"The followi ng variable defines the $3% intervals of $[0,1]$% on which $\psi$ is linear."
interval = {{0, 1/6}, {1/6, 5/6}, {5/6, 1}}

1 1 5 5

outaei= {{0, g}’ {g' g}’ {g’ 1}}

"This is the definition of $\psi$ on each one of the $3% intervals."

in2:= psi = { Function[x, 0], Function[x, (6x-1) /4], Function[x, 1]}
. . 1 .
out[2]= {Functlon[x, 0], Function|x, Z (6x -1)1|, Function[x, 1]}

"These are the three non-symetric possibilities of $(\t (u,v), \t(v,w), \t(wu))$."

ne= taus = {{0, O, 0}, {O, 1, 1}, {1, 1, 1}}
oufgl= {{0, 0, 0}, {0, 1, 13}, {1, 1, 1}}

"The followi ng variable $fh$ will hold $A_LM psi (u,v,w)$. The variabl es $psi x1,
psi x2, psi x3$ represent $\psi (X_{LP}(u,v)), \psi (x_{LP}(v,w)), \psi (X_{LP}(w, u))$
respectively, and $taul, tau2,tau3$ represent $\t (u,v),\t (v,w),\t (w,u)$, respectively"

fh =
((1-psixl) (1-psix2) + psixl (1-psix2) + (1L-psixl)psix2) (x3 (1-tau3d) + (1-x3)taul) +
((1-psix2) (1-psix3) + psix2 (1 -psix3) + (L-psix2)psix3) (x1 (1-taul) + (1-x1)taul) +
((1-psix3) (L-psixl) + psix3 (1L-psixl) + (1-psix3)psixl) (x2 (L-tau2) + (1-x2)tau2)

outzsl= ( (1 -psix2) (1-psix3) +psix2 (1-psix3)+ (1-psix2)psix3) (taul (1-x1) + (1-taul) x1) +
((1-psixl) (1-psix3) +psixl (1-psix3)+ (1-psixl)psix3) (tau2 (1-x2) + (1-tau2) x2) +
((1-psix1) (1-psix2) +psixl (1-psix2)+ (1-psixl)psix2) (taud (1-x3) + (1 -taul3) x3)

"Simlarly we will use the Mathematica variable $fx$ to represent $B_\psi (u,v,w)$."

fx = (L-psixl) (1-psix2)taud + (psixl (1-psix2) + (1-psixl)psix2) (1-tau3) +
(1 -psix2) (1-psix3)taul + (psix2 (1-psix3) + (1-psix2)psix3) (1-taul) +
(1 -psix3) (1-psixl)tau2 + (psix3 (1-psixl) + (1-psix3)psixl) (1-tau2)

out26]= (PSi X2 (1 -psix3) + (1 -psix2) psix3) (1-taul) + (1-psix2) (1-psix3)taul +
(psi x1 (1 -psix3) + (1 -psix1) psix3) (1-tau2) + (1 -psixl) (1-psix3)tau2+
(psi x1 (1 -psix2) + (1 -psixl) psix2) (1-taul3) + (1 -psixl) (1-psix2)taul3

"Qur goal is to prove that $fx \leq 3fh/2$.
To that end we define a function $ToMaxi nize$ and we will show that it is nonpositive."
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In[27]:=
ToMaxim ze = fx - 3fh /2

out271= (PSi X2 (1 -psix3) + (1 -psix2) psix3) (1-taul) + (1 -psix2) (1-psix3)taul +
(psi x1 (1 -psix3) + (1 -psix1) psix3) (L-tau2) + (1 -psixl) (1-psix3)tau2+
(psi x1 (1 -psix2) + (1 -psix1) psix2) (1-taul3) + (1 -psixl) (1-psix2)tau3-

3
E (((1-psix2) (1-psix3)+psix2 (1-psix3)+ (1-psix2)psix3) (taul (1 -x1) + (1 -taul) x1) +

((1-psixl)y (1-psix3) +psixl (1-psix3)+ (1-psixl)psix3) (tau2 (1-x2) + (1-tau2) x2) +
((1-psix1) (1-psix2) +psixl (1-psix2)+ (1-psixl)psix2) (taud (1-x3) + (1 -taul3) x3))

"The follow ng variable $ToMaxi m zei jk$ is a function that takes $4% i ndices as input,
and returns the function $ToMaxi m ze$ with $psi x1, psi x2, psi x3$
replaced by $\psi _i (x_{uv}), \psi_j (x_{vw}),
\psi _k(x_{wu})$ where $\psi_1,\psi _2,\psi _3% correspond to the definition of $\psi$ on the
three
intervals on which it is linear, respectively.
The vari abl es $taul, tau2,tau3$ are substituted by the possibility pointed to by the
argunent $t aui ndex$. "

ToMaxi m zeijk = Function[{i, j, k, tauindex},
ToMaxi m ze /. {psix1l - psi [[i]]1[x1], psix2-psi [[j 1]1[x2], psix3-psi [[k]][x3],
taul -> taus[[taui ndex]]1[[1]1],
tau2 -> taus[[tauindex]][[2]], tau3 -> taus[[tauindex]]1[[3]]1}]

"The following loop tries all posibilities for $i,j,k, tauindex\in \({1,2,3\}$,
and for each one conputes the maxi mum of $ToMaxi m zeijk(i,j,k, taui ndex)$

in the polytope defined by the correspondi ng constraints.
One checks that the naxinmal value is always $\leq 0$."

