolerance for W, , is >3, 1 Rep1(L—€—1,k—h—1)/3. Since
U, . is the expectation sum of (n — h) statistical queries, we can evenly distribute

the overall tolerance on each x, 4. So the final tolerance on each statistical query is

! . _ _
T—OISHZI<HL{ Z Ryyq (L —1,k—nh 1)}

k h+1

Taking minimum over 0 < ¢ < L is because h depends on ¢ and the tolerance needs
to be independent of h. As a consequence sn statistical queries for each prefix of U

suffice to learn U exactly. |

We then show how to choose a proper h from [0,n — 1].
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Lemma 3.9 Under Markovian string distributions over instance space T = =",
gwen P(lx| = k) >t >0 for V1 < k < n and min{M(-,-),m(-)} > ¢ > 0, the

conditional statistical query Xyar S legitimate and feasible at tolerance

€
T3+ 2n+2

Proof First of all, the function x,,x computes a binary mapping from labeled
examples (z,y) to {0,1} and satisfies the definition of a statistical query. Under the
given conditions, x, . returns 0 if = is a negative example (y = —1) or returns 1 if
x is a positive example (y = +1).

From Lemma 3.1, evaluating the relation v C z and meanwhile determining I,
is feasible in time O(n). Since |z| < n, determining |z| also takes O(n) time. Thus,
Xov.ak(z,y) and then ¥, , can be efficiently evaluated.

According to the Markov property and the independence between string length

and symbols in a string, we have

P(lycy = h, xpy1 = a and || = k)
=P(lucy = h) - P(zpsr = a | Luico = h) - P(|z] = k)

>P(lyce =h)-c-t

The only problem left is to make sure P(/,c, = h) is polynomially large. Obviously
this can’t be guaranteed for all h between ¢ and n — 1 so h must be chosen carefully.
We now show there must be such an h.

We make an initial statistical query with tolerance €/(3n? + 2n + 2) to estimate
P(y = +1). If the answer is < (3n? + 2n + 1)¢/(3n? + 2n + 2), then P(y = +1) < €
and the algorithm outputs a hypothesis that all examples are negative. Otherwise,

P(y = +1) is at least (3n% + 2n)e/(3n? + 2n + 2), and the statistical queries {Xy.a.x}
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are used. Since
n—1

Ply=+1)=> Ply=+1AILc, =h) (3.9)
h=¢(

There must be at least one h so that

Py = +1 A Ic, = h) >
(y=+ C ) n_"h

1
>—P(y =+1)

n

1 (30 +2n)e
n 3n2+2n+2
 (Bn+2)e
C3n242n+2

Ply =+1)

As

P(y = +1 Ao =h) =P(y = +1| L, = h) - P(Lice = h)

both P(y = +1 | I,c, = h) and P(I,c, = h) must be at least (3n+2)e/(3n?+2n+2).
This means there must be some h making our statistical queries legitimate.

We now show how to determine a proper value of h. We can do a statistical query

1
(o) = S+ 1) Lo (3.10)

for each h from £ to n — 1, where 1, represents the 0-1 truth value of the predicate
m. It is easy to see Ex), = P(y = +1 A I,z = h). According to our analysis above
and due to the noise of the statistical query, there must be at least one h such that
the answer is > (3n + 1)e/(3n% + 2n + 2). If we choose such an h, it is guaranteed to
have

3ne
Ply=4+1AIlLcpo=h)> ———
(y=+ = >_3n2+2n+2
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so that

3ne
P(lyce = h) > —=
(T ) 302+ 20+ 2
and
3ne
Ply=+1|Ilycpo=h)> ————— A1
=+l hee =h) 2 5575 =5 (3.11)

After at most n statistical queries {x},}, we can determine the value of h in query

Xuv.ak- Thus statistical queries {xy 4} and VU, , are legitimate and feasible. [ |

Below is the proof of Theorem 3.2.

Proof (of Theorem 3.2) From Lemma 3.9, statistical queries {x,.x} and ¥, , are
legitimate and feasible at tolerance ¢/(3n? + 2n + 2).

We modify the statistical query algorithm to make an initial statistical query with
tolerance €/(3n? + 2n + 2) to estimate P(y = +1). If the answer is < (3n? + 2n +
1)e/(3n% +2n+2), then P(y = +1) < € and the algorithm outputs a hypothesis that
all examples are negative. Otherwise, P(y = +1) is at least (3n?+2n)e/(3n*+2n+2).

We then do another statistical query with tolerance €/(3n? 4 2n + 2) to estimate
Ply = 41 | v C 2). Since v C x is a necessary condition of positivity, P(v C z)
must be at least P(y = +1) > (3n? + 2n)e/(3n* + 2n + 2) and this statistical query
is legitimate and feasible. If the answer is > 1 — (3n? + 2n)e/(3n* + 2n + 2), then
Py =+1|v C 2z) > 1—e The algorithm outputs a hypothesis that all strings x
such that v C z are positive and all strings = such that v [Z x are negative because
Ply=—-1|viZaz)=1 Ifl{ =L, Ply=+1|vLC z) must be 1 and the algorithm
halts. Otherwise, ¢ < L and the first statistical query algorithm is used.

From the proof for Lemma 3.9, we then use O(n) statistical queries
, 1
Xp(2,y) = g(y +1) - Lyr,cp=ny
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to find an h such that Inequality 3.11 holds:

3ne

Ply = 41| Iey = h) > —¢
(y=F11lee =h) 2 50575 =5

Similarly, let ¢; denote the probability that the first passage time from wu, to uey; is

equal to 5. Notice that

=1 1=0

n—h n—h—j
Pmy::‘+1"hﬂx::}w § 2: (Qi E: }iHl(L'_g__law)

<

We have
3ne
3n? +2n + 2 <Ply=+1]lLce = 1)

n—h n—h—j

S ((]j Z R@.H(L—E— 1,2))
j=1 =0
n—nh n—h—1

< <q] > Rep(L—(— 1,2))
j=1 i=0
n—h—1

= > Ry(L—0—-1k—h-1)
k=h+1

From Lemma 3.8, the conditional tolerance is

€

1 n
= min { ——— L—tl—1k—h—1)F>-— "
’ ogléglL{i%(n—h) k:ZhHRHl( ’ >} T3+ 2n+2

Similar to the proof of Theorem 3.1, define general statistical query

B (y+1)/2 if lcp, =h, zpy1 =aand || =k
Nv,ak (T, y) = (3.12)
0 otherwise
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and

Vo= > EXvar (3.13)

k=h+1

Then the general tolerance 7 can be easily inferred from the conditional tolerance 7:

3ctne?
(3n? 4 2n + 2)?

7=

Considering we have used n statistical queries to determine h, (s + 1)n statistical

queries for each prefix of u suffice to PAC learn u. This completes the proof. [ |

3.4 A constrained generalization to learning shuf-
fle ideals under product distributions

A direct generalization from element-wise independent and identical distributions
is product distributions. A random string, or a random vector of symbols under
a product distribution has element-wise independence between its elements. That
is, P(X = 2) = HlﬂlP(Xi = ;). Although strings under product distributions
share many independence properties with element-wise i.i.d. strings, the algorithm
in Section 3.2.1 is not directly applicable to this case as the distribution {R(j,7)}
defined above is not unimodal with respect to i in general. However, the intuition that
given Iy, = h, the strings with x5, € Upy; have higher probability of positivity
than that of the strings with x,.1 & Uy is still true under product distributions.

Thus we generalize query xv,, and define for any V' € (EU)S", a€ Yandh € [0,n—1],

. 1 )
Xvan(T,y) = 5(3/ +1) given Iyg, = h and 241 = a
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where y = c¢(x) is the label of example string . To ensure the legitimacy and
feasibility of the algorithm, we have to attach a lower bound assumption that P(x; =
a) >t >0, for V1 < i < n and VYa € X. This section provides a constrained
algorithm based on this intuition. Let P(+|a,h) denote Exy, . If the difference
P(+|ay, h) — P(+]a_, h) is large enough for some h with nonnegligible P(Iyc, = h),
then we are able to learn the next element in U. Otherwise, the difference is very
small and we will show that there is an interval starting from index (h 4 1) which
we can skip with little risk. The algorithm is able to classify any string whose
classification process skips O(1) intervals.

Again the algorithm uses query P(y = +1 | V C z) to tell whether it is time
to halt. As before, let V' be the partial pattern we have learned and the algorithm

starts with V' = \. For 1 <i <n and 1 < j < L, define probability Q(j,4) as below.

if1<j<L:
- PUL-j+1,L]Can—i+ 1,n]ANU[L—j,L] Z x[n—i+ 1,n])
ifj=1L:

P(U C zln—1i+1,n])

Lemma 3.10 Under product distributions over instance space = X", given P(x; =
a) >t >0 forV1 <i<mn andVa € 3, concept class 111 is exactly identifiable with

O(sn) conditional statistical queries from STAT(IIL, D) at tolerance

T’—émin{Q(L—l,n—l) min  max Q(L—E—l,n—h—l)}

T 1<0<L ¢<h<n-—1

Proof If the algorithm doesn’t halt, U has not been completely recovered and ¢ < L.

As before, we calculate the difference of Exy., between the cases a; € Up; and
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a— & Upsr.
When ¢ = 0 and V = ), the value of Iy, must be 0 so h is fixed to be 0 in the

query. For symbol a, € Uy, we have

EXra,0=Q(L—1,n—1)+Q(L,n—1)

and for symbol a_ & Uj,

E)Z)\,a,,[) = Q(Lv n— 1)

Taking one fifth of the difference gives the tolerance Q(L — 1,n —1)/5 for £ = 0.

When 1 < /¢ < L and V = U[1, ], we have for symbol a; € Uy,

L
EXva,n= Y, QUn—h—1)
j=L—t—1
and for symbol a_ & Uy,
L ~
E)ZV,a_,h = Z Q(]a n—nh— 1)
j=L—¢

Again taking one fifth of the difference gives the tolerance Q(L —f —1,n—h—1)/5.
For a fixed 1 < ¢ < L, tolerance maxy<p<pn—1 Q(L —{—1,n—h—1)/5is enough to
learn Uy, exactly. Taking the minimum tolerance among all 0 < ¢ < L gives the
overall tolerance in the statement. As a consequence s statistical queries for each

prefix of U suffice to learn U exactly. |

A more complicated algorithm is needed to PAC learn shuffle ideals under product
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distributions. We first define two additional simple queries:

X/V,a,h,i(x7 y) = ﬂ{$h+i=a} given ]VEI = h

Xvani(®y) = Uy, —ay  given Iyg, = h and y = +1

whose expectations serve as empirical estimators for the distributions of the symbol
at the next i-th position over all strings (xy, ;) and over all positive strings (xi:,.),
both conditioned on Iy, = h. Below is how the algorithm works, with €,.; and ¢
to be decided later in the proof.

First an initial query to estimate probability P(y = +1 | V' C x) is made. The
algorithm will classify all strings such that V' C x negative if the answer is close to 0,
or positive if the answer is close to 1. To ensure the legitimacy and feasibility of the
algorithm, we make another initial query to estimate the probability P(Iyc, = h)
for each h. The algorithm then excludes the low-probability cases such that any of
the excluded ones happens with probability lower than ¢/2. Thus we only need to
consider the cases with polynomially large P(Iy-, = h) and learn the target ideal
within error €¢/2. Otherwise, let P(4|a, h) denote Exy,, and we make a statistical
query to estimate P(+|a, h) for each a € X. If the difference P(+|ay, h)—P(+|a_, h),
where a4 is in the next element of U and a_ is not, is large enough for some h, then
the results of queries for P(+|a, h) will form two distinguishable clusters, where the
maximum difference inside one cluster is smaller than the minimum gap between
them, so that we are able to learn the next element in U.

Otherwise, for all h with nonnegligible P(Iyc, = h), the difference P(+|ay,h) —
P(+|a_, h) is very small and we will show that there is an interval starting from index
h 4+ 1 which we can skip with little risk for each case when Iy, = h. Problematic
cases leading to misclassification will happen with very small probability within this

interval. We are safe to skip the whole interval and move on. The remaining problem
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is to identify the length of this interval, that is, to estimate the probability that an
error happens if we skip an interval. Let Dy.,(h) be the distribution of z[h+ 1, h+ k]
over all strings given Iy, = h and D, (h) be the corresponding distribution over
all positive strings given Iy, = h. The probability that an error happens due to
skipping the next k elements is the total variation distance between Dj.x(h) and
D (k). Thanks to the independence between the elements in a string, it can be
proved that ||Dy.x(h) — Dy, (h)||7v can be estimated within polynomially bounded
error. Recall that the total variation distance || - |7y between two distributions p
and g is

1
— == — =min P(Y # Z
11 — pallrv 2||ﬁ61 fiz |l (Y}ZT% ( )

where Y ~ p; and Z ~ pus are random variables over p; and o respectively. The
minimum is taken over all joint distributions (Y, Z) such that the marginal distribu-
tions are still p; and ps, ie., Y ~ py and Z ~ po.

Because the lengths of skipped intervals in cases with different Iy, could be
different, the algorithm branches the classification tree to determine the skipped
interval according to the value of Iy,. The algorithm runs the procedure above
recursively on each branch. Figure 3.3 demonstrates this skipping strategy of the
algorithm, where parameter C' is the maximum allowed number of skipped intervals
on each path. Notice that the algorithm might not recover the complete pattern
string U. Instead the hypothesis pattern string returned by the algorithm for one
classification path is a subsequence of U with skipped intervals. We provide a toy
example to explain the skipping logic. Let n = 4, ¥ ={a, b, ¢} and U = ‘ab’.
Strings are drawn from a product distribution such that z;, x5 and x4 are uniformly
distributed over ¥ but x5 is almost surely ‘a’. The algorithm first estimates P(y =

+1 | 21 = a) for each a € ¥ and finds the value of x; matters little to the positivity.
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1. Estimate probability P(y = +1 | V C z) at tolerance €' /3. If the answer is
< 2€'/3, classify all strings x such that V' C z as negative and backtrack on
the classification tree. If the answer is > 1 —2¢’/3, classify all strings = such
that V' C x as positive and backtrack. If the number of intervals skipped on
the current path exceeds C, classify all strings x such that V' C x as positive
and backtrack. Otherwise go to Step 2.

2. For each h with nonnegligible P(Iyc, = h), estimate Exy, at tolerance
T = €,,/384 for each a € ¥. Go to Step 3.

3. If the results for some h produce two distinguishable clusters, where the
maximum difference inside one cluster is < 477 while the minimum gap
between two clusters is > 47, then the set of all the symbols that belong
to the cluster with larger query results is the next element in U. Update V'
and go to Step 1. Otherwise, branch the classification tree. For each h, let
k< 1and T < 1. Go to Step 4.

4. For each a € X, estimate Ex{,, , , and Exy,, , , at tolerance 7, = ,1/(8sn)
so that we will have estimators Dy (h) and D; (k). Go to Step 5.

5. T« (1—|De(h) =D (B)|lgpv)-T. 11 =T < 3€,.1/4, k < k+1 and go
to Step 4. Otherwise, skip the interval from xj,; to xp,4_1. Update V and
go to Step 1.

Figure 3.3: Approximately learning III under product distributions

It then estimates the distance between the distribution of x;z5 over all positive
strings and that over all strings and finds the two distributions are close. However,
when it moves on to estimate the distance between the distribution of xxx3 over
all positive strings and that over all strings, it gets a nonnegligible total variation
distance. Therefore, the skipped interval is z;25. The algorithm finally outputs the
hypothesis pattern string ‘¥¥b’ which means skipping the first two symbols and

matching symbol ‘b’ in the rest of the string.

Theorem 3.3 Under product distributions over instance space T = 3", given P(x; =

a) >t >0 for V1 <i<n andVa € X, the algorithm PAC classifies any string that

C+2)

skips C = O(1) intervals during the classification procedure with O(sn condi-
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tional statistical queries from STAT(ILL, D) at tolerance

) & &
T =min{ —, —
384" 8sn

or with O(sn®*2) statistical queries from STAT(II, D) at tolerance

te2 €
7=( — 27’)-min{3;l,821n}

where & = (¢ /3722 and € = ¢/(2n°).

Proof For the sake of the legitimacy and feasibility of the algorithm, we make an
initial query to estimate the probability P(Iy-, = h) for each h at tolerance 7.
Denote ¢ = ¢/(2nY). If the answer is < ¢ — 7, then P(Iyc, = h) < € is negligible
and we won’t consider such cases because any of them happens with probability
< €/2. Otherwise we have P(lyc, = h) > ¢ —27. With the lower bound assumption
that P(x; = a) >t > 0 for V1 <i < n and Va € X, the legitimacy and feasibility are
assured. Thus bounding the classification error in the nonnegligible cases within €/2
establishes a total error bound e. Because there are at most n¢ nonnegligible cases,
the problem reduces to bounding the classification error for each within €.

