Graphs and Networks Lecture 5

The Giant Component and Diameter

Daniel A. Spielman September 16, 2010

5.1 Overview

I have three goals for this lecture:

1. Sketch the proof of the existance of the Giant Component in Erdös-Rényi-random graphs.

2. Introduce random graphs with given degree distributions.

3. Prove that random regular graphs probably have logarithmic diameter.

5.2 Review of Galton-Watson

Let me recall what we proved about the Galton-Watson process, and one thing that I forgot to mention. In particular, I will be concerned with the case in which a cell splits into k children, each of which survives to split themselves with probability p = c/k.

Theorem 5.2.1. Let Z be one plus the number of descendants of the first organism that survive to reproduce (not counting the first organism). If c < 1 then for every u > 0

Pr [Z > u] ≤ exp ( (1 − c)^2 3c )_{−u} .

Here is a theorem that I forgot to state. It’s proof is analogous to the proof in the case k = 2, and will appear in the first problem set.

Theorem 5.2.2. Let Z be one plus the number of descendants of the first organism that survive to reproduce (not counting the first organism). If c > 1 then there exists a constant β_c, which does not depend upon k, such that Pr [Z = ∞] ≥ β_c.

We also proved that in this case Y is unlikely to be moderately large.

Theorem 5.2.3. Let Z be one plus the number of descendants of the first organism that survive to reproduce (not counting the first organism). If c > 1 then for every u > 0

Pr [u ≤ Z < ∞] ≤ γ^{−u} 1 − γ^{−1} , 5-1

Lecture 5: September 16, 2010 5-2

where γ = exp ( (c − 1)^2 2c ) . 5.3 c < 1 : all small components

We finally turn to the examination of the sizes of components in Erdös-Rényi-random graphs G(n, p). We will begin by considering the case p = c/(n − 1) for c < 1. In this case, we will see that every component is probably small. We do this by exploring the component of some vertex in a breadth-first fashion. To start, pick any vertex. Say v. There are n − 1 vertices that could be its neighbors, and each is a neighbor with probabilty p.

We identify vertex v with the original organism in a Galton-Watson branching process with k = n − 1. We then view the neighbors of v as the children of this original organism that survive. It is clear that the number of these is identically distributed. Now, let w be a neighbor of v that we have just identified, and let j be the number of neighbors of v. The number of vertices other than v and its neighbors is n − j − 1. Each of these has a probability p of being a neighbor of w. We view these neighbors as being the children of organism w that survive. Here we see a difference with the Galton-Watson process: cell w splits into n − j − 1 parts rather than n − 1. This will only help us as we want to show that the component of v is small. The fact that w has fewer than n − 1 children only makes the component smaller. After we do this for w, we do it for another neighbor of v. But, we only consider the nodes that are not yet known to be in the component of v as potential children.

If we proceed in this way, we see that the size of the component of vertex v is distributed in the same way as the number of descendants of an organism in a modified Galton-Watson process in which we decrease the number of children that organisms can have. But, we keep p fixed as we decrease this number. Let C(v) be the random variable giving the number of vertices in the component of v. For every u > 0 we have

Pr [C(v) > u] ≤ Pr [Z > u] ≤ exp ( (c − 1)^2 2c )_{−u} . For some constant α we can set u = α ln n and make this probability 1/n^2. We could then say

Pr [G has a component with more than α ln n vertices] ≤ ∑ v∈V Pr [C(v) > α ln n] ≤ 1/n.

5.4 Alternate Explanation

I often say that probabilistic arguments have two parts: a set-up in plain English and an analysis. The set-up is the usual source of mistakes. For this reason, I’ll take a closer look at the set-up.

The key to making this argument work is that we should never observe (that is use in any way) the random variables determining whether or not an edge exists until one of its endpoints has been

Lecture 5: September 16, 2010 5-3

added to the component of v. If we think of exploring the component of v by a breadth-first process, then this means that we do not look at the edges attached to a vertex w until we are process that vertex.