outzel= Function[{i, j, k, tauindex},
ToMaxi m ze /. {psix1 - psi [i J[x1], psix2-psi[j][x2], psix3-psi [k][x3],
taul —» taus[taui ndex][1], tau2 — taus[taui ndex][2], tau3 = taus[taui ndex][3]}]

For[i =1, i <3, i ++,
For[j =1, j <3, ] ++,
For [k =1, k =3, k++,
For [taui ndex = 1, tauindex =< 3, tauindex++,

Print[

——————————————— "1
Print["i,j,k, tau =", i, ",", j,",", k ",", taus[[tauindex]]];
Print ["Function=", Sinplify[ToMaxi m zeijk[i, j, k, tauindex]]];
pol yt ope =

{x1<interval [[I1]1[[2]], x12=interval [[i1]1[[1]1],

x2<interval [[J11[[2]], x2=zinterval [[j11[[211,

x3 <interval [[k]1[[2]], x3=zinterval [[K]1I[[1]1,

X1 < X2 + X3, X2 = x3 + x1, x3 = x1 + x2};
Print ["Pol yt ope=", pol ytope];
out put = Maxi mi ze[{ToMaxi m zei jk[i, j, k, taui ndex], pol ytope}, {x1, x2, x3}1;
Print ["Maxi mum:", output [[1]], " obtained at: ", output [[2]1]11]1]1]]

i,j,k,tau = 1,1,1, {0, 0, 0}

3
Functi on=- 5 (X1 + X2 +x3)

1 1 1
Polytope:{xlsg, x1 =0, XZSE, x2 = 0, XSSg, X3 >0, X1 <x2+x3, x2 <x1+Xx3, x35x1+x2}

Maxi mum=0 obtained at: {x1-0, x2-0, x3 -0}
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i,j, k. tau = 1,1,1, {0, 1, 1}

1
Functi on:E (-2 -3%x1+3x%x2+3x3)

1 1 1
Polytope:{xlsg, x1 =0, XZSg, x2 = 0, XSSg, x3 >0, X1 <x2+x3, x2 <x1+Xx3, x35x1+x2}
1

1 1
Maxi mum=- — obt ai ned at: {Xl»O, X2 -5 —, x3 > ,}
2 6 6

i,j.ktau = 1,1,1, (1, 1, 1)

3
Function=— (-1 +Xx1 +x2 +Xx3)
2

1 1
>0, Xng, X2 >0, x3< —, x3=0, x1=<x2+x3, x2=<x1+x3, x3sx1+x2}

o]

1
Pol yt ope:{xl < . x1

3
Maxi errbfZ obt ai ned at:

i,j,k,tau = 1,1,2, {0, 0, 0}

1
Functi on:E (-1-3x1-3x2+3x3)

1 1 5 1
Polytope:{xlsg, x1 =0, XZSg, X2 =0, xssg, xszg, x1 < x2 +x3, x2 <x1+x3, x35x1+x2}

1 1
Maxi mum:=- — obt ai ned at: {xleo, X2 - g X3 - E}

i,j, k. tau = 1,1,2, {0, 1, 1}

1
Functi on:E (-2 -3x1+3x2+3x3)

1
Maxi mum=- — obt ai ned at: {xleo, X2 5 —, X3 > g}
i,j,k,tau = 1,1,2, {1, 1, 1}
] 1
Functlon:E(—2+3x1+3x2—3x3)
1 1 5 1
Polytope:{xlsg, x1 =0, XZSE, x2 =0, XSSg, XSZg, X1 < X2 +x3, x2 <x1+x3, x35xl+x2}

_ 3 ) 1 1 1
Maxi mum:=- — obt ai ned at: {xle—, X2 - —, x3—>—}
6 6 6
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i,j,k,tau = 1,1,3, {0, 0, 0}

3
Function=2 - > (X1 + X2 +x3)

1 5
, x1=0, x25€, x2 =0, x3 <1, xszg, X1 < x2 +x3, x2 <x1+x3, x35x1+x2}

Maxi m ze::infeas : There are no values of {x1, x2, x3} for which the constraints

Pol yt ope:{xl <

o -

1 1 5
Xlsg&&xlzo&&XZS g&&XZzO&&xSsl&&sz g&&xl5X2+X3&&X25X1+X3&&X35X1+X2

3
are satisfied and the objective function 27E (X1 +x2+x3) is real -valued. >

Maxi mum:=-c obtained at: {x1 - I|ndeterm nate, x2 » | ndeterni nate, x3 - | ndeterm nat e}

i,j, k. tau = 1,1,3, {0, 1, 1}

1
Functi on:E (-2 -3x1+3x2+3x3)

1 5
, x1=0, XZSE, x2 =0, x3 <1, X3zg, X1 < X2 +x3, X2 <x1 +x3, x3§x1+x2}

Maxi m ze::infeas : There are no values of {x1, x2, x3} for which the constraints

Pol yt ope:{xl <

ol

1 1 5
X1 < g&&xle&&st g&&x220&&x351&&x3z g&&xl5X2+X3&&X25X1+X3&&X35X1+X2

3
are satisfied and the objective function 2—E (2+x1-x2-x3) is real -valued. >

Maxi mum=-« obtai ned at: {x1 - Indeterm nate, x2 - Indeterninate, x3 - | ndeterm nate}

i,j, k. tau = 1,1,3, {1, 1, 1}

1
Functi on:E (-7 +3x1+3x%x2+3x3)

1 5
, x1=0, XZSE, X2 =0, x3 =<1, XSzg, X1 < X2 +Xx3, X2 <x1+Xx3, x35x1+x2}

Maxi m ze::infeas : There are no values of {x1, x2, x3} for which the constraints