In the learning procedure, the algorithm skips an interval x[i, is| given Iy, = h
based on the assumption that the interval z[iq, is] matches some segment next to V' in
the pattern string U. Let ¢4 be the indicator for the event that the assumption is false
in the first g skipped intervals and denote probability €, = E¢,. Let ¢ = 0. Note that
€g serves as an upper bound for the probability of misclassification due to skipping
the first g intervals, because there are some lucky cases where the assumption doesn’t
hold but the algorithm still makes correct classifications. To ensure the accuracy of

the algorithm, it suffices to prove ¢, is small. Let €541 = 8,/3¢, for ¢ > 1 and € as
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defined in the theorem. We will prove €,41 < €,41 so that by induction and taking
the minimum tolerance among all ¢ < C' we then have the overall tolerances 7 and
7 as claimed in the statement.

Let a4, a/, be two (not necessarily distinct) symbols in the next element of U and
a_,a’ be two (not necessarily distinct) symbols not in the next element of U. We
have |P(+|ay, h) — P(+|d/,, h)| < ¢, and likewise |P(+|a_,h) — P(+|a’, h)| < ¢,.
Let Pi(+|a,h) = P(+|a, h,t;, = i) and denote A = P(+|ay,h) — P(+|a_,h) and

A; = P(+|ay, h)—Pi(+|a_, h) fori € {0,1}. Asaconsequence, A = ¢,A;+(1—¢,)Ag

and Ag = Al__ﬁifl > ?__;9. Therefore, A > ¢, implies Ag > 0. In the other direction,
Ag = 5725 <A+ ¢).

For each h we make a statistical query to estimate P(+|a, h) for each a € ¥ at
tolerance 7 = 63 +1/384. If the minimum A among all pairs of (a4,a_), denoted
by Apin, i8 > 671, the results of queries for P(+]|a, h) must form two distinguishable
clusters, where the maximum difference inside one cluster is < 477 while the minimum
gap between two clusters is > 477. According to Lemma 3.10, the set of symbols
with larger query answers is the next element in U because A > ¢, holds for all pairs
of (ay,a_).

Otherwise, the difference Ay < 2(Amim + 264 + ¢5) < €,,/16 for all h. Let
' = xz where z is an infinite string under the uniform distribution. Let Ej(1,1%)
be the event that matching the next element in U consumes exactly ¢ symbols in
string ' given Iy, = h and ¢y = 0. Define probability Ry(1,:) = P(E,(1,4)). Let
conditional probability Py(+|E(1,4)) be the probability of positivity conditioned on
event Ej(1,17). For example, Py(+|ay,h) is indeed Py(+|EL(1,1)).

Denote by Py(+|h) = P(y = +1 | Ivce = h Aty = 0). Because Py(+|h) >
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Py(+|a_, h), we have

2

5
Po(+lag, h) — Po(+]h) < Po(+]ay, h) — Py(+la_, h) < %61

while
PO(_HCL-H h) - PO(_Hh) = ZooRh(LZ) ’ (PO(—HEh(L 1)) - P0<+|Eh(172)))

Notice that probability Py(+|E(1,7)) is monotonically non-increasing with respect
to i. Then there must exist an integer k € [1,+4o00| such that Py(+|Fx(1,1)) —
Po(+|En(1,1)) < €y41/4 for Vi < k and Po(+|En(1,1)) — Po(+|En(1,4)) > €541/4 for

Vi > k. This implies

> Riu(1,4) (Po(+|En(1, 1)) — Po(+]En(1,)))

i<k
+ > Ru(1,0) (Po(+|En(1,1)) — Po(+]En(1,1)))
i>k
2
Cot1
716
and
€g+1 ZR (1 ) < €§+1
[ 7/ A
4 i>k " 16

Then we have Yo, Rn(1,1) < €,41/4. This means the next element in U almost
surely shows up in this k-length interval. In addition, the difference Py(+|Ex(1,1))—
Po(+|En(1,1)) < €y41/4 for Vi < k means whether the next element in U first shows
up at xp41 or xpyy has little effect on the probability of positivity. There are two cases
where an error happens due to skipping the interval. The first case is that the next
element in U doesn’t occur within the interval, whose probability is > ;<) Rn(1,17).

The second case is that after matching the next element in U at zp,; for some
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1 <i <k, the value of z[h 4+ i + 1, h + k] flips the class of the string. This happens
with probability < Py(+|ER(1,1)) — Po(+|Exr(1, k)). By union bound, the probability
of the errors because of skipping the interval z[h + 1, h + k] is at most €,41/2.

It is worth pointing out that k is an integer from 1 to 400 because when ¢ = 1
the difference Py(+|En(1,1)) — Po(+|En(1,7)) is 0 < €,41/4 and surely & > 1. This
means this interval is not empty and ensures the existence of the interval we want.
On the other hand, the value k can be positive infinity but this makes no difference
because the algorithm will skip everything until the end of a string.

After showing the existence of such an interval, we need to determine k£ and locate
the interval. Let Dy(h) be the distribution of x4 and D.x(h) be the distribution
of the z[h + 1, h + k] over all strings, both conditioned on Iy, = h. Also, let D; (h)
and Dj, (k) be the corresponding distributions over all positive strings. We use ~ as
estimators for probabilities or distributions. The probability that an error happens
due to skipping the next k letters is the total variation distance between Dy (h) and
D4 (h).

Now let Y ~ Dy (h) and Z ~ Dj, (h) be random strings over Dy (h) and Dy, (h)

respectively. Then

D) = Dy = min PLY # 2)

=1 —maxP(Y = 2)
(Y,2)

k

=1 —max || P(Y; = Z;

s 11207 = 2)
k

=1— || maxP(Y; = Z;
z‘:l_Il(Y’Z) ( )

k
=1- 1;[1 (1 ~ min P(Y: # ZJ)
k

=1 = [ (1 = IIDi(h) = D (B) )

=1
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because of the independence between the symbols in a string and the fact that all
minimums and maximums are taken over all joint distributions (Y, Z) such that the
marginal distributions are still product distributions.

Thus we could estimate the global total variation distance | Dy.x(h) — D ,.(h)||rv
through estimating the local variation distance || D;(h)—D; (h)||ry for each 1 < i < k.
Assume p; and p; are estimates of two probabilities p; and py from a statistical query

at some tolerance 7. We have

|p1p2 — D1D2| = |p1p2 — p1D2 + P1D2 — Dip2|
= |p1(p2 — P2) + (p1 — P1)P2|
< pi|p2 — Pa| + |p1 — D1|P2

< (p1 + p2)10 < 279

< kTp, which is a polynomial

By induction it can be proved that ‘Hle pi — 1%, b
bound. For a probability ¢, let ¢; be the corresponding probability conditioned on

vy =1 for i € {0,1}. We have ¢ = €,q1 + (1 — €4)qo and

_ q— €401

= >q—€ >q—€
do 1—¢, 24— €60 =249~ ¢

In the other direction,

_ a6 _ 46— €~ 6 — €t €+ 60 — 4
@ I —¢ I —¢

_ (Q+59)(1_59)1_69(1+91_€g_q) <q+e

Note that here without loss of generality, we assume ¢ < min{(n — 1)¢,24/(sn)} so
that 1+ ¢ —€—qg>(n—1)t —¢,+q > 0and ¢, <€ ,,/192 < €1 /(8sn). In the

PAC learning model a polynomial upper bound for the error parameter € is trivial,
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because if a learning algorithm works with a small error bound, it automatically
guarantees larger error bounds. As a consequence, |¢ — qo| < €,. In addition, using

the definition of || - [|7v,

| 1Ds(h) = DF (W)llzv = [Di(h) = Dif (1) |lv |

= 1IDu(h) =D ()l ~ [Du(h) — B ()]s |

<5 1IDi(h) = D () = D) + By ()|
s;(nb (Wl + IDF (k) = D7 ()]
<5 (IDi(k) = Di(h) s + D7 (h) = D ()] )

Hence, if we make statistical queries xi,,; and xi,,, at tolerance 7 = €41 -
1/(8sn) and because €,41/(8sn) + €, < €,41/(4sn), the noise on ||D;(h) — D (h)||rv
will be at most €,41/(4n) and we will be able to estimate ||Dy.(h)—D; . (h)||rv within
error kégr/(4n) < €,1/4. If |Dig(h) — Di(R)||lrv > 3€,41/4, then | Dyy(h) —
D (W) |l7v > €541/2. Otherwise, || Dy (h) — DY (h)|lrv < €41 and we are still safe
to increase k.

The algorithm does O(sn“"?) queries v, at tolerance 7 = /384, plus
O(sn“*?) queries Xy, j,; and X7, ,; at tolerance 75 = €,41/(8sn). Thus by induction
and taking the minimum tolerance among all ¢ < C' we have the overall tolerances

7 and T as claimed in the statement. [ |
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3.5 Learning shuffle ideals under general distribu-
tions

Although the string distribution is restricted (or sometimes even known) in most
application scenarios, one might be interested in learning shuffle ideals under gen-
eral unrestricted and unknown distributions without any prior knowledge. Unfor-
tunately, under standard complexity assumptions, the answer is negative. Angluin
et al. [AAEK13] have shown that a polynomial time PAC learning algorithm for
principal shuffie ideals would imply the existence of polynomial time algorithms to

break the RSA cryptosystem, factor Blum integers, and test quadratic residuosity.

Theorem 3.4 [AAEK13] For any alphabet of size at least 2, given two disjoint
sets of strings S, T C X5, the problem of determining whether there exists a string

u such that u C x for each x € S and u L x for each x € T is NP-complete.

As ideal L is a subclass of ideal I, we know learning ideal III is only harder. Is

the problem easier over instance space "7 The answer is again no.

Lemma 3.11 Under general unrestricted string distributions, a concept class is PAC
learnable using statistical queries over instance space =" if and only if it is PAC

learnable using statistical queries over instance space ™.

The proof of the if direction of Lemma 3.11 is similar to our generalization in
Section 3.2.3 from instance space X" to instance space Y=". The only-if direction is
an immediate consequence of the fact X" C ¥,

Note that Lemma 3.11 holds under general string distributions. It is not neces-
sarily true when we have assumptions on the marginal distribution of string length.

Notice that Lemma 3.11 requires algorithm A to be applicable to any S; | i < n.
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But this requirement can be weakened. There might not exist such a general algo-
rithm A. Instead we could have an algorithm A; applicable to each subspace S; with
non-negligible occurrence probability P(|x| = i) > €/(4n), then it is easy to see that
Lemma 3.11 still holds in this case. Moreover, Lemma 3.11 makes no assumption on
the string distribution. In the cases under restricted string distributions, here are
two conditions that suffice to make Lemma 3.11 hold: First, there is no assumption
on the string length distribution; Second, we have an algorithm A; applicable to
instance space S; over marginal distribution D, —; for each 1 < i < n such that
P(|z| = 4) is polynomially large.

Despite the infeasibility of PAC learning a shuffle ideal in theory, it is worth
exploring the possibilities to do the classification problem without theoretical guar-
antees, since in most applications we care more about the empirical performance
than about theoretical results. For this purpose we propose a heuristic greedy al-
gorithm for learning principal shuffle ideals based on a reward strategy as follows.
Upon having recovered v = 4[1, ¢], for a symbol a € ¥ and a string x of length n, we
say a consumes k elements in z if min{/,4-,,n+ 1} — I,c, = k. The reward strategy
depends on the ratio v, /r_: the algorithm receives r_ reward from each element it
consumes in a negative example or r, penalty from each symbol it consumes in a
positive string. A symbol is chosen as u,yq if it brings us the most reward. The
algorithm will halt once u exhausts any positive example and makes a false negative
error, which means we have gone too far. Finally the ideal wi (u[l, ¢ — 1]) is returned
as the hypothesis. The performance of this greedy algorithm depends a great deal
on the selection of parameter r, /r_. A clever choice is r, /r_ = #(—)/#(+), where
#(+) is the number of positive examples x such that @ C x and #(—) is the number
of negative examples = such that & C z. A more recommended but more complex

strategy to determine the parameter r, /r_ in practice is cross validation. Figure 3.4
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Input: N labeled strings (z°, "), string length n, alphabet ¥
Output: pattern string u

1. u<+ A

2. for /< 0ton

3 reward <— a vector of 0’s of length ||

4. for each a € X

5. for i< 1to N

6 if u C o

7 if y' = +1

8. reward[a] < reward[a]+

9. (L —min{ o -i,n+ 1})ry
10. else N N

11. reward[a] < reward[a]+

12. (min{l;,-pi,n+ 1} — L)
13. endif - -
14. else

15. if yi = +1

16. return u[l, ( — 1]

17. endif

18. endif

19. endfor

20. endforeach

21. Upsy  argmax, s {rewarda]}

22. U 4— Ullpsq

23. endfor

24. return u

Figure 3.4: A greedy algorithm for learning a principal shuffle ideal from example
oracle EX

provides detailed pseudocode for this greedy method.

A recently studied approach to learning piecewise-testable regular languages is
kernel machines [KCMO08, KN09]. An obvious advantage of kernel machines over our
greedy method is its broad applicability to general classification learning problems.
Nevertheless, the time complexity of the kernel machine is O(N3 + n?N?) on a
training sample set of size N [BL07], while our greedy method only takes O(snN)

time due to its great simplicity. Because N is usually large to ensure accuracy,
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kernel machines suffer from low efficiency and long running time in practice. To
make a comparison between the greedy method and kernel machines for empirical
performance, we conducted a series of experiments on a real world dataset [BL13]
with string length n as a variable. The experiment results demonstrate the empirical
advantage for both efficiency and accuracy of the greedy algorithm over the kernel

method, in spite of its simplicity.

Experiment settings and results

To make a comparison between the greedy method and kernel machines for empirical
performance, we conducted a series of experiments in MATLAB on a workstation
built with Intel i5-2500 3.30GHz CPU and 8 GB memory. As discussed in Section
3.5, the running time of the kernel machine will be very large in practice when the
sample size N and the string length n are large. Also, a pattern string u of improper
length will lead to a degenerate sample set which contains only positive or only
negative example strings. To prevent this less interesting case from happening, we
set |u| = [ns™1|. Intuitively, the sample set will be evenly partitioned into two
classes in expectation under the uniform distribution. However, in this case n not
being large demands the alphabet size s not being large either.

Combining all these constraints together, the experiment settings are: alphabet
size s = 8, size of training set = size of testing set = 1024. We vary the string length
n from 16 to 56 and let |u| = [ns™']. The pattern string u is generated uniformly
at random from X!/, Our tests are run on the NSF Research Award Abstracts data
set [BL13]. We use the abstracts of year 1993 as the training set and those of year
1992 as the testing set. The tests are case-insensitive and all the characters except
the subset from ‘a(A)’ to ‘h(H)" are removed from the texts. The result texts are

then partitioned into a set of strings of length n, which serve as the example strings.
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Figure 3.5: Experiment results with NSF abstracts data set (training 1993; testing
1992)

To be more robust against fluctuation from randomness, each test with a particular
value of n is run for 10 times and the medians of error rates and running times are
taken as the final performance scores. Both lines climb as n increases.

The experiment results are shown in Figure 3.5, with accuracy presented as line
plot and efficiency demonstrated as bar chart. The overwhelming advantage of the
greedy algorithm on efficiency is obvious. The kernel machine ran for hours in high
dimensional cases, while the greedy method achieved even better accuracy within
only milliseconds. The error rate of the greedy algorithm is always lower than that
of the kernel machine as well.

It is worth noting that MATLAB started reporting a no-convergence error for the
kernel method when the string length n reaches 56. Only successful runs of the kernel

method were taken into account. Therefore, the performance of the kernel method
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Figure 3.6: Experiment results with NSF abstracts data set (training 1999; testing

1998)

when n = 56 is very unstable over some datasets. Figure 3.6 is an example where

kernel method became unpredictable when the no-convergence error happened. In

this plot when n = 56 the kernel machine seems to have better accuracy than the

greedy method, but considering that all the failed runs of the kernel machine were

ruled out and only successful ones were taken into account, the apparent accuracy

of the kernel method is shaky.