Here’s another way of thinking of the whole process. Imagine that the vertices of the graph are people and some disease is spreading through the population. We will say that the vertices can be in one of three states: healthy, contagious, or immune. They are healthy before they have contracted the disease. While they are contagious they can spread the disease to other healthy vertices. After they are finished being contagious they are immume (or dead), which we do not view as healthy. A contagious vertex has a probability p of infecting each other healthy vertex.

Let’s perform an experiment in which we begin by infecting one member of the population, v. We can then study the probability that many people will eventually contract the disease. The number of people who contract the disease is distributed identially to the size of the connected component of v.

5.5 c > 1 : the giant component

I will now sketch the argument that when p = c/n the graph has a giant component. For simplicity, we will just consider the case c = 1 + ϵ with ϵ ≤ 1. I’ll carry out the argument using the language of a disease spreading in the graph. I will argue that the graph probably has a component of size at least (ϵ/3)n. One can actually show that it probably has size β_cn.

We will make one modification to the process described in the previous section. We begin by numbering the vertices 1 through n, and start by infecting vertex 1. We then simulate the process to see which vertices have been infected by vertex 1 (that is, we determine its connected component). If the component of vertex 1 has fewer than (ϵ/3)n vertices, then we pick the lowest numbered health node, infect it, and continue simulating the process. We keep doing this as long as there are at least (1 − ϵ/3)n healthy nodes.

The problem with comparing this process to the Galton-Watson process is that the number of health nodes keeps decreasing. This helped us when we wanted to show that components were probably small. But, it makes it more difficult to show that components are probably big. We get around this problem by comparing to a Galton-Watson process with a smaller c. As long as there are at least (1 − ϵ/3)n healthy nodes in the graph, the expected number of healthy nodes that a contagious node will infect is at least

p(1 − ϵ/3)n =

1 + ϵ n (1 − ϵ/3)n = (1 + ϵ)(1 − ϵ/3) ≥ (1 + ϵ/3),

for ϵ ≤ 1. So, we compare to a Galton-Watson process with c^′ = (1 + ϵ/3). As long as the number of health nodes is at least (1 − ϵ/3)n, the expected number of nodes that become infected is at least c^′ > 1, so we can argue that the probability of having a large component only increases.

We would now like to say that the probability that an infinite number of nodes contracts the disease from vertex 1 is at least β_{1+ϵ/3}. However, there are only n nodes. In fact, our argument only works so long as at least (1 − ϵ/3)n are healthy. So, an infinite component in the Galton-Watson process becomes a component with (ϵ/3)n nodes in the random graph.

Lecture 5: September 16, 2010 5-4

We can also use Theorem 5.2.3 to prove that there is a constant α (depending only on c) so that the chance that the number of vertices infected by node 1 is between α ln n and (ϵ/3)n is at most 1/n^2. So, the chance that we find some component of this size range in the whole graph is at most 1/n. To see that the chance of finding a large component is very high, note that the chance the component of 1 fails to be large is at most 1 − β_{1+ϵ/3}. Moreover, if it is not large it is probably small, having less an α ln n vertices. So, when we pick a new vertex to infect there are still almost n healthy nodes. This means that the analysis is similar for this new vertex. Even if we fail to find a large component in the first δ ln n trials, we will only infected at most O(log^2 n) nodes. So, the probability that we fail to infect at least ϵ/3 nodes in the first δ ln n trials is at most

(1 − β_{1+ϵ/3})^{δ ln n} ≤ exp ( −β_{1+ϵ/3}δ ln n ) . We can now set δ to be a constant depending on ϵ for which this probability is less than 1/n.

Finally, the reason that it is unlikely that there are two large component is (essentially) that they would probably have an edge between them.

For more detailed treatments of the giant component consult one of [Bol01, AS00, Pal85, JLR00].

5.6 Graphs with given degree distribution

Recall that Erdös-Rényi-random graphs have binomial degree distributions, whereas most graphs we observe have degree distributions with heavy tails. That is, they probably have some vertices of very high degrees. In this lecture and in one lecture next week we will explore models that produce such distributions.

