Extending the Lambda Calculus:
An Eager Functional Language

Syntax of the basic constructs:

canonical forms z cfm
intcfm

boolcfm

funcfm

tuplecfm

altcfm

boolconst

natconst

expressions e exp

labels (tags) k tag

intcfm | boolcfm | funcfm | tuplecfm | altcfm
o|1]|-1]...

boolconst

AVAT. exp

(cfm, ...cfm)

@ tag cfm

true | false

o|11]2] ...

natconst | —exp | exp +exp | ...
boolconst | —exp | exp Nexp | ...
if erp then exp else exp

funcfm | var | exp exp

(exp, ...exp) | exp.tag

© tag exp | sumcase exp of (exp, ... exp)
error | typeerror
natconst



Syntactic Sugar: Definitions and Patterns

Syntax of derived forms:

funcfm = ... | Apat. exp
exp = ... |let pat = exp, ...pal = exp in exp
patterns p pat = war | (pat, ... pat)
Semantics of the derived forms:
: def
let pi1 =eq,...pn=epine = (Ap1....Apn.e€)e1 ... en
f :
PO, -+ -Pn_1)-€ d:e Mv.let pg =v.0,...p,_1 =v.|n—1]ine

where v ¢ F'V (e)

Example:
let (x, y) = (1, 2) in x+y
= (A(x, y).x+y) (1, 2)
= (Az.letx=z.0,y=z.1inx+y) (1, 2)
= (Az. (Ax. Ay.x+y) (z.0) (z.1)) (1, 2)



Semantics of the Basic Constructs

zZ = Z

e = |1]
-e = | —1]

e = |1] e = |7]
e+e = [+ 7|

e/ = 2

if e then ¢’ else e’/ = 2

e = true

e1 = 21 en = 2Zn

(e1, ...en) = (21, ...2n)

e = z
Qke= Qkz

e/ = 2/ (eg/v — 2') = 2

ee/ = z
e = |b]
—e = |—b]|
e = |b] e = |V]
eNe = [bAV]

e = A\v.eq

el = ~

if e then e’ else e/’ = 2

e = false

e = (20, ---2n_1)
e. k= z

if k<n

e=>Qkz ez = 2/

if k<n
sumcase e of (eg, ...e,_1) = 2/



Recursion

In the untyped language we can define recursive functions using the
(eager) fixed-point combinator Y5,.

But in a simple typing discipline Y, is not typable.

One solution: a special construct for recursive definitions:

exp = ... | letrec var = Apat. exp,...var = Apat. exp in exp
with the reduction rule

(Avg. ... Avp—1.e) (Aug.ef) ... (Aup_1.€; 1) = 2

letrec vg = A\ug.eg,...Vp—1 = Aup_1.€p—11iNe = z

def

where e = letrecvg = Aug.eq,...vp—1 = Aup_1.€,_1 IN€;
and {vqg,...} N{ug,...} ={}
Syntactic sugar:

. def )
letrec vgpg = €g,... iIne = letrec vg = Apg.€eg,... Ine



Programming in the Eager Functional Language

Recall the reduction rule for letrec:

(Avg. ... Avp_1.e) (Aug.ef) ... Qup—_1.€5 1) = =

letrec vg = Aug.eg, ... Vp—1 = Aup_1.6p_11lNe = 2

def _ _ .
where e = letrec vg = A\ug.eg,...vp—1 = Aup_1.€p_1 1N ¢€;

and {vg,...} N{ug,...} ={}



An Example: Generating a List

letrecf = An.if n =0then @O0 () else @1 (n, f(n-1)) inf3

-~

e

(Mf.f3) (An.letrecf = An.eine)

(An.letrecf = An.eine) 3

letrecf = An.einif 3=0then @O0 () else @ 1 (3, f (3-1))

(M.if 3=0then @O0 ()else @1 (3, f(3-1))) (An.letrecf = An.eine)

if 3=0then @O0 () else @1 (3, (An.letrecf = An.eine) (3-1))
@1 (3, (An.letrecf = An.eine) (3-1))

.(é.l (3, @1 (2, @1 (1, @0 {))))

© 1<3 @1(2,@1{(1, @0 ())))



Derived Data Types: Lists

Following Standard ML'’s syntax for lists

.eqiienii...iepinil L.

.case e of nil => ¢’ | x::x8 => €

we can extend the language with

exp = ... | nil | exp::exp constructors
| listcase exp of (exp, exp) deconstructor
cfm = nil | ¢cfm::cfm



Semantics and Encoding of Lists

Evaluation semantics:

e1 = 21 €e> = 22

nil = nil €1::€0 = 21::29
e=mnil ¢ ==z e=z21::20 €e'(z1, 20) = 2
listcase e of (¢/, €¢) = 2 listcase e of (¢/, €¢) = 2

Encoding of lists in terms of products and sums:

nil € @ 0 ()

e1::€o d:ef© 1 (eq, ep)

def

listcase e of (€, €’’) = sumcase e of (\_.€/, €)

Note: LiSP-style languages define a tester null? and deconstructors car and cdr

but car and cdr are not well-defined on nil.