3.6 Discussion

We have shown positive results for learning shuffle ideals in the statistical query

model under element-wise independent and identical distributions and Markovian

distributions, as well as a constrained generalization to product distributions. It is
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still open to explore the possibilities of learning shuffle ideals under less restricted
distributions with weaker assumptions. Also a lot more work needs to be done on
approximately learning shuffle ideals in applications with pragmatic approaches. In
the negative direction, even a family of regular languages as simple as the shuffle ide-
als is not efficiently properly PAC learnable under general unrestricted distributions
unless RP=NP. Thus, the search for a nontrivial properly PAC learnable family of
regular languages continues. Another theoretical question that remains is how hard
the problem of learning shuffle ideals is, or whether PAC learning a shuffle ideal is

as hard as PAC learning a deterministic finite automaton.
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Chapter 4

Learning a Random DFA from
Uniform Strings and State

Information

Deterministic finite automata (DFAs) have long served as a fundamental compu-
tational model in the study of theoretical computer science, and the problem of
learning a DFA from given input data is a classic topic in computational learning
theory. In this chapter we study the learnability of a random DFA and propose a
computationally efficient algorithm for learning and recovering a random DFA from
uniform input strings and state information in the statistical query model. A random
DFA is uniformly generated: for each state-symbol pair (¢ € Q,0 € ), we choose
a state ¢ € @ with replacement uniformly and independently at random and let
©(q,0) = ¢, where @ is the state space, 3 is the alphabet and ¢ is the transition
function. The given data are string-state pairs (x,q) where z is a string drawn uni-
formly at random and ¢ is the state of the DFA reached on input x starting from

the start state go. After introducing the preliminaries in Section 4.1, we present the
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fast convergence of the random walks on a random DFA in Section 4.2. In addition
to this positive property, a computationally efficient algorithm for learning random
DFAs from uniform input strings in the statistical query model is proposed in Section
4.3, with a set of supporting experimental results.

The content of this chapter appears in [AC15].

4.1 Preliminaries

The Deterministic finite automaton (DFA) is a powerful and widely studied computa-
tional model in computer science. Formally, a DFA is a quintuple A = (Q, ¢, ¥, qo, F)
where () is a finite set of states, X is the finite alphabet, gy € @) is the start state,
F C @ is the set of accepting states, and ¢ is the transition function: @ x ¥ — Q.
Let A be the empty string. Define the extended transition function ¢* : ) x ¥* — @)
by ¢*(¢,A) = q and inductively ¢*(q,z0) = ¢(¢*(¢,x),0) where o € 3 and z € ¥*.
Denote by s = |X| the size of the alphabet and by n = |@| the number of states.
In this chapter we assume s > 2. Let G = (V, E) be the underlying directed multi-
graph of the DFA A (also called an automaton graph). We say a vertex set Vo C V
is closed if for any u € Vi and any v such that (u,v) € E, we must have v € .

A walk on an automaton graph G is a sequence of states (vg, vy, ..., v,) such that
(vi_1,v;) € E for all 1 < i < ¢, where vy is the vertex in G that corresponds to
the start state qo. A random walk on graph G is defined by a transition probability
matrix P with P(u,v) = #{(u,v) € E} - s~! denoting the probability of moving
from vertex u to vertex v, where #{(u,v) € E} is the number of edges from u to v.
For an automaton graph, a random walk always starts from the start state ¢o. In
this chapter random walks on a DFA refer to the random walks on the underlying

automaton graph. A vertex u is aperiodic if ged{t > 1| P*(u,u) > 0} = 1. Graph
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G (or a random walk on G) is irreducible if for every pair of vertices v and v in V
there exists a directed cycle in G containing both u and v, and is aperiodic if every
vertex is aperiodic. A distribution vector ¢ satisfying ¢ P = ¢ is called a Perron
vector of the walk. An irreducible and aperiodic random walk has a unique Perron
vector ¢ and limy_, o, P*(u,-) = ¢ (called the stationary distribution) for any u € V.
In the study of rapidly mixing walks, the convergence rate in Ly distance Ay, (t) =
maxyecy ||P!(u,-) — ¢||2 is often used. A stronger notion in L; distance is measured
by the total variation distance, given by Aqy (t) = 3 maxuey Y per | PH(u, v) — ¢(v)].
Another notion of distance for the measuring convergence rate is the x-square dis-

tance:

Ae(t) = max (Z (P!(u,v) - (m))z);

ueV \ o o(v)
As the Cauchy-Schwarz inequality gives A, (t) < 2Apy(t) < A,2(t), a convergence
upper bound for A,2(t) implies ones for Ay, (t) and Apy ().

Trakhtenbrot and Barzdin [TB73]| first introduced the model of a random DFA
by employing a uniformly generated automaton graph as the underlying graph and
labeling the edges uniformly at random. In words, for each state-symbol pair (¢ €
Q,0 € %), we choose a state ¢ € @) with replacement uniformly and independently

at random and let p(q,0) = ¢

4.2 Random walks on a random DFA

Random walks have proven to be a simple, yet powerful mathematical tool for ex-
tracting information from well connected graphs. Since automaton graphs are long
known to be of strong connectivity with high probability [Gru73], it’s interesting to
explore the possibilities of applying random walks to DFA learning. In this section

we will show that with high probability, a random walk on a random DFA converges
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to the stationary distribution ¢ polynomially fast in y-square distance as stated in

Theorem 4.1.

Theorem 4.1 With probability 1 — o(1), a random walk on a random DFA has
Ae(t) < e after t > 2C(C + 1)sn'*%(logn + k) - log, n, where constant C > 0

depends on s and approaches unity with increasing s.

A standard proof of fast convergence consists of three parts: irreducibility, aperiodic-
ity and convergence rate. Grusho [Gru73] first proved the irreducibility of a random

automaton graph.

Lemma 4.1 [Gru73] With probability 1 —o(1), a random automaton graph G has
a unique strongly connected component, denoted by G' = (V| E), of size f, and a)
lim % = ( for some constant C' > 0.7968 when s > 2 or some C' > 0.999 when

n—-+0o

s> 6; b) V is closed.

A subsequent work by Balle [Ball3] proved the aperiodicity.

Lemma 4.2 [Ball13] With probability 1 — o(1), the strongly connected component

G in Lemma 4.1 is aperiodic.

However, the order of the convergence rate of random walks on a random DFA
was left as an open question. One canonical technique for bounding the convergence
rate of a random walk is to bound the smallest nonzero eigenvalue of the Laplacian
matriz L of the graph G, defined by

O3 PH-3 + O3 PP
2

L=1

where @ is an n x n diagonal matrix with entries ®(u,u) = ¢(u) and P* denotes the

transpose of matrix P. For a random walk P, define the Rayleigh quotient for any
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function f: V — R as follows.

S |f (1) = f(0)PE(w) P (u, v)

R(p) = =, 1/ (0)2(0)

Chung [Chu05] proved the connection between the Rayleigh quotient and the

Laplacian matrix of a random walk.

Lemma 4.3 [Chu05]

_ 2<9£7§>
lg1l3

R(f)
where g = f®2 and (-, -) means the inner product of two vectors.

From this lemma we can further infer the relation between the Rayleigh quotient
and the Laplacian eigenvalues. Suppose the Laplacian matrix £ has eigenvalues

OZAOS)\IS---S/\n—l-

Lemma 4.4 For all 1 < i < n — 1, let vector n; be the unit eigenvector of \; and

vector f; = n;®"2. Then \; = sR(f:) and f; satisfies (f;, ¢) = 0.

Proof By Lemma 4.3 we know %R(f) = <ﬁ§|ig>. From the symmetry of the Laplacian

matrix £, there exists a set of eigenvectors of £ that forms an orthogonal basis.
We denote this set of eigenvectors by ng,71,...,n,-1 where 7, is the eigenvector

corresponding to A;. Notice that for all 0 <i <n — 1 we have

1 1 L, n; Ail|mi 3
Loty = Lomd _ Nl

=\
2

I3 il

We let f; = n;®~2. According to the definition of R(f), we have R(f) > 0. We know
Ao = R(fo) = 0. Thus f is the all-one vector and ny = ¢% is the unit eigenvector of

eigenvalue 0. For all 1 < i < n—1 we have (;,n0) = 0, i.e., (f;®2)-¢2 = (f;, ) = 0.
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Hence, for all 1 <i <n — 1, we have \; = 1 R(f;) where f; satisfies (f;,¢) =0. W

From this we can see that the Rayleigh quotient serves as an important tool for
bounding the Laplacian eigenvalues. A lower bound on R(f;) is equivalent to one
on A;. We present a lower bound on A; in terms of the diameter and the maximum

out-degree of the vertices in the graph.

Lemma 4.5 For a random walk on a strongly connected graph G, let A\ be the
smallest nonzero eigenvalue of its Laplacian matriz L. Denote by Diam the diameter

of graph G and by sg the maximum out-degree of the vertices in the graph. Then

1

A > :
on - Diam - syTPm

Proof Let uy = arg max,cy ¢(z) and vy = arg mingey ¢(z). Let ¢y be the distance
from ug to vg. As ¢P% = ¢, we have ¢(vg) > P (ug,vo)p(ug) > 55 (o) >

5o P (up). We then have 1 = o ¢(2) < no(ug) < nsP@™ ¢(vy) and ¢(vg) >
n g Diam,

From Lemma 4.4 we have \; = %R(fl) and (f1,¢) = 0. As ¢(z) > 0 for any
vertex x € V, there must exist some vertex u with fi(u) > 0 and some vertex v
whose fi(v) < 0. Let y = argmax,cy |fi(z)]. Then there must exist some vertex

z such that fi(y)fi(z) < 0. Let 7" = (y,z1,25...,24_1,2) be the shortest directed

path from y to z, which must exist due to the strong connectivity. Then the length
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of path 7 is £. Therefore,

_ 1 _ 1 Zu—w |f1(u) - fl(U)|2¢(U)P(U, U)
M = S TR Pe)
(due to glel‘l} ¢<$> > nflsaDiam and (ul};}l%IelEP(U,U) > ;)

1 Y lAw) = fi(v)]?
~ 2nsy TP L [ fi(v)Pe(v)

S 1 Susswer | f1(u) = fi(v)]?
~onsg P 3, L) Po(v)

(by letting xy = y and z; = z)
_ 1 Yico (@) = fulmig) P
2nsgtPem 3, | fi(v)Pe(v)
L1 [SEGE) - filwin)
~ 2psptPiem -3 1 fi(v)]2e(v)
_ 1 } Lf1(y) _fl(z)]2
2nsy TP 03, | f1(v) 2o (v)

(for f1(y)f1(2) <0)

V

S 1 ' Lfy)?
= 2n - Diam - sy TP 3, | f1(v)]20(v)
§ S V00
= 2n - Diam - sy TP | fi(y) 22, (v)
B 1
"~ 2n- Diam - siTPlem
which completes the proof. [ |

As a canonical technique, a lower bound on the smallest nonzero eigenvalue of
the Laplacian matrix implies a lower bound on the convergence rate. Chung [Chu05]

proved

Theorem 4.2 A lazy random walk on a strongly connected graph G has convergence
rate of order 2\ (— log min, ¢(u)). Namely, after at mostt > 2X7*((— log min,, ¢(u))

+2k) steps, we have A2(t) < e *.
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In the paper Chung used lazy walks to avoid periodicity. If the graph is irreducible
and aperiodic, we let P = (I + P) be the transition probability matrix of the lazy
random walk and vector gg be its Perron vector, matrix ® be the diagonal matrix of
gg, matrix £ be its Laplacian matrix.

We know ¢ is the solution of ¢P = ¢ or equivalently ¢(I — P) =0 and >; ¢(i) =
1. Similarly, ¢ is the solution of ¢(I — P) = 0 and ¥, ¢(i) = 1. Observe that
I-P=1- t(I+P)=3i(I—P)and oI —P) = %QAS(IP) = 0, which is equivalently

¢(I —P)=0. Thus ¢ = ¢ and ® = ®. Then

L1 (90P3 448 1 Pai)

1711 1 11 1
=1 (®F S+ P) e e (14 ) 83
1/1 1.1+ 1. 1. .1 . 4
=] (21 +-03Pd + ]+ -3 1P*P3

2(2 PR S 2>
_r ! <I+ Lot pot 4 1<I>‘5P"‘<I>5>
—1T) 2 2
_1[ 1(@%P¢—%+¢‘%P*Cb%)
20 4
1
=L
2

Let A\; be the smallest positive eigenvalue of L. Then A\, = 2),. Therefore, combining

this with Lemma 4.5, we have

Theorem 4.3 A random walk on a strongly connected and aperiodic directed graph
G has convergence rate of order 2n - Diam - 3(1)+Dwm(log(nsé)i“m)), where sy =
arg maxycy d,, s the maximum out-degree of a verter in G. Namely, after at most

t > 2n - Diam - 5(1)+Di“m((log(ns(?i“m) + 2k)) steps, we have A2 (t) < e,

Now it remains to achieve a logarithmic upper bound for the diameter Diam.
Fortunately, in our case sy = s and Trakhtenbrot and Barzdin [TB73] proved the

diameter of a random DFA is logarithmic.
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Theorem 4.4 With probability 1 —o(1), the diameter of a random automaton graph

is O(log,n).

With the logarithmic diameter we complete the proof of Theorem 4.1. The con-
stant C' in Theorem 4.1 is the constant used in the proof of Theorem 4.4 by Trakht-
enbrot and Barzdin [TB73]. It depends on s and approaches unity with increasing
S.

Notice that the diameter of an automaton graph won’t increase after state-
merging operations, thus with high probability, a random DFA has at most loga-
rithmic diameter after DFA minimization. It is also easy to see an irreducible DFA
still maintains irreducibility after minimization. In addition, Balle [Ball3] proved

DFA minimization preserves aperiodicity. Now we also have Corollary 4.1.

Corollary 4.1 With probability 1 — o(1), a random walk on a random DFA after
minimization has Az2(t) < e after t > 2C(C + 1)sn'*(logn + k) - log, n, where

constant C' > 0 depends on s and approaches unity with increasing s.

4.3 Reconstructing a random DFA

In this section we present a computationally efficient algorithm for recovering random
DFAs from uniform input strings in the statistical query learning model (described
in Section 3.1) with a theoretical guarantee on the maximum absolute error and

supporting experimental results.

4.3.1 The learning algorithm

In our learning model, the given data are string-state pairs (z, q) where z is a string

drawn uniformly at random from X! and ¢ is the state of the DFA reached on input
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x starting from the start state go. Here t = poly(n, s) is the length of the example
strings. Our goal is to recover the unique irreducible and closed component of the
target DFA from the given data in the statistical query model. The primary con-
straint on our learning model is the need to estimate the distribution of the ending
state, while the advantage is that our algorithm reconstructs the underlying graph
structure of the automaton. Let quintuple A = (Q, ¥, %, qo, F') be the target DFA
we are interested in. We represent the transition function ¢ as a collection of n x n
binary matrices M, indexed by symbols o € X as follows. For each pair of states
(1,7), the element M, (i, 7) is 1 if ¢(i,0) = j and 0 otherwise. For a string of m sym-
bols y = y1y2 . .. Ym, define M, to be the matrix product M, = M,, - M,, ... M,, .
Then M,(i,7) is 1 if ¢*(i,y) = 7 and 0 otherwise.

A uniform input string z € X! corresponds to a random walk of length ¢ on
the states of the DFA A starting from the start state ¢o. By Lemma 4.1 and 4.2,
we can assume the irreducibility and aperiodicity of the random walk. Due to the
uniqueness of the strongly connected component, the walk will finally converge to the
stationary distribution ¢ with any start state qy. For any string y = y1ys . . . Y, We
define the distribution vector p, over the state space () obtained by starting from the
stationary distribution ¢ and inputting string y to the automaton. That is, p, = ¢M,
and py, = ¢. Consequently, each string y € X* and symbol ¢ € ¥ contribute a linear
equation p, M, = p,, where yo is the concatenation of y and . Due to Theorem 4.4,
the diameter of a random DFA is O(log, n) with high probability. The complete set
of ©(log, n)-step walks should have already traversed the whole graph and no new
information can be retrieved after ©(log, n) steps. Hence, we only need to consider
the equation set {p,M, = p,, | y € ROUe:™} for each o € ¥. We further observe
that the equation system {p,M, = p,, | y € 30} has the same solution as

{pyM, = pyo | y € 20U} Let vector z be the i-th column of matrix M,, matrix
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P4 be the 208" x n coefficient matrix whose rows are {p, | y € £} and
vector b be the vector consisting of {p,,(i) | y € L€} The task reduces to
solving the linear equation system P4z = b for z. Let ¢; be the distribution vector
over (Q after ¢ steps of the random walk. As the random walk always starts from the
start state qg, the initial distribution ¢q is a coordinate vector whose entry for ¢q is

1 and the rest are 0, for which

o=l = (5 4 d)“’)f)é < (5 L0~ ¢<v>>2>5

veV ¢(v) ueV \ S o(v)

Theorem 4.1 claims that a polynomially large t, = 2C(C +1)sn'*¢(logn+log %)
log, n is enough to have the random walk converge to p)y = ¢ within any polynomially
small x-square distance 3 with high probability where C' > 0 is the constant in the
theorem. Let ¢ = ¢y + C'log, n, which is still polynomially large. We can estimate
the stationary distribution for a state i by the fraction of examples (x,q) such that
q = 4. In general, for any string y, we can estimate the value of p, for a state i as
the ratio between the number of pairs (z,q) such that y is a suffix of x and ¢ = i
and the number of examples (z, q) where y is a suffix of z.