Pol yt ope:{xl <

|

1 1 5
Xlsg&&xlzo&&XZS g&&XZzO&&stl&&sz g&&xlsx2+x3&&x2sxl+x3&&x3sx1+x2

3
are satisfied and the objective function 1- 5 (3-%x1-x2-x3) is real -valued. >
General ::stop :
Further output of Maximze::infeas will be suppressed during this calculation. >

Maxi mum=-c obtained at: {x1 - Indeterm nate, x2 - | ndeterni nate, x3 - | ndet erm nat e}

i,j,k,tau = 1,2,1, {0, 0, 0}
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1
Functi on:E (-1-3x1+3x2-3x3)

5 1
, X120, XxX2< —, X2=> —
6 6

[Eny

Pol yt ope:{xl <

ol

_ 1 ) 1 1
Maxi mum:=- — obt ai ned at: {xl - —, X2 5 —, XS%O}
2 6 6

i,j,k tau = 1,2,1, {0, 1, 1}

1
Functi on:E (-2 -3x1+3x2+3x3)

)]
[Eny

Pol ytope:{xls , X120, x2< —, X

o -
N
v
o -
x
w
I

, X3 =0, x1 <x2+x3, X2 <x1+Xx3, x35xl+x2}

[o)]

_ 1 ) 1 1
Maxi rmm:—E obt ai ned at: {xleo, X2 - g X3 > —}

i,j,ktau = 1,2,1, {1, 1, 1}

1
Functi on:5 (-2 +3%x1-3x%x2+3x3)

1 5 1 1
Polytope:{xlsg, x1 =0, XZSg, XZZE, X3 < g X3 =0, x1 <x2+x3, X2 <x1+x3, x3sxl+x2}
) 3 ) 1 1 1
Maxi mum:=- — obt ai ned at: {xle-, X2 - —, x3e-}
4 6 6 6

i,j,k,tau = 1,2,2, {0, 0, 0}

9
Fun(:tion:?)—2 (-4 (-1+2%x2) (-1+2x%x3) +X1 (-5-2x3+2x2 (-1+6x3)))

1 5 1 5 1
Pol ytope:{xl <—, X120, X2< —, X2> —, x3 < —, Xx3>—, x1<x2+x3, x2=<x1+x3, x3 sx1+x2}
6 6 6 6 6
) ) 1 1
Maxi mum=0 obt ai ned at: {xl -0, x2 - oy x3 - 5}

i,j,k,tau = 1,2,2,{0, 1, 1}

9
Function:§E (-4 (-1 +2x2) (-1 +2x%x3) +x1 (-5-2x3+2x2 (-1+6x3)))

5 1
Pol ytope:{xls , Xx1>0, x2 < s X2 > 5
1

[N

5 1
, x3sg, xszg, X1 < x2 +x3, x2 <x1+x3, x3sx1+x2}
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i,j,k tau = 1,2,2, {1, 1, 1}

1
Function:55 (-11-78x3+6x2 (-13+30%x3) -9xX1 (-5-2x3+2x2 (-1+6x3)))

1 5 1 5 1
Polytope:{xls — X1=0, X2< —, X2 —, X3 < —, X3 > —, X1 <x2+x3, x2<x1+x3, x3sx1+x2}
6 6 6 6 6
) . 5 5
Maxi mum:=- — obt ai ned at: {Xle—, X2 - —, xse—}

i,j,k.tau = 1,2,3, {0, 0, 0}

1
Function:g (3x1 (-5+6x2) -4 (-4+3%x2+3x3))

5
Pol ytope:{xls , X3 <1, x3 = E X1 < X2 +x3, X2 <x1+Xx3, x35xl+x2}

|

5
, Xx1=0, XZSE, X2 >

|

_ 5 _ 1 2 5
Maxi mum:=- — obt ai ned at: {xl»-, X2 5 —, X3 > —
16 6 3 6

——

i,j,k,tau = 1,2,3, (0, 1, 1)

1
Function:g (3x1 (-5+6x%x2) -4 (1 +3x2-3x3))

5

»

ij.ktau = 1,2,3, (1, 1, 1)

1
Function=— (-29 +18x2 -3x1 (-5+6x2) +12x3)
8

1 1 5
Polytope:{xlsg, X1 =0, X2 < —, XZzg, X3 <1, x3> —, X1 <X2+x3, X2 <x1+Xx3, x35x1+x2}

»

i,j,k,tau = 1,3,1, {0, 0, 0}

3
Function=2 - — (x1 + X2 +x3)
2

1 5 1
Polytope:{xlsg, x1 =0, x2 =<1, XZzg, x3sg, x3 >0, X1 =<x2+x3, X2 =<x1+Xx3, x35x1+x2}

Maxi mum=-c obtained at: {x1 - I|ndeterm nate, x2 - | ndetermi nate, x3 - | ndet erm nat e}



i,j,k,tau = 1,3,1, {0, 1, 1}

1
Functi on:E (-2-3x1+3x2+3x3)

1 5 1
Polytope:{xlsg, x1=0, x2 =<1, X2zg, XSsg, x3 =0, x1<x2+x3, X2 <x1 +Xx3, x3sx1+x2}