List Processing

Some functions from the list libraries of ML and Haskell

expressed in our eager functional language:
letrec append = Axs. \ys. listcase xs of (ys, A\(x, xs'). x: :append xs ys) in
letrec map = Af. Axs. listcase xs of (nil, \(x, xs').fx: :mapfxs’) in
letrec foldr = Af. Az. Axs. listcase xs of (z, A\(x, xs'). fx (foldrfzxs")) in
letrec revappend = Axs. \ys. listcase xs of (ys, A(x, xs'). revappend xs’ (x: :ys)) in
let

map’ = Af. foldr (Ax. Ays. f x: :ys) nil,

append’ = Axs. \ys. foldr (Az. Azs. z: :zs) ys xs,

rev = Axs. revappend xs nil,

append” = Axs. revappend (rev xs)

in ...



Direct Denotational Semantics

¢
Let the predomain of values be V 7 Vint + Vool + Viun + Viup + Vi, where

Vint = Z tit. = Y-to € [Vipg — V]
Voo = B thool = Y -t1 € [Vygy — V]
Vien = [V — V4] with injections bp = Y t2 € [Viy — V]
Vtup — U%O:o vn Ltup — Y1z € Vtup — V]
Var = N XV tat = Y-ta € [V — V]
and the domain of results is Vi, = (V 4 {error, typeerror}) | :
tnorm = U} * LQ e [V — Vi
err = 11(tq error) c Vi
tyerr = 14(11 typeerror) € Vi

Then [[—] € exp — E — Vi, where E = var — V is the predomain of environments:

[error]ln = err
[typeerror]n tyerr

[[n]]n tnorm (Lint M)



Direct Denotational Semantics cont’d

[-elln = (An € Z. tporm (Lint(—n) ) ) ines ([elln)

fintx def (fint)=

where the lift (=)« from [V — V4] to [Vix — Vil is

[+ (bnorm < ) = fz
frerr = err
[xtyerr = tyerr

and we define a type-checking lift (—);,; of functions from [V},; — V4] to [V — V4]:

fn
tyerr for other z € V

Jint (Lz'nt n)
Jint 2

(=) bootr (=) funs (=) tup, and (—) o are defined similarly, and from them (—) . etc.



Denotational Semantics of Binary Operations

[ete'ln = (An € Z. (A\n' € Z. tporm (ting(n + 1)) inss ([[e’]]n))mt* ([elln)

Note:

» this semantics evaluates e+e’ from left to right
1 the symmetry of + from the expression language is broken

1 either of e and €’ may fail (err or tyerr) or diverge

If [eln = L and [[e]'n = tyerr, then

|
|_

[e+e'Tim
[e'+elln = tyerr



Runtime Errors

One approach to introducing types:
Consider sets of values closed under the semantics of certain language constructs,
e.g. integers are closed under the semantics of +, -, *.

But operations like the division <+ are not defined on all values in a type.

We could consider more fine-grained types, e.g. the set {(n,n’) |n € Z, n’ € Z—{0}},
but a type system which infers them would be undecidable.

The prevailing approach is to
defer the check for definedness until run time, and signal an error if undefined:

[e ~eln=(neZ (\n' €Z.if n” = 0 then err
else Lnorm (Lins(n =+ n/)))mt* ([[e’]]n))mt* ([elln)



Functions, Tuples, Alternatives

[vln = tnorm (nv)
[eeln = (A € [Vayp — V. Az € V. f 2)x ([']0)) fun ([eln)
TAv.elln = tnorm (qun Az e V. ]elln|v:z]))
[{e1,.-.-en)ln = (z1€V.... (Azn € Vitnorm(epup(21,--- 2n)))«

(Lendn) .. )« (Lealn)
[e.k]ln = (Az e V*.if k € dom z then tnorm (2 k) else tyerr) 4« ([[e]ln)

[@kelln = (Az € V.inorm (toy (K, 2)))« ([elln)

[sumcase e of (eqg,... e,—1)]In
— (>‘<k7 z) € N x Viif k < n then (Af e[V — V4. fz>fun>x< ([exln)



Semantics of letrec

The reduction rule for letrec

(Avo. ... Avp_1.e) (Aug.e) ... (Aup_1.€;_ 1) = =

letrec vg = Aug.eg,...Vp—1 = Aup_1.6p_1iNe = 2

def

where ef = letrecvg = Aug.eq,...vp—1 = Aup_1.€,—1 IN€;

and {vqg,...} N{ug,...} ={}
suggests that the semantic equation is

[letrec vi = Auj.e1,...vn = Mun.epine]ln = [e]|n’

where ' = [n|vy : [Mui.e1]n|...|vn : [Aun. en]n’]

The last equation is ill-formed: ' € E = var — V, while [Aui.e1]n’ € Vi,
however the r.h.sides are restricted syntactically to be values, and

[ui. e;ln" = tnorm (qun (\u; € V. [e;1[n [u; : 2]))

so we can use directly the corresponding element of V:

n' = [nlv1epn ur € Villealln' |ur 22D |- [ on ¢ tpuy Qun € Villenll[n' | un @ 2])]



Semantics of letrec cont’d

One remaining problem: the equation

n = [nlvy g, Quy € Vo[eallln' lug 2 2D |- Jon © epyn Qun € V. [en]l[n | un : 2])]

cannot be solved using the least fixed-point operator Y
because © = var — V is a predomain, not a domain.

But we can break the loop at a different point, where the value is in a domain:
in the case of n = 1

/

n = Inlv: ’/funf]
e V. [elln|u: 2]

where f
hence f = Aue€ V.([elln|v: ey, flu: 2]

fisin Vj,,, which is a domain, hence

f= Yvﬁm (Ag € Viyp- Au € Vi [[ell[n|v ey glut2]).