In the statistical query model we are unable to directly observe the data; in-
stead we are given access to the oracle STAT. Define a conditional statistical query
Xy.i(z,q) = 1{q = i | y is a suffix of 2} where 1 is the boolean indicator function.
It’s easy to see the legitimacy and feasibility of query x,(, q) for any y € 390
because: (1) it is a boolean function mapping an example (z,q) to {0,1}; (2) the
proposition 1{q = i} can be tested in O(1) time; (3) the condition 1{y is a suffix of
x} can be tested within ©(log,n) time; (4) the probability of the condition that
y is a suffix of x is inverse polynomially large s ¥l = s70U°8:") — Q(n=¢) for some

constant C > 0.
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Let p) be the distribution vector over the states after ¢ steps and p, = prM,.
Also denote by vector p, the query result returned by oracle STAT where p,(i) is
the estimate Ey, ;, and by P, and b the estimates for P4 and b respectively from
oracle STAT. We infer the solution z by solving the perturbed linear least squares
problem: min, ||[Paz — b||o. Let 2 be the solution we obtain from this perturbed
problem. According to the main theorem, the distance |[px — pall1 = 2||¢: — @||l7v <
A (t) < 5. Then for any string g, [|p, — Bylleo = (2 =52 Myl < llpa—palls < 3.
If we do the statistical queries with tolerance 7, the maximum additive error will be
1Py — Dylls < 5 for any string y. Thus we have ||p, — pyljoc < 7. To conclude a
theoretical upper bound on the error, we use the following theorem by Bjorck [Bjo91],

which was later refined by Higham [Hig94].

Theorem 4.5 Let z be the optimal solution of least squares problem min, || Mz —b||2
and Z be the optimal solution of min, | Mz —b|y. If |[M — M| 2 wE and |b—b] 2 wf
for some element-wise non-negative matrix E and vector f, where | - | refers to

element-wise absolute value and = means element-wise < comparison, then

12 = Zlloo < w([IMTI(El2] + f)lloo + (M TM)TET Mz = bll|c) + O(w?)
when M has full column rank, or

12 = Zlloe < WIMTI(EIZ] + lloo + (M M) ET|MZ = b[[o0) + O(?)

when M has full column rank, where M is the MoorePenrose pseudoinverse of matrix

M.

Applying Theorem 4.5 to our case gives an upper bound on the maximum absolute

error.
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Corollary 4.2 If P4 has full rank with high probability,

(1+¢)logns

Pl + O(72
Tog log 13 I1PA]l|ce™ + O(77)

Iz = 2]l <

with probability 1 — o(1) for any constant € > 0.

Proof First in our case the offset |P4z —b] = 0 and w = 7. Matrix E is the all-
one matrix and vector f is the all-one vector. As a consequence, ||f|l.c = 1 and
|E|z||lsc = ||2]l1- Now it remains to prove with high probability ||z||; < %ﬁ%
for all columns in all M,,o € ¥.

Let 0 be the largest 1-norm of the columns in M,. According to the properties of
a random DFA, the probability of § > n is 0 and P(§ = n) < n-n~" is exponentially

small. For any k < n,

P(6 > k) < n - P(a particular column has 1-norm at least k)

1 k
< o (O ety < () e )

\l n3s? . eﬁ(n)"
2mk(n — k)s2  (nk)k(n — k)n—Fk

IA

. elog ns+nlogn—klogk—(n—k)log(n—k)—klog n+ ﬁ

IN
®w | =

We only need to choose a k such that the exponent goes to —oo, which is equal to

k 1
logns—l—k<1—n>log 1——) —klogk+ —
k n 12n

If & > n then P(6 > k) is exponentially small as discussed above. Otherwise

we have (1 - %) log (1 - %) < 1 in our case. Also notice that ﬁ < 1. Let k =
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(te)logns M, expression is upper bounded by

loglogns
1Ogn8+(1+5)logns_(1+€)logns (1+5)logns+1
log log ns log log ns log log ns
1 1
=logns + w(l —log(1 +¢) — loglog ns + loglog logns) + 1
log logns
1 —log(1 log log1
= —clogns + og( +€)+ 0806 08 115 (1+¢e)logns+1
log log ns log log ns

With respect to n and s, the expression goes to —oo. There are in total s matrices
{M, | 0 € £}. Using a union bound we have ||z||; < % for all columns in all
M, with probability 1 — o(1), and plugging this upper bound into the conclusion of
Theorem 4.5 completes the proof. [ |

log log ns

This further implies that if we set the tolerance 7 = , the solution

3| P}lloc log ns
error ||z — Z||s < 3 with high probability. Based on the prior knowledge we have for
z, we could refine Z by rounding up z to a binary vector z, i.e., for each 1 <1 < n,
Z(i) = 1if 2(i) > 4 and 0 otherwise, whereby we will have Z(q) = z(q) for any state
q in the strongly connected component.

Our algorithm only recovers the strongly connected component A of a random
DFA A because it relies on the convergence of the random walk and any state
g ¢ A will have zero probability after convergence. We have no information for
reconstructing the disconnected part. In the positive direction, due to Lemma
4.1, with high probability we are able to recover at least 79.68% of the DFA for
any s > 2 and at least 99.9% of the whole automaton if s > 6. Because A is
unique and closed, it is also a well defined DFA. In Section 4.2 we have proved
mingeq{pa(q) | pr(q) > 0} > n=ts~Pim = p=C for some constant C' > 0 with high

probability. This means we have a polynomially large gap so that we are able to

distinguish the recurrent states from the transient ones by making a query to esti-
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mate py(q) for each state ¢ € Q. In our result |||P}|||s is regarded as a parameter.
It might be possible to improve the result by polynomially bounding H|Pj1\ ||oo With
other given parameters n and s using random matrix theory techniques. The full-
rank assumption is reasonable because a random matrix is usually well conditioned
and full-rank. From the empirical results in Section 4.3.2, the coefficient matrix Px
is almost surely full-rank and |||P}|||s is conjecturally < nslogs. Furthermore, ac-
cording to Corollary 4.1, our algorithm is also applicable to learning a random DFA

after minimization.

A toy example

The following toy example is to demonstrate how the algorithm works. Suppose we

consider the alphabet {0, 1} and a 3-state DFA with the following transition matrices.

For this automaton, the stationary distribution p, is (1/3,4/9,2/9). Since [log,n| =
[log, 3] = 2, the algorithm recovers the first column of matrix My, denoted by

z = (My(1,1), Mg(2,1), My(3,1))7, by solving the overdetermined equation system

Poo - 2 = pooo(1) $Mo(1,1) + 2Mp(2,1) + 0Mo(3,1) = 2
Po1 - 2 = poro(1) o 0Mo(1,1) + 2Mo(2,1) 4+ 5 Mo(3,1) =1
po-z=pooD) | 1Mo(1,1) 4 0My(2, 1) + 0Mp(3,1) = 0
P11 2 = prio(1) 0Mo(1,1) + §Mo(2,1) + 2Mp(3,1) =1

Similarly the algorithm recovers all columns in M, and M; and reconstructs
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Figure 4.1: |||P}|||o versus n with fixed s = 2

the target automaton. Note that in the statistical query model the above equation

system is perturbed but we showed the algorithm is robust to statistical query noise.

4.3.2 Experiments and empirical results

In this section we present a series of experimental results to study the empirical
performance of the learning algorithm, which was run in MATLAB on a workstation
built with Intel i5-2500 3.30GHz CPU and 8 GB memory. To be more robust against
fluctuation from randomness, each test was run for 20 times and the medians were
taken. The automata are generated uniformly at random as defined and the algo-
rithm solves the equation system {p,M, = p,, | y € L5871} using the built-in
linear least squares function in MATLAB. We simulate the statistical query oracle
with uniform additive noise.

The experiments start with an empirical estimate for the norm ||| P}|||s. We first
vary the automaton size n from 32 to 4300 with fixed alphabet size s = 2. Figure
4.1 shows the curve of ||| P}l versus n with fixed s. Notice that the threshold phe-

nomenon in the plot comes from the ceiling operation in the algorithm configuration.
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Figure 4.2: |||P}||c versus s with fixed n = 256

When n is much smaller than the threshold s/'°8:"! the system is overdetermined
with many extra equations. Thus it is robust to perturbation and well-conditioned.
When n approaches the threshold s8I the system has fewer extra equations and
becomes relatively more sensitive to perturbations, for which the condition number
increases until the automaton size reaches n = s° of the next integer i. One can
avoid this threshold phenomenon by making the size of the equation system grow
smoothly as n increases. We then fix n to be 256 and vary s from 2 to 75, as shown
in Figure 4.2. Similarly there is the threshold phenomenon resulting from the ceiling
strategy. All peaks where n = s’ are included and plotted. Meanwhile the rank of
P, is measured to support the full-rank assumption. Matrix P, is almost surely full-

rank for large n or s and both figures suggest an upper bound nslog s for ||| P}/ -

log log ns

We set the query tolerance 7 as —2>52=—
nslognslogy s

in the algorithm and measure the max-
imum absolute error ||z — Z||« at each run. Figures 4.3 and 4.4 demonstrate the

experimental results. Along with the error curve in each figure a function is plotted

to approximate the asymptotic behavior of the error. An empirical error bound is

O(n%3) with fixed s and O(s™%3) with fixed n.
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Figure 4.3: Maximum absolute error versus n with fixed s = 2

4.4 Discussion

In this chapter we prove fast convergence of random walks on a random DFA and
apply this theoretical result to learning a random DFA in the statistical query model.
One potential future work is to validate the full-rank assumption or to polynomially
bound ||| P} ||| using the power of random matrix theory. Note that ||| P}]||. reflects
the asymmetry of the automaton graph. The class of permutation automata [Thi68]
is one example that has symmetric graph structure and degenerate P,. Another
technical question on the fast convergence result is whether it can be generalized to
weighted random walks on random DFAs. An immediate benefit from this gener-
alization is the release from the requirement of uniform input strings in the DFA
learning algorithm. However, we conjecture such generalization requires a polyno-
mial lower bound on the edge weights in the graph, to avoid exponentially small
nonzero elements in the walk matrix P. A further generalization is applying this
algorithm to learning random probabilistic finite automata. In this case we will

have a similar linear equation system, but the solution vector z is continuous, not

138



Maximum absolute error (n=256)

0.07 T T T
N

006 |
— I\ .
<] | O maximum absolute error
o 005 | 1
O \ e —y=(s|ogzn)
[}
L \
= A
S 004
2] \
2z \
= \
£ 003 E
£ A
% 002 A
g A

A,
A&&
0.01 Aa,
o 0 AAAAAAA ——
I e Y Y
0 o] oood, 2 A & & S . &
0 10 20 30 40 50 60 70
Size of alphabet

Figure 4.4: Maximum absolute error versus s with fixed n = 256

necessarily a binary vector.
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Chapter 5

Learning Random Regular Graphs

The family of random regular graphs is a classic topic in the realms of graph theory,
combinatorics and computer science. In this chapter we study the problem of learning
random regular graphs from random paths. A random regular graph is generated
uniformly at random and in a standard label-guided graph exploration setting, the
edges incident from a node in the graph have distinct local labels. The input data to
the statistical query oracle are path-vertex pairs (x,v) where z is a random uniform
path (a random sequence of edge labels) and v is the vertex of the graph reached on
the path z starting from a particular start vertex vy. In Section 5.2 we present our
main theorem on the fast convergence of random walks on random regular graphs. In
addition to the theoretical results, we generalize our learning algorithm in Chapter 4
to learning random regular graphs from uniform paths in the statistical query model,
in Section 5.3, with a group of experimental results. In Section 5.4 we discuss other
applications and potential future work in computer science and machine learning.

The content of this chapter appears in [Chel5].
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5.1 Overview

Random walks on graphs have long served as a fundamental topic in the study of
Markov chains and also as an important tool in machine learning research. On
the other hand, regular graphs are widely studied in computer science for their
important role in computational graph models and their applications. Because strong
properties usually don’t hold for all regular graphs, it is natural to ask whether we
can pursue positive results for “almost all” regular graphs. This is addressed by
studying high-probability properties of uniformly generated random regular graphs.
In recent decades random regular graphs have gathered more and more attention
in computer science, combinatorics and graph theory. Nevertheless, the study of
random walks on random regular graphs is relatively limited. This chapter aims to
fill this gap with a comprehensive study of the varieties of random regular graphs
listed in Table 5.1. Detailed definitions of the random graph models are provided
in Section 5.2.1. The notation in Table 5.1 will be used throughout this chapter.
Our main contributions are the positive results on the fast convergence of random
walks on random regular graphs, which fill the gap in the research on random regular
graphs. With these positive theoretical results, we are able to generalize our learning
algorithm in Chapter 4 to learning random regular graphs (i.e., almost all regular
graphs) from random paths in the statistical query model.

Random out-regular multigraphs (RMG™(s)) are the most well-studied among
the family of random regular graphs, mainly because the freedom and independence
of the edge selections makes the analysis simple and direct. This is also due to the
important role of deterministic finite automaton (DFA) in computer science, as the
underlying automaton graph of a random DFA is exactly a RMG™(s) [Gru73, TB73,

AC15]. In the context of DFA learning, we have proved the fast convergence of
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Random regular graph model Notation
Random out-regular multigraph RMGT(s)
Random out-regular simple graph RSG™(s)
Random in-regular multigraph RMG~(s)
Random in-regular simple graph RSG~(s)
Random s-in s-out multigraph RMG*(s)
Random s-in s-out simple graph RSG*(s)
Random regular digraph RDG(s)
Random regular undirected graph RG(s)

Table 5.1: Random regular graphs with fixed degree s

random walks on a RMG™(s) in Chapter 4. In this chapter, we first start with the
slightly more restricted model, the random out-regular simple graphs (RSG*(s)),
with less freedom and independence of the edges. Simple graphs are more natural
in real-world applications like citation graphs and k-nearest neighbor graphs where
self-loops and parallel edges are not allowed. We prove random walks on a RSG™(s)
converge to the stationary distribution polynomially fast with probability 1 — o(1).
Based on the proofs for out-regular models, we then show similar properties for in-
regular models. In-regular graphs are less popular and of limited interest in practice
but their properties are helpful in studying the random s-in s-out graph models,
first introduced by Fenner and Frieze [FF82], which can be viewed as the sum of a
random out-regular graph and a random in-regular graph.

After that we study the two classes of regular graphs in usual sense: regular di-
graphs and regular undirected graphs. They are the most restricted graphs among
these models but very widely studied in the literature. A random undirected sparse
(i.e., s = O(1)) regular multigraph is known to be an expander graph with high prob-

ability. It is well known that expander graphs have well-bounded Laplacian eigenval-
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ues. In this chapter RDG(s) and RG(s) are simple, not necessarily sparse graphs. In
addition, polynomially bounding the Laplacian eigenvalues for RDG(s) and RG(s) is
not hard and doesn’t involve any randomness (including nonsparse cases, see Section
5.2.5 for detailed formal proofs), but bounding Laplacian eigenvalues is not sufficient
for fast convergence. Most of our effort is spent on the aperiodicity, where the ran-
domness in the models is formally dealt with. This is the major difficulty in our
proof and requires a substantial amount of work. To the best of our knowledge, no
work has been done on the ergodicity and convergence rate of the random walks
on RDC(s) and previous results for RG(s) require s = [log”n| for some constant
C > 2, where n is the number of vertices in the graph. We present a complete proof
for fast convergence of random walks on RDG(s) for s > 2 and random walks on

RG(s) for s > 3 if n is odd and for 3 < s = o(y/n) or s > 3n if n is even.

5.2 Random walks on random regular graphs

In this section, we describe our main theoretical result. Concepts and notation
used throughout this chapter are described in Section 5.2.1. The main theorem is

presented in Section 5.2.2, followed by the proof.

5.2.1 Preliminaries

A graph is a tuple G = (V, E'), where V is a (finite) set whose elements are called ver-
tices and E is a (finite) multiset of ordered pairs of V' called edges. We denote by n =
|V|. A graph is undirected if the vertex pairs in E are unordered, and is simple if it has
no self-loops or parallel edges. If vertex v is reachable from another vertex u, the dis-
tance d(u,v) from u to v is the minimum length of a path from u to v and d(u,u) = 0.

