10/16: Random Graphs, Il

We have two goals for this lecture:

1. To examine threshold phenomena in random graphs. These are properties of
graphs that have a critical probability p0. They are unlikely to hold for p < pO,
and are likely to hold for p > pO0.

2. To learn how to use Chebychev's inequality (and variance bounds) to prove that
it is likely that something appears.

In contrast, last lecture we used Markov's inequality to show that it is unlikely that
something appears in a graph. That technique is insufficient to handle the reverse:
showing that it is likely that something appears.
The two phenomena we will examine are:

1. Whether a graph has a vertex with no attached edges, and

2. Whether a graph has a 4-clique.

We will derive critical probabilities for each.

In the last lecture, we proved that certain structures were unlikely to appear in
graphs by defining a random variables Xj, ..., Xm that are each one if a certain
structure appears, and zero otherwise. We then set X to be the sum of the X;s,
and proved that the expectation of X was small. We observed by Markov's
inequality that

/\)»[KZLI < g(X)

But, when we want to show that X is unlikely to be zero, this technique does not
suffice. Even if we show that E[X] is big, we have not established that X is unlikely to
be zero. For example, it could be the case that X is 20000 with probability 1/100 and
zero with probability 99/100. So, the expectation of X is 200, but it is usually just O.

Variance

Recall the definition of the variance of a random variable X:
Vor [x2= el (x—exy* 1 O

We will use to other forms of the definition of the variance. The first is
Var () = L1-ELA @)
this can be derived from definition 1by exploiting linearity of expectation:
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The other expression we will use applies when X is the sum of many variables.

& X = ZX]/’HMZV\

Var DB 2 Var D« Z o (1, 24)
(-F\)

whese  Cou (X1, X5\ = ELXX - B Al
Note that if two variables are independent and then their covariance is zero

Here is a derivation of this expression for the variance.
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So, to prove that a variable is unlikely to be zero, it suffices to prove that its
variance is much less than the square of its expectation.
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