Maxi mum=-c obtained at: {x1 - I|ndeterm nate, x2 - | ndeterni nate, x3 - | ndet erm nat e}

i,j,k,tau = 1,3,1, {1, 1, 1}

1
Functi on:E (-7 +3x1+3x2+3x3)

1 5 1
Polytope:{xlsg, x1=0, x2=<1, XZzg, x3sg, x3 =0, X1 <x2+x3, x2<x1+x3, x3sx1+x2}

Maxi mum:=-c obtained at: {x1 - I|ndeterm nate, x2 » | ndeterni nate, x3 - | ndet erm nat e}

i,j, k. tau = 1,3,2, {0, 0, 0}

1
Functi on:g (-4 (-4+3x2+3x3) +3x1 (-5+6x3))

5
, X1=>0, x2<1, Xx2> —, X3 =< —, X3 =
6

(6]

Pol yt ope:{xl <

o -
o
o -

) 5 ) 1 5 2
Maxi mum:=- — obt ai ned at: {xl - —, X255 —, X3 > —}
16 6 6 3

i,j, k. tau = 1,3,2, {0, 1, 1}

1
Function:g (4 (-1 +3x2-3x3) +3x1 (-5+6x3))

1 5 5 1

Polytope:{xls—, Xx1>0, x2<1, Xx2> —, X3 < —, X3> —, X1 <x2+x3, X2 <x1+Xx3, x35x1+x2}
6 6 6 6

Maxi mum:=- — obt ai ned at: {xle—, X2 -1, X3e—}

i,j,k,tau = 1,3,2, {1, 1, 1}

) 1

Functi on:g (-29 +12x2 +18x3 -3 x1 (-5+6x3))
1 5 5 1

Polytope:{xlsA, x1=>0, x2<1, X2> —, X3 < —, X3=> —, x1 <x2+x3, X2 <x1+x3, x3sx1+x2}
6 6 6 6

_ 1 ) 1 5
Maxi mum=- — obt ai ned at: {Xle —, X251, x3 > —}
4 6 6

prove32.nb

7
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i,j,k,tau = 1,3,3,{0, 0, 0}

) 3 (X2 +x3)
Function=2 - ————
2
1 5 5
Pol ytope:{xl <o x1=0, x2<1, x2 > 5 x3<1, x3= 5 x1 < X2 +x3, x2 <x1+x3, x3 sx1+x2}

) 1 ) 5 5
Maxi mum:=- — obt ai ned at: {xlao, X2 -5 —, X3 > A}
2 6 6

i,j,k,tau = 1,3,3, {0, 1, 1}

3
Functi on:E (-2 + X2 +x3)

1 5 5
Polytope:{xlsv, x1=0, x2<1, x2> —, x3<1, x3> —, x1 =x2+x3, x2=<x1+x3, x3sx1+x2}
6 6 6
Maxi mum:=0 obtained at: {x1-0, x2->1, x3>1}
i,j,k,tau = 1,3,3, {1, 1, 1}
_ 3
Functi on:5 (-2 +X2 +X3)
1 5 5
Polytope:{xlsg, x1=>=0, x2<1, XZZE, x3 <1, X3zg, X1 < X2 +x3, X2 <x1+x3, x3sx1+x2}
Maxi mum=0 obtained at: {x1-0, x2->1, x3->1}
i,j,k,tau = 2,1,1, {0, 0, 0}
] 1
Functlon:E(—1+3x1—3x2—3x3)
5 1 1 1
Polytope:{xlsg, xlzg, XZSE, X2 =0, x3sg, X3 >0, x1 <X2+Xx3, X2 <Xx1+Xx3, x35xl+x2}
) 1 ) 1 1
Maxi mum=- — obt ai ned at: {xle-, x2 - 0, X3aw}
2 6 6
i,j,k,tau = 2,1,1, {0, 1, 1}
1
Function=— (-1-9x1+3x2+3x3)
2
5 1 1 1
Polytope:{xlsg, xlzg, x25€, x2 = 0, x3sg, X3 20, x1 <x2+x3, x2=<x1+Xx3, x35x1+x2}

3 1 1 1
Maxi mum=- — obt ai ned at: {Xlaf, X2 > —, X3ef}
4 6 6 6
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i,j,k,tau = 2,1,1, {1, 1, 1}

1
Functi on:E (-2-3x1+3x2+3x3)

1 1 1
E' x2 = 0, x3s€, X3 =0, x1 <x2+x3, x2 <x1+x3, x3sx1+x2}

i,j,k,tau = 2,1,2, {0, 0, 0}

9
Function:5 (-4 +8%x3-%X2 (5+2x3) +2x1 (4-8x3+x2 (-1+6x3)))

5
Pol yt ope:{xl < 5

x

[N

[\
o -

x

N

IA

5
, X2=>=0, X3 < —, X3 =
6

ol R

, X1 < x2 +x3, x2 <x1+x3, x3sx1+x2}

NP ok

1
Maxi mum:=0 obt ai ned at: {xl» , X250, x3-> E}

i,j, k. tau = 2,1,2, {0, 1, 1}

1
Function:5 (-11+18%x3+9%x2 (5+2x3) -6x%x1 (29-30x3+3x2 (-1+6x3)))

5 1 1 5 1
Polytope:{xlsf, X1>—, X2<—, X220, x3<—, x3> —, x1 <x2+x3, x2 <x1+Xx3, x3§x1+x2}
6 6 6 6 6
. _ 1 5
Maxi mum=- — obt ai ned at: {xle—, X2 - —, XS%—}