The diameter of a graph is max{d(u,v) | v = u or v is reachable from u}. A graph
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G is (cyclically) h-partite if V' can be partitioned into h subsets, Vg, V1,..., V1, in
such a way that all edges from V; go to V(i41) mod n. We say a vertex set Vy C V is
closed if for any u € V; and any v such that (u,v) € E, we must have v € V5. A
component Vi C V' is isolated if for any u € V; and any v such that (u,v) € E or
(v,u) € E, we must have v € V4.

In an undirected graph, the degree of a vertex u is the number of edges incident
to w. An undirected graph is regular if every vertex has the same degree. In a
digraph, for a directed edge (u,v) in E, we say that vertex u has an out-neighbor v

and vertex v has an in-neighbor u. The number of edges incident to a vertex w is

u

the in-degree of u, denoted by d,, and the number of edges incident from w is its
out-degree, denoted by d. Unless otherwise stated, by default a neighbor refers to
an out-neighbor and the degree of a vertex u denoted by d, means its out-degree.
A graph G is out-regular if d, = s for all w € V; and is in-regular if d; = s for all
u € V. A digraph is regular if it is both in-regular and out-regular.

A walk on a graph G is a sequence of vertices (v, v1,. .., vy) such that (v;_1,v;) €
E for all 1 < ¢ < 0. A random walk on a graph G is defined by a transition
probability matrix P with P(u,v) = #{(u,v) € E} - d;' denoting the probability
of moving from vertex u to vertex v, where #{(u,v) € E} is the number of edges
from u to v in the graph. A vertex (or equivalently a state of a random walk)
u is aperiodic if ged{t > 1 | P'(u,u) > 0} = 1. A graph G (or a random walk
on @) is irreducible if for every uw and v in V' there exist a directed cycle in G
containing v and v, and is aperiodic if every vertex is aperiodic. A distribution
vector ¢ satisfying ¢ P = ¢ is called a Perron vector of the walk. An irreducible and
aperiodic random walk has a unique Perron vector ¢ and lim;, o, P*(u,-) = ¢ (called
the stationary distribution) for any u € V. In the study of rapidly mixing walks, the

convergence rate in the Lo distance Ay, () = max,cy || P! (u, -) — ¢||2 is often used. A
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stronger notion in L distance is measured by the total variation distance, given by
Ary(t) = 2 maxyey Yyey [PH(u, v) — ¢(v)]. Another notion of distance for measuring

convergence rate is the y-square distance:

As the Cauchy-Schwarz inequality gives Ay, (t) < 2Apy(t) < A,2(t), a convergence
upper bound for A 2(t) also bounds Ay, (t) and Apy (2).

In this chapter we study the random graph models listed in Table 5.1. For each
model, an instance is drawn uniformly at random from the instance space of the
model. A random s-in s-out graph is generated as the sum of a random in-regular
graph and a random out-regular graph [FF82]. A RDG(s) has no parallel edges but

allows self-loops. A RG(s) is simple.

5.2.2 The main theorem

We prove positive results on the ergodicity and convergence rate of random walks on

random regular graphs, as stated in the following theorem.

Theorem 5.1 With probability 1 — o(1), a random walk on a random regular graph

has A,2(t) < e % after t > tq steps, where

1. for RMG*(s) and RSG* (s): to = 2C(C + 1)sn'*%(logn + k) - log, n for some

constant C' > 0 when s > 2;
2. for RDG(s): to = 2s(n — 1)(logn + 2k) when s > 2;

3. for RG(s): to = s(n—1)(logn+2k) when s > 3 ifn is odd; when 3 < s = o(y/n)

1, opo s .
or s > 5n if n is even,
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4. for RMG~(s) and RSG~(s): to = 20(C +1)s“n'*%(logn + k) - log, n for some

constant C > 0 when the walk is restricted to the unique irreducible component

1/¢’
and there exists a constant C' > 1 such that s = ) ({ log n } / )

loglogn

5. for RMG*(s) and RSG*=(s): to = 2C(C + 1)s“n'*C(logn + k) - log,n for

some constant C' > 0 when there exists a constant C' > 1 such that s =
logn /¢
Q <[loglogn} )

The constraints on s in the theorem are optimal. The low connectivity of 1-

regular graphs makes them of little interest so we need the degree s to be at least
2. In the undirected case we have s > 3 because when s = 2 a connected 2-regular
undirected graph (or component) can only be a simple cycle. That is, a RG(2) must
be a set of isolated simple cycle(s). This not only breaks the irreducibility, but also
violates the aperiodicity of the graph. The other constraint s = o(y/n) for even n
comes from the study of enumeration of RG(s). In the cases (4) and (5), a lower
bound on s is needed because small in-degree s brings us large maximum out-degree
(with respect to s). Unlike other models, the irreducible component in the in-regular
cases in the theorem is not necessarily closed, and the fast convergence property only

holds when the walk is restricted to the unique irreducible component.

5.2.3 Fast convergence on RMG™ and RSG™

In Chapter 4 we have proved that random walks on a random DFA converge polyno-
mially fast. Because the underlying graph of a random DFA is exactly a RMG™(s),
the RMG™(s) case in the main theorem is established immediately by the work in
Chapter 4.

A standard proof of fast convergence consists of three parts: irreducibility, ape-

riodicity and polynomial convergence rate. The irreducibility of RSG™(s) is built on
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that of RMG™ (s), thanks to the similarities they share. A RSG™(s) can be generated
from a RMG™(s) using a two-stage procedure. Stage 1: generate a RMG™(s). Stage
2: for each vertex in the graph, check whether all its s neighbors are distinct nodes
that are not itself. If not, keep choosing neighbors from V' uniformly at random until
it has exactly s distinct neighbors excluding itself. Finally, remove self-loops and
merge parallel edges to simple edges. By this method a RSG™(s) can be viewed as
a RMG™(s) adding more edges after removing self-loops and merging parallel edges.
Together with the fact that a RMG™(s) has a large closed and strongly connected
component (Lemma 5.1), we achieve the irreducibility of RSG*(s) (Lemma 5.2).
Denote by pp(72) the probability of existence of an h-partite component which
consists of 7 vertices in a RSGT(s). Let G = (V, E) where |[V| = i be one such
component. Note that G is h-partite if and only if V can be partitioned into h disjoint
subsets Vy, Vi,..., Via_1 such that all edges from V; go to \7(i+1) mod h- Algebra and

combinatorics bounds give us that pp(n) is at most

WG (el ) G

We further show that pp,(n) is exponentially small for any n > 0.79n and any h > 2 so

that the probability of periodicity < Y7_ 79,1 Snes Pr(7) goes to 0 when n — 400
(Lemma 5.3).

The proof of the polynomial convergence rate is mainly done by showing that a
RSG™(s) has logarithmic diameter (of order ©(log, n)) with high probability. To do
so, we generate a RSG™(s) in a “level-wise” order. Initially we pick a start vertex
ug € V and let level 0 be the set {ug}. Then inductively, for each vertex wu; in level i,
we choose its s neighbors from {V \ u;} uniformly at random without replacement.

All the new chosen vertices form level 7 4+ 1. This spanning procedure halts when no
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new vertex is chosen as a neighbor of the boundary so the next level is empty. We
call the set of vertices in all levels < i the ball 7. The final step is for each vertex not
in the ball, uniformly choosing s distinct vertices as its neighbors. To accomplish
the proof, we divide the above spanning procedure into six stages (see the proof of
Theorem 5.2 for details). We show that the size of the spanning ball keeps increasing
in the first 3 stages while the boundary of the ball starts shrinking in Stage 4 and
finally the spanning procedure halts with an empty new level. The number of levels
constructed in all stages is logarithmic, and so is the diameter of the graph.

Now we present the formal proof below.

Irreducibility

Since RMG™(s) and RSG™(s) share many similarities, we can achieve the irreducibil-

ity of RSG™(s) based on that of RMG™(s).

Lemma 5.1 [Gru73] With probability 1 — o(1), a RMG™ (s) has a unique strongly

connected component, denote by G = (V,E), of size n, and a) limn_,+oo% = C for

some constant C' > 0.7968 when s > 2 or some C > 0.999 when s > 7; b) V s

closed.
The irreducibility of RSGT(s) is proved in the following lemma.

Lemma 5.2 With probability 1 — o(1), a RSG" (s) has a unique closed and strongly
connected component, denoted by G = (V,E), of size n when n — 400, and

limn_>+oo% > C' for some constant C > 0.7968 when s > 2 or some C > 0.999

when s > 7.

Proof Recall that the only difference between RSG™(s) from RMG™(s) is that the

s neighbors of each vertex are chosen without replacement so no self-loops or parallel
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edges are allowed. We can consider the following two-stage procedure to generate a
RSG™(s) from a RMG™(s). Stage 1: generate a RMG™(s). Stage 2: for each vertex
in the graph, check whether all its s neighbors are distinct nodes that are not itself.
If not, keep choosing neighbors from V' uniformly at random until it has exactly
s distinct neighbors excluding itself. Finally, remove self-loops and merge parallel
edges to simple edges. Because for every vertex u € V, each v € V'\ {u} will become
one of the s neighbors of u with equal probability, the result of this procedure is a
uniformly generated RSG™(s).

Thus a RMG™(s) can be viewed as a RMG™(s) adding more edges after remov-
ing self-loops and merging parallel edges. This means the simple graph model has
connectivity at least as good as the multigraph model. The size of the strongly con-
nected component will only increase. After Stage 1 we have a RMG™(s), denoted
by G; = (V, Ey) and let f/l C V be the closed strongly connected component of Gy
stated in Lemma 5.1. To show the irreducible component in a RSG™(s) is also closed,
note that for any v ¢ Vi, there must exist at least one path from v to Vi. Otherwise
there will be another strongly connected component in G;, which contradicts Lemma
5.1. Thus in Stage 2, every time we add an edge from V; to some u o4 Vi, there must
be some directed path(s) from u heading back to the irreducible component. All the
vertices on this(these) path(s) are now strongly connected with V; and become new
members of the irreducible component. Therefore, the irreducible component in the

final simple graph will also be closed. [

Aperiodicity

Lemma 5.3 With probability 1 — o(1), G in Lemma 5.2 is aperiodic.
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Proof Let p,(n) be the probability of existence of an h-partite component of size n
in a RSG™(s). The proof is completed by showing pj,(7) goes to 0 exponentially fast
when n — 400 for any 7 > 0.79n and h > 2 so that combining with Lemma 5.2 the
probability of periodicity is < 320 79,1 Yhes Pr(72) and goes to 0 when n — 4-o00.
Let G = (V, E) be a fixed component of size 7 in the graph. G is h-partite if V/
can be partitioned into h subsets, Vy, Vi, ..., Vi_1, such that all edges from V; go to

V(i+1) mod n- The number of such partitions is at most h™. The probability of forming

a particular partition Vp, Vi, ..., Vj,_q is
v Vil 1 (15 AN Vil
hl:f <|V(z+1)S mod h|> B hl:[l Hj:(l) <|V(z'+1) od h| _ ]>
i=0 (”;1) i=0 }Z(l)(” —1-7)
- Vil
h—1 [s—1 |V |
(i+1) mod h
i=0 \j=0
_ = s|V;
:h ! "/(H»l) modh’ Vi
=0 n—1

()

< (i)

This is because the product H?:_(]l xfgﬂ) mod he given x; > 0 and Y05 x; = n, is

>

maximized for x; = n/h,i =0...h — 1. Thus
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_n_
n—1

2n
When n = n, as limn_,+oo( ) = €%, apparently p,(n) goes to 0 exponentially
fast.
When 0.79n < n < n, we have

<)) (2)

Note that function f(z) = (1 —z)*!- (%)m < 0.7 for all 0.79 < x < 1. Hence, the

probability pp(n) is exponentially small, which completes the proof. [ |

Fast convergence
Based on Theorem 4.3, to accomplish the fast convergence of random walk on a
RSG™(s), we prove the diameter of a RSG™(s) is logarithmic with high probability.

Theorem 5.2 With probability 1 — o(1), the diameter of a RSG" (s) is ©(log,n).

Proof The logarithmic lower bound is easy to prove. For a particular vertex u € V/,
denote by S;(u) the set of vertices in G such that for any v € S;(u) the distance from
u to v is 1. We know Sp(u) = {u} and n = 315 |Si(u)|. According to the definition

of diameter, |S;(u)| = 0 for all i« > Diam. Also notice that |.S;1(u)| < s|S;(u)|, for

151



which we have
SDiam+1 -1

n<l4+s+s+... 4 sPam=
s—1
After some algebra, Diam > log,(n(s — 1)+ 1) — 1 > log,(n(s — 1)) — 1 = log,n +
logs(s —1) =1 > log,n — 1 due to log,(s — 1) > 0 for all s > 2. Hence, we have
Diam = Q(log,n). This lower bound holds for RMG™(s) as well.

However, the proof of the upper bound is lengthy. It is well known that a
RMG™(s) has logarithmic diameter with high probability [TB73]. Although the
proof for RMGT™(s) doesn’t work for RSGT(s) due to the dependence between its
edge selections, our proof follows the framework of their proof.

Assume that we generate a RSG™(s) in a “level-wise” order. We pick a vertex
ug € V and let level 0 be the set {up}. Then choose its s neighbors from V' \ {ug}
uniformly at random without replacement. All the neighbors of uy form level 1.
Inductively, for each vertex in level i—1 we choose its s neighbors uniformly excluding
itself without replacement. All the new chosen vertices form level i. We call the set
of vertices in level < i the ball i. By intuition, level 7 is the set of vertices to which
the distance from wg is 7 and ball 7 consists of all vertices to which the distance from
up is at most 7. Obviously level ¢ is the boundary of ball . The spanning procedure
halts when no new vertex is chosen as a neighbor of the boundary so the next level
is empty. To completely generate a RSG™(s), the final step is for each vertex not in
the ball, uniformly choosing s distinct vertices as its neighbors. Let L; be the size
of level ¢ and B; be the size of ball . At any time, we say a vertex is occupied if it
has non-zero in-degree and unoccupied otherwise. During this process, determining
a vertex refers to choosing its s neighbors.

In short, to accomplish the proof, we divide the above spanning procedure into

six stages:
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Stage 1 starts from the very beginning and ends at level ¢; once B, > ne.

Stage 2 begins immediately after Stage 1 and ends at level {5 once By, > 7.

Stage 3 begins immediately after Stage 2 and ends at level /5 once By, >
(1—-2"%)n.

Stage 4 begins immediately after Stage 3 and ends at level ¢4 once Ly, < (log, n)2.

Stage 5 begins immediately after Stage 4 and ends at level {5 once Ly, < 120log, n.

Stage 6 begins immediately after Stage 5 and ends at level {5 once Ly 1 = 0.
The spanning procedure halts.

Letting ¢g be 0 and ¢, = ¢; — {;_1, 1 < i < 6 be the number of new levels created

in Stage i, we complete the proof by showing %, #/ = O(log, n).

i=1%i

Now we start moving to the details. First we notice that the above level-wise
procedure can also be used to generate a RMG™ (s) if we choose neighbors of a vertex
with replacement and allow self-loops. To distinguish between the multi-graph case
and the simple graph case, let L; be the size of level i and B; be the size of ball
¢ in the multi-graph case so that we can make use of some partial results in the
multi-graph case proved by Trakhtenbrot and Barzdin.

Consider a sequence of N Bernoulli trials with probability p for success and
1 — p for failure. Let X(N,p) denote the random variable defined as the number

of successful outcomes in this sequence. Trakhtenbrot and Barzdin proved that for

any p > 0, any natural number N and any pN < k < N, P(X(N,p) > k) <
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N - [k/(pN)]BTPN=R)/2 Tt’s easy to see the following facts:

P<X (mﬁ__f) = k) =F (X (ms’ ((2111))_—((2}—_11))> = ’“)
<P(Liy1 <k|Li,=mAB; =w)

“p (X <m5) (n— 1271—_(1;)—_1(8—_(17)15 - 1)> < k:)

n—w—m3>

<k

<P (X <ms, <
n

and

P<X<m57n_w) Sk) SP(Ei+1§k|Ei:m/\.§i:w)
n
<P<X<ms,n_w_m8> §k‘>
n

Imagine we choose the edges one by one in the above described level-wise order.
Assuming the number of occupied nodes is ¢ at the moment when we are choosing

the i-th edge of vertex v, then the probability of choosing an unoccupied vertex as

the destination (so that we have a new member of the next level) is % =

2=t ynder the simple graph model and is always

n—

2=t under the multi-graph model.

