Percolation in the Grid

Tuesday, October 30, 2007
11:07 AM

The critical probability for percolation in the two-dimensional grid is one-- half.
Today, | will prove to you that it is between one third and two thirds. | will then
explain how one can show that it is at least one half.l will have to leave some
details out of this last argument.

Fix the origin of the two-dimensional grid. We want to show that when the
probability of an edge is less than one third, the probability that the origin is in an
infinite component is zero. In particular, we will prove that the probability that
there is an infinite simple path from the origin is zero. If there were an infinite
path containing the origin, then there would be a path of every finite length
containing the origin. we will bound this probability for some particular large
length.
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To do this, we will count the number of simple paths of length n that started the
origin. Actually, we will just prove an upper bound on the number of such paths.
Given that the path starts at the origin, there are four choices for its first edge. As
the path cannot double back upon itself, there are three choices for the next
edge, and three choices for every successive edge. So, the number of such paths
is at most
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As the probability that the origin is in a path of length n is at most the expected
number of such paths, the probability that the origin is in a path of length n goes
to zero as n goes to infinity.

| now want to convince you that the critical probability is less than or equal to two
thirds. Thatis, | will show you that if p is greater than two thirds then there is
some nonzero probability that the origin is in an infinite component.

This argument will involve considering the dual of the grid. The dual of the grid
graph is another grid graph. It has a vertex at the center of every square of the
original grid, and an edge crossing every edge of the original grid. For example,
here is a small grid and its dual.

Of course, the dual of the infinite grid is also an infinite grid. We say that a dual
edge is dual to the primal edge that it crosses. When considering percolation
problems, we include an edge in the dual graph if and only if we do not include it
in the primal. The key fact that we will use about the dual is that if one considers
the component of the origin, if the dual edges to its boundary form a cycle around
the component. For example:
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So, the origin is in an infinite component if and only if there is no cycle in the dual
graph containing the origin. We will prove that when p is greater than two thirds,
there is a nonzero probability that the dual does not contain a cycle containing
the origin. We will first show that it is unlikely that the dual contains a large cycle
around the origin.
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| will now explain how one proves that the critical probability is at least one half.
We will prove that when p equals one half, there probably is a dual cycle
containing the origin. the first step in our proof, is to observe something
interesting that happens when p equals one-half. Consider an n -- by -- n grid. We
will show that the chance that it contains a path from the left side to the right
side is at least one half. To do this, we actually consider an
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Notes that there is a path from the left to the right in the primal grid if and only if
there is no path from the top to the bottom in a dual grid.
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