i,j,k tau = 2,1,2, {1, 1, 1}

1
Function:5 (-11-78x3+9%x2 (5+2x3) -6x%x1 (13-30x3+3x2 (-1+6x3)))

5 1 1 5 1
Polytope:{xls—, X1>—, X2< —, X220, Xx3< —, X3 —, x1<x2+x3, X2 <x1+x3, x3§xl+x2}
6 6 6 6 6
) . 5 5
Maxi mum:=- — obt ai ned at: {xle—, X2 - —, XS%E}

i,j,k,tau = 2,1,3, {0, 0, 0}
] 1
Functi on:g (16 -15%x2 +6x1 (-2 +3x2) -12x3)

5 1 5
Pol ytope:{xls g x1 g X2 =0, x3<1, X3 = g X1 < x2 +x3, x2 <x1+x3, x3sx1+x2}

v
o -
be
N
I
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) 5 ) 2 1 5
Maxi mum:=- — obt ai ned at: {xl > —, X2 5 —, X35 —
16 3 6

——

i,j, k. tau = 2,1,3, {0, 1, 1}

3
Function:—g (3-5%x2+x1 (2+6x2) -4x3)

5
Pol ytope:{xls o x1 > , X2=0, x3<1, x3>

o o

, X1 <X2 +x3, X2 <x1+X3, x35x1+x2}

_ 1 ) 5 1
Maxi mum:=- — obt ai ned at: {xl - —, X2 5 —, x3el}
4 6 6

i,j,k tau = 2,1,3, {1, 1, 1}

1
Functi on:g (-29 -18x1 (-1 +x2) +15x2 +12x3)

5
, X220, x3 <1, x3=—, X1 <x2+x3, X2 <x1+x3, x3sx1+x2}
6

i,j,k.tau = 2,2,1, {0, 0, 0}

9
Function:E (-4 -2%X2 (-4 +x3) -5x3+2x%x1 (4-x3+x2 (-8+6x3)))

5 1 5 1 1
Pol ytope:{xl < —, X1l —, X2<—, X222 —, X3 < —, X320, x1<x2+x3, Xx2<x1+x3, x3 sx1+x2}
6 6 6 6 6
) ] 1 1
Maxi mum:=0 obt ai ned at: {xl - E X2 - E x3 90}

i,j,ktau = 2,2,1, (0, 1, 1)

1
Function:i (<11 +45x3 +18x2 (1 +x3) -6 X1 (29 -3x3+6Xx2 (-5+3x3)))

5 1 5 1 1
Polytope:{xlsg, xlzg, XZSg, XZzg, XSSE, X3 >0, x1 <X2+x3, X2 <x1+Xx3, x3sx1+x2}

) 5 ) 2 5 1
Maxi mum:=- — obt ai ned at: {xl»-, X2 - —, xsaw}
16 3 6 6

ij.k tau = 2,2,1, (1, 1, 1)

1
Function:§ (-11 +45x3 +6x2 (~13+3x3) - 6x1 (13-3x3+6Xx2 (-5+3x3)))
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5 1 5 1 1
Pol ytope:{xl < —, X1l>—, X2< —, X2> —, X3 < —, X320, X1 <x2+x3, x2<x1+x3, x3 sx1+x2}
6 6 6 6 6
) 1 ) 5 5 5
Maxi mum:=- — obt ai ned at: {xle-, X2 - —, x3»w}
2 6 6 64

i,j,k tau = 2,2,2, {0, 0, 0}

3
Funct i on-_— (-20 +x2 (33-60%x3) +33%x3 +3x1 (11 -20x3+4x2 (-5+9x3)))

1
, x3zg, X1 < x2 +x3, x2 <x1+Xx3, x3sxl+x2}

i,j,k tau = 2,2,2, {0, 1, 1}

1
Functi on:?)—2 (-10 +x2 (39 -108x3) +39x3-3x1 (67-60x3+12x2 (-5+3x3)))

1
, X3zg, X1 < x2 +Xx3, X2 <x1+Xx3, x3sxl+x2}

i,j,k,tau = 2,2,2, {1, 1, 1}

3
Functi on:—S—z (-5 +%x2 (37 -72%x3) +37x3 +x1 (37 -72x3+36x%x2 (-2+3x3)))

1
, X3zg, X1 < x2 +x3, x2 <x1+Xx3, x35x1+x2}

i,j,k,tau = 2,2,8,{0, 0, 0}

3
Functi 0n:3—2 (20 -15x3-6x%x2 (2+x3) +6x1 (-2+ (-1+6x2) x3))

5 1 5 1 5
Pol ytope:{xl <—, X1>—, Xx2<—, X2>—, x3=<1, x3>—, x1=<x2+x3, x2=<x1+x3, x3 sx1+x2}
6 6 6 6 6
) ) 5 5 59
Maxi mum=0 obt ai ned at: {xl > —, X2 —, X3 - —}
6 6 64

i,j,k,tau = 2,2,3,{0, 1, 1}
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3
Function:—5 (5+%x2 (22-6x3) -15x3 +x1 (22-6x3+12x2 (-5+3x3)))