Therefore, under the same configuration, we will always have higher probability to
choose an unoccupied vertex under the simple graph model than under the multi-

graph model. We can easily conclude:

P(Lisy <k|Li=mAB;=w)<P(Li1 <k|Li=mAB; =w)

Similarly, imagine we determine the vertices one by one in the above described level-
wise order and let B(r) be the number of occupied vertices exactly after we have
determined r vertices. Denote by E(r) the corresponding quantity in the multi-graph

case. From our analysis above it’s easy to see P(B(r) > k) > P(B(r) > k) for any

r > 1. Below we will go through the six stages and show the number of new levels
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constructed is small in every stage.

Stage 1: For any level i < [tlog,n] — 1, we have B,y < Z;:é s o< g2 <

s2ns. Thus the probability that an edge created on level ¢ will point to an occupied

vertex is less than % < s2n76. This means that the probability that more
than one edge on the first [% log,n] — 1 levels will point to an occupied vertex is
less than Z;‘?:Q b(j,k,p) where k is the maximal possible number of edges on the
first f% log,n] — 1 levels, p = s2n~% and b(j, k,p) is the probability of j successful
outcomes and k — j failures in &£ Bernoulli trials with probability p for success.
Obviously, k < $3n5. Trakhtenbrot and Barzdin proved that for sufficiently large n,
bob(j, k,p) < n"r.
Hence, when n — 400, with probability more than 1 — n=7, 0 < [% log,n| and

Le, > (s —1)ns /s > ns /2.

1

Stage 2: Trakhtenbrot and Barzdin proved that when Ez‘—1 > n%/ 2 and Ei_l <

n/st,

~ 2 ~ ~ ~
P (LZ Z (1 — S—Z ) SLifl ’ Lifl, B7,1> >1— niC
S

for any fixed C' and sufficiently large n. We then have that when L, ; > ns /2 and

B 1< 7’L/S4,
2
P (Li > <1 — s;) sLi—y | Li—y, Bi—l)
~ 2 ~ ~ ~
>P (Li > (1 — S:_ ) sLi—1 | Li-i = Li_y,Bi_y = Bil)
>1—n"°

Z/
for any fixed C' > 1 and sufficiently large n. Thus, with probability > (1 — n*C> ’>

(1 — n’c)n > 1 —n!=%, all the levels constructed at Stage 2 have growth factor at
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o0l

least s(1 — (s + 2)/s%). With probability > (1 — n_§> (1 — n1*C> >1—-n"s,

1
" 1+ log,(1— (s +2)/s%)

62 < 1Og(1_(s+2)/54)5n logsn

and By, > n/s* and for any i < by, B; > (1 — (s +2)/s%) s)".

Stage 3: Trakhtenbrot and Barzdin proved that for sufficiently large n,
(1-2-m
11 P(B(r)2r+6’sn>>1—n_c

r=n/s®

for a constant C' > 0 and another constant C only depending on s. We then know

(1-2=%)n (1-2=m
II PBr) >r+Cn)> ]] P(B(T) 27"+Csn) >1-n"°
’I":T'L/S5 T‘:n/55

for a constant C' > 0 and another constant C only depending on s. This means that

all the levels constructed at Stage 3 have at least Cyn vertices with high probability.

Formally, when n — +o00, with probability greater than 1 —n=¢, /4 < Tm = C%

So far, after Stage 3, there are only n/2° unoccupied vertices in the graph. If
no < C'nlogyn _

s > logyn — logy(C'log,n) for some constant C" > 0, we have g -

O(log,n). That is, the number of unoccupied vertices is O(log, n). No matter what
will happen in Stage 4 to 6, in the worst case, the diameter of the graph will be at
most ¢} + 0, + 4 + O(log,n) = O(log, n) and we are done.

However, if s < log, n — log,(C"log, n), we have to move on to the later stages.
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Stage 4: We prove the boundary of the spanning ball starts shrinking in Stage 4.

1.5 — B,;_ 1.5
P (Li < Q—fLi_l | Li—laBi—l) >P <X (SLi—la t 1) < SLZ‘—1>

n—s 28
1.5
>P| X |sL i, n < SLz'—l
(n—s)28 28
n 1.5s
=1-P|X|sL;_1, > L;_
< <S ! (n— 3)25> 28 !

21—sLH~<n S~1.5)( (55 )

n
Because s < logyn — logy(C’log,n) and L;_; > (logyn)?, it follows that when n —
+00, the above probability is at least 1 — n~ for some constant C' > 1. Formally,

with probability at least (1 — n*C)n > 1 —n'=% all the levels constructed at Stage

1.5s
25

4 have growth factor at most and

log, s

—1
s — logy(1.55) 08s T

Kﬁl < long/(llg)s) n =

Stage 5: We show the growth factor at this stage is at most 2/3. Using the fact
that s > 2, L;_1 > 120log, n and s < log, n — log,(C"log, n), for sufficiently large n,
2 n 2
PlL;<-L;1|Li1,Bi1)>1-P (X |sL,_1,——— | >-L;_
( =37 [ Lica 1) ( (8 Yin— 5)25> 3 1)

>1—sL (n —s)25*! (ﬁ—%ﬁwwg
oL, L (\nTs)e
B o 3ns
1 .
> 1 — SLZ—]_ . 21_%[/1,1
> 1 —sL; -2\ 4len

>1—-—n"3

This implies that all levels constructed at Stage 5 have growth at most 2/3 and

n

lp < log%(log2 n)? < (4log, s) log, log, n with probability greater than (1 —n=3)" >
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1—n"2.

Stage 6: We construct a logarithmic upper bound for the number of new vertices

occupied at Stage 6. For some constant C' > 0,

Ol
P (Beﬁ — By, > Og2”>

S

C'log,n

S

C1
| Lioy = 120logyn + OgQ",Bi_1>
S

Clog2n>

S

n
<P (X (1203 log, n + C'log,y n, (= 5)28> >

C(n — 5)2° ) ((120s+C)275—< ) logy v/n+3

<(12 1 N
<(120s + C) logy n <n3(1203+0)

(12054 O logy - 2641980 w8y (120540022~ gy i (s, 552

Simple algebra gives

<s+log2 C(n—s) ) (1205—}—0_0)
ns(120s + C) 2s s
o4 1205—|—C’10g C(n—s) —glog C(n—s) N 120s% + C's
23 ns(120s +C) s 2 ns(120s + C) 28

For any s < log, n—log,(C"'log, n), all the addends expect the first item approach zero
as s increases. Therefore, there exists some constant C such that when n — +o0,

P (Bg6 — By, > %) < n~2. Formally, with probability greater than 1 —n=2,

Cologon  Cylog, s
géSBZG_B&,S 2 - 82

log,n

10

Conclusion: With probability greater than 1 —n~ 9, the diameter of a RSG™(s) is

at most 30, £ = O(log, n). [

With Theorem 4.3 and 5.2, we reach the fast convergence argument on the

RSG™(s) model.
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5.2.4 Fast convergence on RMG~, RSG~, RMG®* and RSG*

The conclusions drawn for random walks on random out-regular graphs can be gen-
eralized to the in-regular cases. Let A be the adjacency matrix of graph G. Denote
by G the transpose of G defined by adjacency matrix AT. We can see that (1)
G has exactly the same irreducible components as G; (2) The aperiodicity of G
implies the aperiodicity of GT; (3) The diameter of the transpose graph is equal to
the diameter of the original graph. These give us the properties of irreducibility,
aperiodicity and logarithmic diameter for the in-regular models. Note that the irre-
ducible component of a random in-regular graph is usually not closed. Hence, the
fast convergence argument only holds when the walk is restricted to the unique irre-
ducible component. According to Theorem 4.3, it remains to bound the maximum
out-degree sy = argmax,cy d,. This requires the lower bound assumption on the
in-degree s as stated in the main theorem, because small in-degree results in large
maximum out-degree of the graph (with respect to s).

A random s-in s-out graph can be viewed as the sum of a random out-regular
graph and a random in-regular graph, generated independently of each other. Thus
logarithmic diameter is trivial. The original paper by Fenner and Frieze [FF82] has
already shown the strong connectivity of the random s-in s-out graphs for s > 2. As
the entire graph is strongly connected, the connected component is surely closed and
unique. Aperiodicity is established by the fact that sum graph retains all directed

cycles in the original graphs.

Formal proof

The following facts are immediate observations from the definitions.

Fact 5.1 For any u,v € V, u and v are strongly connected in G if and only if they
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are strongly connected in G'.
Fact 5.2 Graph G is h-partite if and only if graph G is h-partite.

Fact 5.3 The distance fromu € V tov € V in G is equal to the distance from v to

uin GT.

Fact 5.1 tells us G has exactly the same irreducible components as G and Fact 5.2
shows the equivalence of the aperiodicity of G'and G. Fact 5.3 leads to Diam(G) =
Diam(G"). Because a random in-regular graph can be created by transposing a

corresponding random out-regular graph, we can conclude the following statements.

Corollary 5.1 With probability 1 —o(1), a RMG™ (s) has a strongly connected com-
ponent, denoted by G = (V,E), of size it when n — 400, and a) lim,_ 4o % = C for
some constant C > 0.7968 when s > 2 or some C' > 0.999 when s > 7; b) a random

walk on G is aperiodic.
Corollary 5.2 With probability 1 — o(1), the diameter of a RMG~ (s) is ©(log,n).

Corollary 5.3 With probability 1 — o(1), a RSG™ (s) has a strongly connected com-
ponent, denoted by G = (V,E), of size i, when n — 400, and a) limn_>+oo% > C for
some constant C' > 0.7968 when s > 2 or some C' > 0.999 when s > 7; b) a random

walk on G is aperiodic.
Corollary 5.4 With probability 1 — o(1), the diameter of a RSG~ (s) is ©(log,n).

Note that in these cases the irreducible component is usually not closed. Hence,
the fast convergence argument only holds when the walk is restricted to the unique
irreducible component. According to Theorem 4.3, to bound the convergence rate we
still need the maximum out-degree sy = arg max,cy d,,. To prove fast convergence,

we need a lower-bound assumption on the in-degree s.
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Lemma 5.4 Let sy = argmaxycy d, be the maximum out-degree of a RMG™ (s)

1/c
with s = ) <[1o§i§n} / > for some constant C' > 1. With probability 1 — o(1),

so = O(s"*¢) for any constant ¢ > 0.

Proof According to the properties of a RMG™(s), the probability of sg > ns is 0

and P(sp = ns) < n-n~" is exponentially small. For any k < ns,

E
v

k) <n- ]P’(a particular vertex has out-degree at least k)

?r

V2mns (%)m eTans 1\*
»(5)

_p\nsTk 1
L2 612k+1 . 271- ns ]{;) (L) e12(ns—k)+1
e e

612n.s
27Tk; (ns — (nk)* )”S—k
<4/ 2— <logn + nslog(ns) — klogk

1
— (ns — k) log(ns — k) — klogn + 12)

We only need to choose a k such that the exponent goes to —oo when n — 400,
which is equal to

1
10gn—|—k:<1 — ns> log (1— k) +klogs—k;10gk:+7
k ns 12n

Let k = s® where ¢ = C' +¢. If k > ns then P(sy > k) is exponentially small
as discussed above. Otherwise we have ( — —) log (1 — —) < 1 in our case. Also
notice that ;— < 1. The exponent is then upper bounded by logn + s° — s%(c —

1)log s + 1. Letting logn < s¢(c — 1 — 0.5¢) log s gives

o> clogn E—o [ logn ]Cl’
T =1 05e)W () log log n

1-0.5¢
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where W (z) is the Lambert W-function [Lamb8], defined by W (z)e"W @ = x for

x> —e L. [

Combining Lemma 5.4 with Theorem 4.3, we reach the fast convergence of a

C/
random walk on a RMG™(s) with s = Q ({log"} Y )

loglogn

The same convergence property holds on a RSG™(s).

Lemma 5.5 Let sy = arg maxy,cy d, be the maximum out-degree of a RSG~ (s) with

/¢’
s = ({mgign} / ) for some constant C' > 1. With probability 1 — o(1), sy =

O(s°"+#) for any constant ¢ > 0.

Proof From the definition of a RSG™(s), the probability of so > n is 0. If we have

large s = ©(n), then the argument automatically holds because so < n — 1= 0O(s).

n—1
Otherwise s = o(n), P(sp =n—1) <n- (nil) is exponentially small. For any

k < mn — 1, using the union bound,

P(sg > k) < n-P(a particular vertex has at least k neighbors)

<n.- (”;1>

n—1\""1 1
n-/2m(n—1) ( - ) eT2(n—1) ( s >k
el2(n7;71)+1 n—1

= k 1 —h—1
Vark (5) eme - fom(n — k — 1) (2£22) e

<\l TL?(n — 1) @ﬁ(n _ 1)n7k713k

2k(n —k — 1) ' kk(n — k — 1)n—hk-1

1 1
<y/=—" 1 —_— —k—-1)1 -1
<\ gz e (Town + gy + (0= k= Dlogn = 1)
—i—klogs—klogk—(n—k—l)log(n—k—l))
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Again we choose a value of k such that the exponent in the last expression goes to

—o00. The exponent can be reshaped as

1 n—1 k
1 k(1= ) g (1 log s — k1
Og”+12(n—1)+k< k >Og< n—1)+k0g8 klogk

Because m and (1 — ”T_l) log (1 — %) are both at most 1 in our case, letting

¢c=C"+¢and k = s° gives us

logn+1—s(c—1)logs+ s°

1/c’
For s = ([log’i Zn} / ), the expression goes to —oo and completes the proof. W

Thus we have proved the RSG™(s) case in the main theorem.

The model of random s-in s-out graphs is a random graph model first introduced
by Fenner and Frieze [FF82], which can be viewed as the sum of a random out-regular
graph and a random in-regular graph, generated independently of each other. We
provide a brief proof for RMG=(s) by simply combining the previously proved argu-
ments for RMG™(s) and RMG™(s). The same result for RSG*(s) can be similarly
achieved based on the arguments for RSG™(s) and RSG™(s).

The original paper by Fenner and Frieze [FF82] has already proved the strong
connectivity of the random s-in s-out graphs for s > 2. As the entire graph is
strongly connected, the connected component is surely closed and unique. As for
aperiodicity, since V is strongly connected, we only need to show one of the v € V
is aperiodic. Without loss of generality, let v € V+ and then v is aperiodic in the
RMG™(s) with high probability, which means that there exists a sufficiently large £,
such that for all £ > {;, there is a directed cycle of length ¢ over v. Because we only

add edges onto the graph when generating the RMG~(s), the sum graph RMG=(s)
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still retains such cycles and v is aperiodic. The logarithmic diameter of RMG*(s) is
due to

Diam(G1 + G3) < Diam(G1) + Diam(Gs)

for any graphs G; and Gs.
Again, combining with Theorem 4.3 we reach the fast convergence property stated

in the main theorem, and the same argument holds on a RSG*(s).

5.2.5 Fast convergence on RDG and RG

Among all the models in this chapter, RDG(s) is the most constrained one, due
to the strong dependence and strict restrictions on the edge selections (same in
the undirected model) and the lack of symmetry (while the undirected model has
symmetry). Unlike the previous cases, the proof is based on enumeration.

Previous works have contributed the irreducibility of RDG(s). The proof of ape-
riodicity starts with the asymptotic enumeration of regular digraphs. The key to this
first step is the bijection between regular digraphs and binary square matrices with
equal line sums. Let N(n,s) be the number of s-regular digraphs with n vertices.
We present an asymptotic formula for N(n,s), by unifying the asymptotic results
on binary square matrices with equal line sums (Lemma 5.7). We also observe the
bijection between regular digraphs with n vertices and colored regular bipartite (undi-
rected) graphs with 2n vertices. Let G = (V, E) be a regular digraph of fixed degree
s. We construct a regular bipartite graph G’ = (V’, E’) where |V'| = 2|V| as follows.
Without loss of generality, let V' = {vy,v9,...,v,} and V' = {v], v}, ... v}, } with
{v}, 05, ..., v, } of one color and {v}, 1, v, 9, .., 05, } of the other. Let (v}, v, ;) € E'
if and only if (v;,v;) € E. We can see such a regular bipartite graph G’ is unique for

each regular digraph GG and vice versa.
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To show the aperiodicity of RDG(s), we again need to inverse-exponentially
upper-bound the probability of the graph being h-partite, denoted by p,. If V' can
be partitioned into A disjoint subsets Vj, Vi, ..., V}_1, such that all edges from V; go
to V(i+1) mod n, because the graph is both in-regular and out-regular, we must have
Vol = [Vi] = ... = |V = 7 and b < 7. Notice that the number of possible edge
combinations from V; going to V{i;1) mod # is exactly the number of colored s-regular
bipartite (undirected) graphs of size 7, which is N(%,s). Based on the bijection we

constructed above, this gives

SRS

With the asymptotic enumeration results we complete the proof (Lemma 5.8).