1 5 }

[e)]

i,j,k tau = 2,2,3, (1, 1, 1}

1
Functi on:5 (18 x2 (3+x3) +5 (-23+9x3) -18x1 (-3-%x3+X2 (-2+6x3)))

5
, X3 <1, x3=—, X1 <Xx2+xXx3, X2 <x1+x3, x3§x1+x2}

[o)]

i,j,k.tau = 2,3,1, {0, 0, 0}

1
Functi on:g (16 -12x2-15x3+6x1 (-2 +3x3))

5 1 5 1
Pol ytope:{xls g X1 > E X2 <1, Xx2> —, X3 <

5 g X3 =0, x1 <x2+x3, X2 <x1+x3, x3sx1+x2}

) 5 ) 2 5 1
Maxi mum:=- — obt ai ned at: {xl - —, X2 —, X3 > —}
16 3 6 6

i,j, k. tau = 2,3,1, {0, 1, 1}

3
Function:g (-3 +4x2+5x3-2x1 (1+3x3))

1

, Xgﬁg, X3 =0, x1 <x2+x3, X2 <x1+x3, x3sxl+x2}

ol o

5 1
Pol ytope:{xls g x1 > E X2 <1, X2 =

_ 1 ) 5 1
Maxi mum:=- — obt ai ned at: {Xle —, X251, x3 > —}
4 6 6

i,j, k. tau = 2,3,1, {1, 1, 1}

1
Functi on- (-29 +12x2 - 18 x1 (-1 + x3) + 15x3)

1 5 1
Polytope:{xls , xlzg, X2 <1, XZZE, ngg, X3 =0, x1 =x2+x3, X2 <x1+x3, x3sxl+x2}

o u

_ 1 ) 5 1
Maxi mum:=- — obt ai ned at: {Xle —, X251, x3 > —}
4 6 6
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i,j, k. tau = 2,3,2, {0, 0, 0}

3
Function:55 (20-12x3-3x2 (5+2x3) +6XL (-2 +X2 (-1 +6x3)))

5 1 5 5 1
Pol ytope:{xl <—, X1>—, x2<1, Xx2> —, X3 < —, X3= —, X1 <x2+x3, x2<x1+x3, x3 sx1+x2}
6 6 6 6 6
) ) 5 59 5
Maxi mum:=0 obt ai ned at: {xle—, X2 - —, XS%—}
6 64 6

i,j.ktau = 2,3,2, (0, 1, 1)

3
Function=- — (5+22x3-3x2 (5+2x3) +x1 (22-60x3+6x2 (-1+6x3)))
32
5 1 5 5 1
Polytope:{xls—, X1l>—, X2<1, Xx2> —, X3 < —, X3 = —, X1 <x2+x3, x2<x1+x3, x3sx1+x2}
6 6 6 6 6

5
Maxi mum:=0 obt ai ned at: {Xlﬁ E X2 - 81 X3 - w}

ij.ktau = 2,3,2, (1, 1, 1)

1
Function:3—2 (-115+54x3+9x2 (5+2x3) -18x1 (-3-2x3+Xx2 (-1 +6x3)))

5 1 5 5 1
Polytope:{xls — X1>—, X2<1, X2 —, X3 < —, X3 > —, X1 <x2+x3, X2 <x1+x3, x3sx1+x2}
6 6 6 6 6
) ) 5 55 5
Maxi mum:=0 obt ai ned at: {xl - —, X2 —, X3 > w}
6 64 6
i,j,k,tau = 2,3,3,{0, 0, 0}
1
Function=— (-5+6x1) (-4 +3x2+3x3)
8
5 1 5 5
Polytope:{xlsg, xlzg, X2 <1, XZzg, x3 <1, XBzg, X1 < X2 +x3, x2 <x1+x3, x35x1+x2}
) ) 5 59 59
Maxi mum:=0 obt ai ned at: {xl - —, X2 —, X3 > —w}
6 64 64
i,j,k,tau = 2,3,3,{0, 1, 1}
3
Function=-— (-5+6x1) (-2 +Xx2 +x3)
8
5 1 5 5
Polytope:{xlsg, xlzg, x2 <1, XZZE, x3 < 1, x3zg, x1 <x2 +x3, x2 <x1+x3, x3sxl+x2}

_ _ 5 7 59
Maxi mum:=0 obt ai ned at: {xla E X2 > g X3 - a}
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i,j,k,tau = 2,3,3, {1, 1, 1}

3
Functi on:—g (-5+6x1) (-2 +x2+x3)

5 1 5 5
Polytope:{xl < g x1 > g x2 <1, x2=> E x3 <1, x3> E X1 <x2 +x3, x2 <x1+x3, x3 sxl+x2}
) ) 5 59
Maxi mum=0 obt ai ned at: {xl > —, X2 —, X3 - —}
6 64

i,j,k,tau = 3,1,1, {0, 0, 0}

3
Function=2 - > (X1 + X2 +x3)

5 1 1
Polytope:{xlsl, x1 = o Xng, X2 =0, X3sg, x3 >0, x1<x2+x3, x2 <x1+Xx3, x3sx1+x2}