Unlike all the previous cases where we achieve fast convergence by proving log-
arithmic diameter, for random regular digraphs the polynomial convergence rate
follows from a lower bound on the first non-zero eigenvalue of the Laplacian matrix.
Note that the walk matrix P = %A of a random walk on a RDG(s) is a doubly
stochastic matrix, and so is the matrix %(P + PT). Also observe that the Perron
vector of any regular digraph is always the uniform distribution over the vertices.
Using a spectral lower bound for doubly stochastic matrices due to Fiedler [Fie72],
we complete the proof.

Random regular undirected graphs are much more widely studied than directed
ones, mainly owing to the symmetry of undirected graphs. Previous works have
established connectivity and enumeration results. Because the only periodic case for
an undirected graph is being bipartite, we only need to bound the probability ps.
This is again done by enumeration. In the proof of the preceding digraph case we

have already deduced an asymptotic formula for the number of bipartite s-regular
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undirected graphs with n vertices, which is (ﬁ) - N(%,s). Denote by N'(n,s) the
2

number of s-regular undirected graphs with n vertices. We have

Using the same spectral lower bound for doubly stochastic matrices as in the pre-
ceding digraph case, we have the polynomial convergence rate. Proof details are
presented below.

Proof of Theorem 5.1 for random regular digraphs

In this section we study random walks on RDG(s). Because the edges in this case
are no longer chosen independently, the proof is done mainly by enumeration.
Irreducibility and aperiodicity

Previous works have shown the irreducibility [Wor99].
Lemma 5.6 With probability 1 — o(1), a RDG(s) is strongly connected when s > 2.

Now we prove aperiodicity, starting with the asymptotic enumeration of regular

digraphs.

Lemma 5.7 Let N(n,s) be the number of s-reqular digraphs of size n.

((;?)SQ)L exp{ (5721) +0 (%)} ifl1<s<Z%
N(n,s) =14 N(n,n—s) if 5 <s<n
1 ifs=mn

N(n,s) is also the number of colored s-reqular bipartite (undirected) graphs of size

2n.
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Proof We first show the bijection between regular digraphs of size n and colored
regular bipartite (undirected) graphs of size 2n. Let G = (V, E) be a regular di-
graph of fixed degree s. We construct a regular bipartite graph G’ = (V’, E’) where
|[V'| = 2|V| as follows. Without loss of generality, let V' = {vy,vq,...,v,} and
V' = {v], vy, ... v, } with {v],v5,...,0),} of one color and {v] |, v} s,...,05,} of
the other. Let (vj,v,, ;) € £’ if and only if (v;,v;) € E. We can see such a regular
bipartite graph G’ is unique for each regular digraph G and vice versa. Note that
this bijection is connectivity-preserving. To see this, consider that for a directed
graph there are two cases of being disconnected. The first case is that there exist
nonempty V3 C V and V, C V with only edges going from V; to V5 and no edge
going back. This is impossible in a regular digraph because the in-degree of V; must
be equal to its out-degree. The other case is no edge between V; and V5, where the
corresponding bipartite graph G’ is also disconnected.

In order to prove the aperiodicity of a RDG(s), we first need to do enumeration
for regular digraphs. It’s easy to see another bijection: the one between regular
digraphs and binary square matrices with equal line sums. Although little previous
work has been done on the enumeration of regular digraphs, we are fortunate to
have asymptotic results on the enumeration of binary square matrices with equal
line sums. Let N(n,s) be the number of regular digraphs with n vertices of fixed
in-degree and out-degree equal to s, which is also the number of n x n binary matrices

with equal line sums s and the number of regular bipartite graphs. McKay [McK84]

proved that for 1 < s < %n,

N(n,s) = 9 o [—(5_1)2 +0 (Sgﬂ (5.1)
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and Canfield and McKay [CMO05] showed for s < in and s = O(n),

N(n,s) = (D% <1 - ;)n_l exp <1 + 0(1)> (5.2)

We are able to unify these two asymptotic results and show that the latter case also

satisfies the former formula. For s < 1n and s = O(n),

N(n,s) = (Z)Qn (1 - 1>n—1 exp (1 + 0(1))

n 2

)", oy~ 1)

(n?) 2

(ns)!(n2—ns)!

- =) niony

(n2—ns)!

( V2rn-nm-e" s >2n
P \eny/2m(n—s)(n—s)n—
(st e — e (0(1)

en? -\/27r(n2 —ns)-(n2—ns)n?-ns

ns)l n¥’e"(n? — ns)”' " ( n )"%
o :

e2ns (TL _ S)2n(nfs)n2n2 n—s

exp (O(1))

ns)‘ nn2—ns(n _ S)nz—nsnnf%
o - — exp (O(1))
ens(n _ S)Qn(n s)(n _ S)n 5

| nng—(s—l)n—%

)nQ—(s—l)n—l exXp (O(l))

DEens(n — s 2

! s (s—1)n+3-n?
_ sy (1 - ) exp (O(1) — ns)

n

Let C = £ < 1. Since s = ©(n),
N(n, 5) =13 (1 (1-0) (( D+ = —n2) + 00
n,s (S!)Qnexp og(1-0C)-((s— n+2—n>+ ()—ns)
(ns)!

=z P ((C’ — 1)n?log(l1 — C) —nlog(l — C) +O(1) — ns)

e[ 5o




Using complement graphs, it is apparent that N(n, s) = N(n,n—s) for § < s < n.
When s = n, the only possible regular digraph in this case is the complete graph so

N(n,n) = 1. Combining all the above cases completes the proof. |

Lemma 5.8 With probability 1 — o(1), a RDG(s) is aperiodic.

Proof A regular digraph G = (V, E) is h-partite if V' can be partitioned into h
subsets, Vo, Vi,..., V4_1, such that all edges from V; go to V(j11) moa n- Because the

graph is regular, we must have [Vo| = [Vi| = ... = [V,_4| = 7 and h < 2. Also we

notice that the number of possible edge combinations from V; going to V{(i;1) mod n

n
ho

is exactly the number of colored s-regular bipartite (undirected) graphs of size
which is N(3,s). Denote by py, the probability of a RDG(s) being h-partite. The
proof is done by showing p, goes to 0 exponentially fast for all 2 < A < 2. The

case where s > 7 is trivial. Thus below we only consider s < 7. We first prove the

|3

argument holds when s = o(n). For 2 <h < 7,
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and

Also,

We then have

Pn <

prth—1 (%)%hsn(%)nf% (1)”

(27rn)2(h=D) . sn(2m) "2 /s h

o[ HE wo ()

hn-f—%h—l (27Tn8>%(h 1) (1)ns
_(27m)%(h_1) h3h h
— _ 1)2 31,2
exp l_(h (s —1) L0 (s h )1
2 n
s3(h=1) (h—1)(s — 1)2 $3h?
_hns—n+1 exXp [_ 2 + O < n >]

= exp {—;(h —1)[(s —1)* —logs] — (ns —n+1)logh + O (S?):2>}

For s > 2, we have (s —1)2 —logs > 0. When h = O(1), O <53h2) =0 (55) =
o(ns) since s = o(n). When h = w(1), as h < %, O (%) = O(ns) =

Hence, pp, goes to 0 exponentially fast.
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3
For 5= < h < 2, surely h = w(l) as s = o(n). Also, (% —s) < s% since

n n
op <8< 3. Then we have

so that

Notice that function (%)m with constraint 0 < z < %y reaches its maximum at

T = %y, which implies
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and

opriiho V2 ( n )éh (2m)z~Y (28>
p v/ns \2mhn n n—zh n
(:-5)
2 (s —1)? h(%—s—l) $3h2
2e)2n " — O|—
(2€)2n exp{ 5 5 - .
1 /n 3h—n n2 25\ "™
—on—5 (2 _ hn—l 2¢) 2r NS ()
i (h S) (2e)r n
— 12 h(Z2-s5s-1 32
S (R Vel Gl MY £
2 2 n
AL %h—n ﬁfns
=s"2h (h—s> - (2e)2r 7" - exp |nlog s + nlogh + nslog2 + nslog s
n®  hs? h 1, s3h?
—nslogn—ﬁ—T—hs—§+ns+n+§s —S+O< - )

1 n 3h—n 2
—s7—1 2-—ns
=s"2h (—s) - (2e)2r " - exp |nlog s + nslog2 + nslog s

2h 2 2

log h 2 hs? h 1
—(1— o8 )nslogn—n—s—h5—+ns+n+232

Notice that O (SShQ) = O(ns) for h < 2 and % —ns < 0 for s > 5. Also,

n

1— % > ( for any s > 2, we have p;, going to 0 exponentially fast.

The case where h = * is deferred to the end of this proof.
Now we study the case when s = ©(n) < in and % — s = O(n). In this case we

have en < 5 < (% — e) n for some positive constant € > 0 and 2 < h < 2 s surely

O(1). LetC’:%<%soO<e§lim7H+ooC§%—e<%. When 2 < h < 3, we

have s = ©(n) = O(%).

| =



According to Lemma 5.7,

N(n,s) zégjgl exp ((C’ — 1)n?log(l — C) —nlog(l — C) + O(1) — ns)

ens |\/2ms - s°

+0(1) — nS)
_ sy :
sn(2m)" <> exp ((C' = 1)nlog(1 - €)

and

() = (1) oo 0 ()

h

—log(1 — hC) - % + O(l))

ih
:<h)-(”>mex (hC—l " log(1 — hC
i () e (00 = 1) s - )

_ nlog(1 — hC) + O(h))
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so that

prtzh—1 (%) " s”(27r)”_% 1

1)”5
. . . eX
(27Tn)%(h_1) S”(27T)”_%h,/n5 (h p

N|=

A

2

(hC — 1)% log(1 — hC)

Pr =

—nlog(l — hC) + O(h) — (C — 1)n*log(1 — C) +nlog(l — C) — O(1)

( (C - }11) log(1 — hC)

—(C = 1)log(1 — C)>n2 + (log(1 = C) — log(1 — hC))n + O(h)

g3 (h=1)

- hns—n—i—l

hn—&—%h—l (271_”5)%01—1) 1\ "
= 1 ) 1 ) * €Xp
(2mrn)2 =1 hzh <h>

- exp

((c- 2) log(1 — hC) = (€ = log(1 - ©) )

+ (log(1 — C) —log(1 — hC))n + O(h)

Notice that function (y — %) log(1 — zy) with constraints zy <

reaches its maximum at x = 2. Thus

%andx>2

(C’ — ;) log(1 — hC) < (C’ — ;) log(1 —2C)

Also note that function f(z) = (1 — z)log(1 — z) + (x — %) log(1 —2z) < 0 for

any 0 < x < % Therefore, p;, goes to 0 exponentially fast.
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When 2 < h <2, as % — 5 =O(n) = O(}),

h

— Cn*log(hC) — nlog(hC) + O(h))

175



and

(2) e ( — Cnlog(hC) — nlog(hC) + O(h)
—(C = 1)n*log(l — C) +nlog(l — C) — 0(1))
_pn—lgn—3 (Z _ S) 2 S(1— h(])(o—%)”2 . oCn?
exp ((—Clog(ho) —(C —1)log(1 — C))n? + (log(1 — C) — log(hC))n
+ O(h))
h=t /n 3h—n 1
:\/§'<h_s> - exp (((C’—h>log(1—h0)+010g0
— Clog(hC) — (C' —1)log(1 — C))n2 +nlogn + (log(1 — C) —log h)n

+ O(h))

where

(0 _ }Z) log (1 — hC) + Clog C — Clog(hC) — (C — 1) log(1 — C)

_ <c_ i) log (1 — hC') — Clogh — (C — 1) log(1 — C)

Notice that
1 log(1 —
0 Kc— >log(1—hC’)—C’logh _log1=Ch) _

oh h h2
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__ sh 1 _ n n __ 1
aSO<Ch—;<1 DuetO@—%<h<g—67

(C’ - ]11) log (1 — hC) 4+ ClogC — Clog(hC) — (C' — 1) log(1 — C)

1 1
< — — — I — —
<(C —=2C)log <1 020) C'log 50 (C'—1)log(l —-C)
=C'log2 + C'log(2C) — (C — 1) log(1 — C)

=C'log(4C) — (C' = 1)log(1 - C) <0

forany 0 <e < (C < % —e< % Therefore, we again have py, going to 0 exponentially
fast.

When s = O(n) < 2 and # —s = o(n), let C = £ < § but lim,, 1 C = ;.
In this case 2 < h < 2 is O(1) and surely 3= < h < 2. Otherwise, h < 7= implies

b —52>5-=0(n). Also, due to } —s =o(n) and h = O(1), O <W> = o(n?).

n
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—(C = 1)n*log(1l — C) +nlog(l — C) — O(l))

2 h52

! (n B )%h—” 1—hC (c=4)? OCn? _n s
S exXp oh 9

e

— hs — Z +ns+n—(C—1)n*log(l — C) +nlog(l —C) + 0(n2))

:hn_l ) (n _ 3>%h_n-exp (( (}t —C) = (}11 — C) log (1 — h(C)

Vs \h
2
+ClogC — (C —1)log(1-C) — 21h - hg +C>n2+0(n2))

where lim,,_,,, C = % and

(1—C’> — (;-C’) log (1 — hC) + ClogC

h
1 hC?
1 1 h 1 1 1
:O+0_h10gh_(1_h>log<h—1>_2h_2h+h
1 1 h

for which p;, goes to 0 exponentially fast.
There are still two cases to be addressed, where h = % or s = %n Notice that

2 so we can handle both by handling the

when s = %n, the only possible i is 2 = =
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former. In this case, we have

where

C (s T en(V2ms-s%)F (2ms)3s

n n! < V2 - nme T T V2t (n)” 1
= — | e
5,8,...,8 (

12n
S

< 21 (n)”_l L s"(2m)"2 (en)‘”s (s —1)2
n = — e ———— [ — ex
& T (27s)2s \s V/ns s P 2
27\ ns—n-+1 -1 2 1
L (S> exp <n log s —ns + (s ) + >

Vs5(2ms)z \n 2 12n
< 1 (27r3>"+1 1 N (s —1)2 N 1
- exp [ nlogs — ns
= /s(2m5)% \ n pee 2 12n

which goes to 0 exponentially fast.

For s = ©(n) and s < in,

t\’)»—t

pr =

[

(ﬁs ( ) e - (\2/71 z <n>ns
C)+

exp(—(C’ — 1)n*log(1 — nlog(l —C) — O(l))

:\/g(é?:;;; (Z)ns_wrl exp ( —(C = 1)n*log(l — C)

+nlogn+ (log(1 — C) +log C)n + 0(1))

which goes to 0 exponentially fast as well. Combining all the above cases completes

the proof. (]
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Fast convergence

According to Theorem 4.3, the proof of fast convergence can be done by either
bounding the diameter of the graph or directly bounding the first non-zero eigenvalue
of the Laplacian matrix. In this section we present the fast convergence of random
walks on RSG™(s) via the spectral method.

First note that the walk matrix P of a random walk on a RDG(s) is doubly

stochastic matrix, so is (P + P"). Fiedler [Fie72] proved a very useful theorem:

Theorem 5.3 Let Q) be a doubly stochastic n X n matriz (n > 2) and A # 1 be any

non-stochastic eigenvalue of Q).

1= Al = ¢n[(Q)]

where

w(Q) = min Z Qij

OAMCIn) ;e g

and

2(1—cos?™)x z'f()gxgé
@n(x): < )
1-2(1—2)cosT — 2z —1)cos?™ ifLi<a<l1

The same paper also presented the following lemma.

Lemma 5.9 For any doubly stochastic matriz Q, 0 < p(Q) < 1. Q is reducible if

and only if (@) = 0.

Now we show the fast convergence of random walks on RDG(s).

Theorem 5.4 With probability 1 —o(1), a random walk on a RDG(s) has A,2(t) <

e after at most t > 2s(n — 1)(logn + 2k) steps.

Proof As P has been shown irreducible with probability 1 — o(1), so is 3(P + P").