Maxi mum:=-c obtained at: {x1 - I|ndeterm nate, x2 - | ndeterni nate, x3 - | ndeterm nat e}

i,j, k. tau = 3,1,1, {0, 1, 1}

3
Functi on:—E (2 +X1-x2-x3)

5 1 1
Polytope:{xlsl, xlzg, ngg, x2 =0, xssg, x3 =0, x1<x2+x3, x2 <x1+Xx3, x3§x1+x2}

Maxi mum=-o obtained at: {x1 - Indeterm nate, x2 > Indeterm nate, x3 - I ndeterm nate}

i,j,k tau = 3,1,1, {1, 1, 1}

1
Functi on:E (-7 +3x1+3x2+3x3)

5 1 1
Polytope:{xlsl, xlzg, XZSE, X2 =0, XSSE, x3 =0, X1 =x2+x3, X2 <x1+x3, x3sx1+x2}

Maxi mum=-« obtai ned at: {x1 - Indeterm nate, x2 - Indeterninate, x3 - |ndeterm nate}

i,j,k.tau = 3,1,2, {0, 0, 0}

1
Funct i on- (16 12 x1 -12x3 + 3X2 (-5 + 6 x3))
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i,j, k. tau = 3,1,2, {0, 1, 1}

1
Funct i on-— (-29 - 12x1 +42x3-3x2 (-5+6Xx3))

5 1 5 1
Polytope:{xlsl, xlzg, XZSE, x2 =0, XSSg, XSZg, X1 < x2 +x3, x2 <x1+Xx3, x35xl+x2}
) . 7 5
Maxi mum=- — obt ai ned at: {Xle—, X2 - , X3eg}
i,j,k,tau = 3,1,2, {1, 1, 1}
1
Function=— (-29+12x1 +18x3-3x2 (-5+6x3))
8
5 1 5 1
Polytope:{xlsl, xlzg, XZSE, X2 =0, XSSE, X3ZE, X1 < X2 +x3, X2 <x1+Xx3, x35xl+x2}

i,j, k. tau = 3,1,3, {0, 0, 0}

3 (x1 +x3)
2

Function=2 -

5 1 5
Polytope:{xlsl, x1 > g XZSE, x2 >0, x3 <1, stg, x1 <x2 +x3, x2 <x1+x3, x35x1+x2}

) 1 ) 5 5
Maxi mum=- — obt ai ned at: {Xl% —, X250, x3-> ,}
2 6 6

i,j,k,tau = 3,1,3,{0, 1, 1}

1
Functi on:E (-1-3x1+3x3)

5 1 5
Polytope:{xlsl, x1 = o Xng, x2 >0, x3 <1, X3zg, x1 < X2 +x3, x2 <x1 +x3, x3sx1+x2}
, 1 . 5 1
Maxi mum:=- — obt ai ned at: {Xl% —, X2 5 —, x3»1}
4 6 6
i,j,k,tau = 3,1,3, {1, 1, 1}
3
Functi on:E (-2 +x1+x3)
5 1 5
Polytope:{xlsl, x1>—, x2< -, x2=0, x3<1, x3> —, x1=x2+x3, x2=<x1+x3, x3sx1+x2}
6 6 6

Maxi mum:=0 obtained at: {x1-1, x2-0, x3 =1}
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i,j, k. tau = 3,2,1, {0, 0, 0}

1
Funct i on-— (16 - 12 x1 - 15%x3 + 6 X2 (-2 + 3x3))

5 5
Pol yt ope:{xl <1, x1= g X2 < g X2 =

1

, X3 < —
6

ol R

, X3 >0, X1 <x2+x3, X2 <x1+x3, x35xl+x2}

) 5 ) 5 2 1
Maxi mum:=- — obt ai ned at: {Xle—, X2 5 —, X35 —
16 6 3 6

——

i,j,ktau = 3,2,1, (0, 1, 1)

1
Function=— (-29 -12x1+15x3 -6x2 (-7 +3x3))
8

Pol yt ope:{xl <1, x1=>

N
v
[N

5 1
, XZSE, X , x35gv X3 >0, X1 <X2+Xx3, X2 <X1+Xx3, x35xl+x2}

o o

_ 1 ) 5 5 5
Maxi mum:=- — obt ai ned at: {xle-, X2 - —, x3»w}
2 6 6 64

ij.ktau = 3,2,1, (1, 1, 1)

1
Function=— (-29 +12x1 - 18x2 (-1 +x3) + 15x3)
8

5 5 1 1
Polytope:{xlsl, xlzg, XZSg, XZZE, x3sg, X3 >0, X1 <X2+Xx3, X2 <X1+Xx3, x35xl+x2}

_ 1 ) 5 1
Maxi mum:=- — obt ai ned at: {xl»l, X2 > —, X3 - w}
4 6 6

i,j,k tau = 3,2,2, {0, 0, 0}

3
Function:3—2 (-4 (-5+3x2+3x3) +3x1 (-5-2x3+2%x2 (-1+6x3)))

[&)]

5 1 5 1
Polytope:{xlsl, X1l > —, XZSE, XZzg, x3sg, XSzg, X1 < x2 +x3, X2 <x1+x3, x35x1+x2}

i,j.ktau = 3,2,2, (0, 1, 1)

1
Function:3—2 (9X1 (-5-2x3+2x2 (-1+6x3)) -4 (35-51x3+x2 (-51+72x3)))

5 5
Pol yt ope:{xl <1, x1>—, x2=< 5’ X2 >

5 1
, X3 = —, X3 = —, X1 =<x2+x3, X2 <x1+x3, x35x1+x2}
6 6 6

|

_ _ 59 5 5
Maxi mum:=0 obt ai ned at: {xla a X2 -5 —, x3 > E}
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i,j,k,tau = 3,2,2, {1, 1, 1}