Then for Lemma 5.9 0 < u(3(P + PT)) < 1. The fact that any non-zero entry in P
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(P+P")) > 5. For Theorem 5.3,

is at least 1 gives pu(3

m\ 1 1
’1—/\%(P+p'r)‘ 2 2<1—COSn> 278 > m

for all non-stochastic eigenvalues A L(p4PT) # 1 of matrix %(P + PT), due to the fact

cost < 1— = forall z € (O, g) Also observing that the stationary distribution

on a RDG(s) is always the uniform distribution, we have the Laplacian matrix

3PP 2 + O3 PT P2 1
L—1- il — I (P+P")
2 2
and [\ (L)] > ‘1 — )\%(PHDT)‘ > 3(7171) where A\;(£) is the smallest nonzero eigenvalue
of £. Combining with ¢(u) = % for any u € V' we complete the proof. [ |

Proof of Theorem 5.1 for random regular undirected graphs

Random regular undirected graphs are much more widely studied than directed ones,
mainly because of the symmetry of undirected graphs. However, the study of the
convergence of random walks on RG(s) is still very limited. Hildebrand [Hil94] proved
fast convergence with constraint s = [log” n] for some constant C' > 2. Cooper and
Frieze [CFO05] studied the cover time of RG(s) with fixed constant s = O(1) but no
convergence result was provided. In this section we present a more general result with
constraint 3 < s = o(y/n) or s > %n This constraint comes from the enumeration of
RG(s) and the proof could be generalized if we had better results on the enumeration
problem in the future.

Cooper et al. [CFR02] and Krivelevich et al. [KSVWO01] together proved the

connectivity of RG(s) for s > 3.
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Lemma 5.10 With probability 1 — o(1), a RG(s) is connected when s > 3.
Now we prove the aperiodicity as below.

Lemma 5.11 With probability 1 —o(1), a RG(s) is aperiodic when s > 3 for odd n;

3 < s=o(y/n) or s> in for even n.

Proof When n is odd, the graph is surely aperiodic because for undirected graphs
the only periodic case is being bipartite and for regular undirected graphs the only
bipartite partition is an even partition. Also, the aperiodicity is trivial when s > %n
Below we will prove the nontrivial case where n is even and 3 < s < %n Denote by
N'(n, s) the number of s-regular undirected graphs of size n. McKay and Wormald

[IMW91] proved an enumeration result for s = o(y/n) that

Vs = C e |1 - o (2]

(%sn)! . 2375 (gl)n 4 12n n

Since s = o(y/n) < 1n, the probability of a RG(s) being periodic p, is bounded
by

When s = w(1) and s = o(y/n), pa goes to 0 exponentially fast because O (%) =
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o(s). When s = O(1) and s > 3, =35+ 1 < 0 and p, goes to 0 exponentially fast as

well, which completes the proof. |

The fast convergence argument for RG(s) can be proved using the same proof
for RDG(s). The only difference is that P is symmetric and (P + PT) = P so

MO = 1= Ap| > 555

5.3 Reconstructing random regular graphs from
random paths

The positive theoretical results in Section 5.2 establish the generalization of our
learning algorithm in Chapter 4 to learning random regular graphs. Because the
nature of the algorithm requires the graph to be out-regular, we only apply this al-
gorithm to the models with fixed out-degree s, namely RMG™(s), RSG*(s), RDG(s)
and RG(s).

5.3.1 Preliminaries

In this section we study the problem of learning regular graphs in the statistical
query model. In a typical label-guided graph exploration setting [FIP*04, Rei05,
BS94, BFR"98], in a regular graph with fixed out-degree s, the s edges incident
from a node are associated with s distinct port numbers in ¥ = {1,2,...,s}, in a
one-to-one manner. Each edge of a node is labeled with the associated port number.
Note that port numbering is local, i.e., there is no relation between port numbers
at u and at v. In the undirected case RG(s), every undirected edge (u,v) has two

labels corresponding to its port numbers at u and at v respectively, which are not
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necessarily identical. A path on the graph is a sequence of edge labels. The input
data to the statistical query oracle are path-destination pairs of the form (x,v) where
x € X' is a random uniform path and v is the vertex on the graph reached on the
path x starting from a particular start vertex vy. Here t = poly(n, s) is the length of
the example paths. The learner has access to the oracle STAT and algorithms are
designed to reconstruct the graph (or the unique closed irreducible component for

RMGT™(s) and RSG™(s)) from statistical queries.

5.3.2 The learning algorithm

A uniform path z € X! corresponds to a random walk of length ¢ on the graph
G starting from the start vertex vy. Since all these four types of random regular
graphs have been proved to have one unique closed irreducible component with high
probability and due to the main theorem, the walk will converge to the stationary
distribution p, polynomially fast, with any start vertex. Define a collection of n x n
binary matrices M, indexed by labels o € ¥ as follows. For each pair of vertices
u and v, the element M,(u,v) is 1 if (u,v) € E and is labeled with o at vertex
u, and 0 otherwise. For a path y = y1y>...yn of length m, define M, to be the
matrix product M, = M,, - M,, ... M, . Also define the distribution vector p, over
V' obtained by starting with the stationary distribution p, and walking along the
path y on the graph. That is, p, = pxM,. Let z be the i-th column of matrix M,,
P4 be the sP x n coefficient matrix whose rows are {p, | y € X”} and b be the vector
consisting of {p,,(7) | y € LP} corresponding to each y in P4. Here D is an upper
bound on the diameter. From Theorem 5.2 we have D = O(log, n) and the concrete
constant can be inferred from the proof, which depends on s and approaches unity
with increasing s. The algorithm recovers the structure of the strongly connected

component by solving the linear equation system P,z = b for each column z in each
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M,.

By setting k = log% in the main theorem, after ¢, steps the random walk con-
verges to the stationary distribution py within x-square distance 7 with high prob-
ability. Observe that 2||¢; — ¢[|rv < A,2(t), where ¢, is the distribution vector over
V' after t steps of random walk. We can estimate the stationary distribution for a
vertex i by the fraction of examples (x,v) such that v = 4. In general, for any path
y, we can estimate the value of p, for a vertex ¢ as the ratio between the number of
pairs (z,v) such that y is a suffix of x and v =i and the number of examples (z,v)
where y is a suffix of x. In the statistical query model this is done with a conditional
statistical query x,q(z,v) = 1{v = i | y is a suffix of z} at tolerance 7, where 1 is
the boolean indicator function. Denote by vector p, the query result returned by
oracle STAT where p, (i) is the estimated Ey,;, and by P, and b the estimates for
P4 and b respectively. We have [|py, — Pyllc < 7 for any path y. The algorithm ap-

proximates z by solving the perturbed linear least squares problem: min, || Paz—b||s.

Let vector Z be the solution. Then from Chapter 4 we have

Lemma 5.12 If P4 has full rank with high probability, for all columns z in all ma-

trices My, ||z — Z||so < ||2|l1[|PillcoT + O(72) with probability 1 — o(1).

For RMG™(s), it is proved in Chapter 4 with high probability ||z||; < %ﬁ%

for any constant € > 0. We show this also holds for RSG*(s). For RDG(s) and
RG(s), we have ||z||; = s.

Theorem 5.5 If P4 has full rank with high probability,

1. for RMG*(s) and RSG*(s), ||z — 2||e < &xelogns i pty)| 7 1+ O(72) for any

loglogns

constant € > 0

2. for RDG(s) and RG(s), ||z — Z|les < s|||Pl||lscT + O(72)
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holds for all columns z in all matrices M, with probability 1 — o(1).

Proof The RMG™(s) case has been proved in Chapter 4 and the RSG™(s) case can
be proved in a similar way too. Here we provide a quick proof based on our proof in
Chapter 4 to bypass the lengthy algebra.

Let 0 be the largest 1-norm of the columns in M,. According to the properties
of a RSG™(s), the probability of § > n —1is 0 and P(§ =n) < n-(n— 1)~ is

exponentially small. For any £k <n — 1,

P(6 > k) < n - P(a particular column has 1-norm at least k)
n—1 1 \* n—1 1 "
<n- <2(n-1)-
=" ( k )(n—l) <2n-1) ( k )(n—l)

k
In Chapter 4 we proved when k = (tellosns ) (2) <l> =1.0(1). Thus, in our

loglogns ? n

1 log(n—1)s 1 logns n— k
case when k = (ljgszogigrg—l)g S (ljgsl)ogis , We have (77, - 1) ’ ( kl) (ﬁ) = i ) 0(1) S0

that P(§ > k) < 1.0(1). There are in total s matrices {M, | o € £}. Using a union

bound we have ||z||; < “f?ﬂ for all columns in all M,, with probability 1—o(1). B
oglogns

This further implies that if we set the tolerance 7 = W for RMG™(s) and
i | |loo log nis
RSG*(s), and 7 = W for RDG(s) and RG(s), the solution error ||z — 2o < 3
sll1P4llloo

with high probability. Based on the prior knowledge we have for z, we could refine
Z by rounding up Z to a binary vector %, i.e., for each 1 <1 <n, z(i) = 1 if 2(i) > 3
and 0 otherwise, whereby we will have Z(v) = z(v) for any vertex v. We provide a
toy example here to demonstrate how the learning algorithm works on a concrete

regular graph.
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Figure 5.1: A 2-regular digraph with 4 vertices

A toy example

Suppose we consider the 2-regular digraph in Figure 5.1 whose transition matrices

are
0100 0 001
1 000 0010
0 001 1 000
0100 0010

For any regular digraph, the stationary distribution p, is always the uniform

distribution. As log,n = log, 4 = 2, the coefficient matrix P, is

Poo 05 05 0 0

Do1 0 0 0.75 0.25
Py = =

P1o 0 05 0 0.5

P11 05 0 025 0.25

Denote by z = (My(1,1), My(2,1), My(3,1), My(4,1))" the the first column of
matrix Mg. Let vector b be (pooo(l),p()lo(l),ploo(l),pllo(l))T = (05,0,05,0)T as

defined in the algorithm. The algorithm recovers z by solving the equation system
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Psz = b, that is, solving

0.5Mo(1,1) + 0.5Mp(2,1) 4+ 0My(3,1) + 0Mp(4, 1

(

0Mo(1,1) +0My(2,1) + 0.75Mp(3,1) + 0.25My (4,1
(
(

0Mo(1,1) + 0.5M(2, 1) 4+ 0M(3,1) + 0.5M (4, 1

) =0.5
) =0
4,1)=0.5
0.5Mp(1,1) 4+ 0Mo(2, 1) + 0.25My(3,1) + 0.25M(4,1) = 0

Similarly the algorithm recovers all columns in M, and M; and reconstructs the
target graph. Note that in the statistical query model the above equation system is

perturbed but we showed the algorithm is robust to statistical query noise.

5.3.3 Experiments and empirical results

In this section we present experimental results to illustrate the empirical performance
of the learning algorithm. To be more robust against fluctuation from randomness,
each test was run for 20 times and the medians were taken. The graphs are gener-
ated uniformly at random as defined and the algorithm solves the equation system
{pyMy = pyo | v € y=[log, ”1} using the built-in linear least squares function in
MATLAB. We simulate the statistical query oracle with uniform additive noise from
[—7,7]. Since Chapter 4 already included experiments on learning a random DFA,
whose underlying graph is exactly RMG™(s), we don’t duplicate the experiments for
RMG™(s).

The generating procedure of a RSG™(s) is standard. Each node v € V' indepen-
dently chooses s neighbors from {V \ v} without replacement uniformly at random.
However, to the best of our knowledge, there is no algorithm that efficiently gener-
ates a RDG(s) or a RG(s). In our experiments, we use the celebrated pairing model

first introduced by Bollobds [Bol80]. In an undirected regular graph, each vertex has
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Figure 5.2: |||P}||lc of RSG™(s), versus n with fixed s = 2

s ports associated to its s edges. It is well known that the necessary and sufficient
conditions for an s-regular graph with n vertices to exist are that n > s+ 1 and
that ns is even. To generate a RG(s), we uniformly pick a perfect matching of the
ns ports into %ns pairs. Adding an edge between each pair of ports gives a (not
necessarily simple) regular graph. Repeat this procedure until it produces a simple
graph. Likewise we generate a RDG(s) by uniformly matching ns out-ports (cor-
responding to outgoing edges) with ns in-ports (corresponding to incoming edges)
until we get a regular digraph with no parallel edges. This method is not efficient
owing to the unbounded number of repetitions, especially when s grows. Hence, with
large s this generating method is extremely slow. Note that this limitation comes
from the existing generating methods. Our learning algorithm is efficient.

The experiments start with an empirical estimate for the norm |||P}|||s. For
RSGT(s) we first vary the graph size n from 32 to 4300 with fixed out-degree s =
2. Figure 5.2 shows the curve of |||P}|||s versus n with fixed s. Notice that the
threshold phenomenon in the plot comes from the ceiling operation in the algorithm

configuration. When 7 is much smaller than the threshold s/'°&s"! the system is
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Figure 5.3: |||P}||o of RSGT(s), versus s with fixed n = 256

overdetermined with many extra equations. Thus it is robust to perturbation and
well-conditioned. When n approaches the threshold s/'°&"! the system has fewer
extra equations and becomes relatively more sensitive to perturbations, for which the
condition number increases until the graph size reaches n = s for the next integer 1.
One can avoid this threshold phenomenon by making the size of the equation system
grow smoothly as n increases. We then fix n to be 256 and vary s from 2 to 75, as
shown in Figure 5.3. Similarly there is the threshold phenomenon resulting from the
ceiling strategy. All peaks where n = s are included and plotted. Meanwhile the
rank of the coefficient matrix P, is measured to support the full-rank assumption.
Both figures suggest an upper bound nslog s for |||P}|||s of RSGT(s). Figures 5.8
and 5.9 demonstrate the experimental results for the maximum absolute error. Along
with the error curve a function is plotted to approximate the behavior of the error.
An empirical error bound is O(log™' n) with fixed s and O(1/+/s) with fixed n.
Because generating a RDG(s) and generating a RG(s) are extremely slow with
large s, the range of s where we can efficiently conduct the experiments is very

limited. For RDG(s) we first vary n from 32 to 4300 with fixed s = 2 (Figure 5.4) as
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6 P11, of RDG(s) [s=2]
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Figure 5.4: |||P}||o of RDG(s), versus n with fixed s = 2

before but with fixed n = 256 we vary s from 2 to 6 (Figure 5.5). The norm ||| P}]||«
of RDG(s) is bounded by nlog®(ns) and an empirical error bound is O(log™' n) with
fixed s (Figure 5.10) and O(1/s) with fixed n (Figure 5.11). For RG(s) we vary n
from 26 to 3000 with fixed s = 3 (Figure 5.6) and vary s from 3 to 8 with fixed
n = 242 (Figure 5.7). As the existence of a regular undirected graph requires even
ns and s is fixed to be 3 when varying n, we only run experiments with even n. For
critical points where n = 3?, experiments are run with n = 3* — 1 and n = 3¢ + 1.
This explains why we start with n = 26 instead of n = 27 with fixed s = 3, and
also why we fix n = 242 rather than n = 243 when varying s. The norm ||| P} |||« of
RG(s) is bounded by sn'® and an empirical error bound is O(logn/+/n) with fixed
s (Figure 5.12) and O(1/s) with fixed n (Figure 5.13).

5.4 Other applications and discussion

With the broad applications of regular graphs in computer science and machine learn-

ing, our theoretical results can be applied to other research areas such as distributed
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Figure 5.5: ||| P}]lc of RDG(s), versus s with fixed n = 256

networks and social network graphs. Performing random walks on distributed net-
works is an active area of research (see [BBSB06] for a comprehensive survey). High
connectivity, bounded degree and low diameter are very common properties of (well
designed) distribution network models. Theorem 4.3 explicitly provides fast conver-
gence for random walks on these models. For instance, Pandurangan et al. [PRUO3]
proposed a protocol which ensures that the network is connected and has logarithmic
diameter with high probability, and has always bounded degree. A simpler, fully de-
centralized model named SWAN was proposed by Bourassa and Holt [BH03] based
on random walks, which produces a random regular graph. In another direction,
random walks have proven to be a simple, yet powerful mathematical tool for ex-
tracting information from large scale and complex social networks (see [SM11] for a
comprehensive survey). Social network graphs also have the above properties (high
connectivity, small degree and low diameter) so that the random walks will converge
fast as we proved. One application of fast convergence is the capability of uniformly
sampling the graph, which is very important in many graph learning problems.

In this chapter we have shown positive theoretical results on random walks on
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random regular graphs, and generalized our algorithm in Chapter 4 to learning ran-
dom regular graphs from random paths. One technical question concerning the fast
convergence result is whether it can be generalized to weighted random walks on
random regular graphs. An immediate benefit from this generalization is the release
from the requirement of uniform paths in the learning algorithm. However, we con-
jecture this requires a polynomial lower bound on the edge weights in the graph, to
avoid exponentially small nonzero elements in the walk matrix P. Another potential
future work is to apply this algorithm to learning a more general class of graphs.
Note that any generalization of the algorithm needs not only fast convergence, but
also asymmetry of the target graph. The class of permutation automata [Thi68] is
one example that has symmetric graph structure and degenerate P,. Also, there
is possibility of relaxing the constraint on s in the RG(s) case if advances in the

enumeration of regular undirected graphs are made.
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