1
Function=— (-115+54x3 +18x2 (3+2x3) -9x1 (-5-2x3+2x%x2 (-1+6x3)))

5 5 1 5 1
Polytope:{xlsl, x1 > g XZSE, XZzg, x3sg, xszg, x1 <x2 +x3, x2 <x1+x3, x35x1+x2}
59 5 5

Maxi mum:=0 obt ai ned at: {xl - 6—4

i,j,k,tau = 3,2,3,{0, 0, 0}
1
Function:g (-5+6x2) (-4 +3x1+3x3)

5
<1, x3= _, xlsx2+x3,x25x1+x3,x35x1+x2}

5 5 1
Pol yt ope:{xl <1, x1>—, x2<—, Xx2=>—, x3
6 6 6 6
) ) 9 5 59
Maxi mum=0 obt ai ned at: {xl > —, X2 —, X3 > —}
64 64

i,j,k,tau = 3,2,3,{0, 1, 1}

1
Functi on:g (-5+6x2) (1+3x1-3x3)

5
<1, x3> _, xlsx2+x3,x25x1+x3,x3sxl+x2}

5 5 1
Pol yt ope:{xl <1, x1>—, x2<—, x2>—, x3
6 6 6 6
) ) 9 5 59
Maxi mum=0 obt ai ned at: {xl > —, X2 —, X3 > —}
64 64

i,j,ktau = 3,2,3, {1, 1, 1}

3
Functi onzué (-5+6x%x2) (-2 +x1+x3)

)]

5 1 5
Polytope:{xlsl, x1> —, Xng, XZZE, x3 =<1, X3zg, X1 <x2 +x3, x2 <x1+x3, x35x1+x2}
1

(o]

i,j,k.tau = 3,3,1, {0, 0, 0}

3 (X1 +x2)

Functi on=2 -
2

5 5
Xx1<1, x1>—, x2<1, Xx2>—, X3 < —, Xx3=0, x1 <x2+x3, x2<x1+x3, x3§x1+x2}

Pol yt { !
0 ope= _
ytop 6 6 6
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i,j, k. tau = 3,3,1, {0, 1, 1}

1
Functi on:5 (-1 -3x1+3x2)

5 5
Polytope:{xlsl, xlzg, X2 <1, XZEE, X3 < —, X320, X1 =x2+x3, x2 =x1+Xx3, x3sx1+x2}

|

1 5
Maxi mum:=- — obt ai ned at: {Xle —, X251, x3 > —}
4 6 6

i,j, k. tau = 3,3,1, {1, 1, 1}

3
Functi on:5 (-2 +x1 +x2)

5 5 1
Polytope:{xlsl, xlzg, X2 <1, XZzg, XSSg, X3 >0, x1 <X2+x3, X2 <x1+Xx3, x3sx1+x2}

Maxi mum=0 obtained at: {x1-1, x2->1, x3-50}

i,j,k tau = 3,3,2, {0, 0, 0}

1
Functi on:g (-4 +3x1+3x2) (-5+6x3)

_ _ 59 59 5
Maxi mum:=0 obt ai ned at: {Xlﬁ a X2 - j x3 - ,}

i,j.k.tau = 3,3,2, {0, 1, 1)

1
Functi on:g (1+3x1-3x2) (-5+6x3)

5 5 5 1
Polytope:{xlsl, xlzg, X2 <1, x2> —, x3 < —, X3Zg' x1 <x2 +x3, x2 <x1+x3, x3sxl+x2}

o
»

) _ 59 59 5
Maxi mum:=0 obt ai ned at: {xl» a X2 = EZ x3 - ,}

i,j,k,tau = 3,3,2, {1, 1, 1}
3
Functionzfg (-2 +X1+X%x2) (-5+6x3)

5 5
Pol yt ope:{xl <1, x1> 5 x2 <1, X2 > 5 X3 < —, X3 =

o | o
o
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1
Maxi mum:=0 obt ai ned at: {xlel, X2 -1, X3 - —}
4

i,j,k,tau = 3,3,3,{0, 0, 0}
Functi on=0

5 5 5
Polytope:{xlsl, xlzg, X2 <1, XZZE, x3 <1, X3zg, X1 < X2 + X3, X2 =< x1 +Xx3, x3sx1+x2}

) ] 5 5 5
Maxi mum:=0 obt ai ned at: {Xle g X2 - g X3 - E

——

i,j, k. tau = 3,3,3, {0, 1, 1}

Functi on=0

5 5 5
Pol ytope:{xl <1, x1=> E X2 <1, Xx2= g x3 <1, x3= g x1 = x2 +Xx3, x2 =<x1+x3, x3 sx1+x2}
) ] 5 5 5
Maxi mum:=0 obt ai ned at: {xl - —, X2 —, X3 > —}
6 6 6

i,j,k,tau = 3,3,3, {1, 1, 1}
Functi on=0

5 5 5
Polytope:{xlsl, xlzg, X2 <1, XZzg, X3 <1, X3zg, X1 < x2 +x3, x2 <x1+x3, x3sx1+x2}

5 5
Maxi mum:=0 obt ai ned at: {Xle g X2 - g X3 = g}