In this lecture, we will do it by just fixing the degree distribution. That is, we will set number k_i and choose a random graph that has k_i vertices of degree i, for each i. Of course, we require that ∑ i k_i = n.

As the number of sockets is even, we also require that ∑ i ik_i

be even. Necessary and sufficient conditions for the existance of a graph with a given degree distribution are given by the Erdös-Galli Theorem [?].

Here’s an idea of how you might choose such a graph. Think of each edge in a graph as a wire with two ends, each of which is plugged into a vertex. So, a vertex of degree d should have d sockets. To choose a random graph having a specified degree distribution, we create k_i vertices with i sockets, for each i. We then start adding in edges. We pick two available sockets uniformly at random, and connect them by an edge. This almost works. The only things that could go wrong is that we could create loops or multiple edges. There are a few ways of avoiding this problem:

1. Hope that is doesn’t happen. If it does then just repeat the experiment.

Lecture 5: September 16, 2010 5-5

2. If it does happen remove the loops and duplicate edges. Show that there will be few of these and declare the resulting graph “good enough”. This is the approach we will take in this lecture, as it results in the simplest analysis.

3. Clean up when you are finished. For every edge (u, v) with a duplicate, pick another edge (x, y) at random. Break both edges and replace them with new edges (u, y) and (x, v). Repeat until your graph is fixed.

4. If you are about to create a duplicate edge or a self-loop, just don’t. Choose a different random edge. One can show that this has a reasonable chance of working.

5. Choose each edge from an appropriate probability distribution so that the resulting graph is uniform among those of the given degree distribution.

The last approach is taken by Blitzstein and Diaconis [BD06], and you can find a good discussions of the other approaches in that paper.

5.7 Diameter and Expansion

It has been observed that many graphs encountered “in practice” have small diameters. We will now observe that random regular graphs probably have logarithmic diameter, as long as the minimum degree is not too small. Minimum degree at least 3 is sufficient. We will prove it for minimum degree at least 21.

Our proof will work by establishing that these graphs have a much stronger property: they are probably expanders. Let me define these now. For a set of vertices S and an integer k, we define the ball of radius k around S, written B_k(S), to be the set of all vertices within distance k from a vertex in S. That is, y ∈ B_k(S) if there is an x ∈ S and a path with at most k edges between x and y. For example, B_1(S) is the union of S with all the neighbors of nodes in S. We say that G is a 2-expander if for all S ⊂ V with |S| ≤ |V | /3

|B_1(S)| ≥ 2 |S| .

In the next section I will prove to you that a random 21-regular graph is probably a 2-expander. But first, let me prove that the diameter of a 2-expander is at most

2 log_2 n + 1.

Let x and y be any two vertices. We have

|B_0(x)| = 1 and B_k(x) = B_1(B_{k−1}(x)), so |B_k(x)| ≥ 2^k,

as long as |B_{k−1}(x)| ≤ n/3. Setting k = ⌈log_2 n⌉, we find that

|B_k(x)| ≥ n/3.

Lecture 5: September 16, 2010 5-6

Of course, the same holds for y. I now claim that there must be an edge between B_k(x) and B_k(y). To see why, let S be any subset of the vertices in B_k(x) of size exactly n/3. If there is no edge between B_k(x) and B_k(y), then all the neighbors of S are contained in V − B_k(y). However, this set has size less than (2/3) |V |, contradicting the assumption that |B_1(S)| ≥ (2/3) |V |.

5.8 The Analysis

Theorem 5.8.1. A random 21-regular graph is a 2-expander with probability approaching 1 as n goes to infinity.

Note that by a 21-random regular graph, we mean a graph in which we have 21 sockets for every vertex, and we choose a random matching between the sockets. So, there might be double-edges or self-loops. We will just remove these from the graph. They will not effect our argument.

Proof. If a graph is not a 2-expander, then it means that there is some set of vertices S of size σ ≤ n/2 such that |B_1(S)| ≤ 2 |S|. Let N(S) denote the set of neighbors of S. This means that there is another set T , also of size σ, such that

N(S) ⊆ S ∪ T.

We will prove that this is unlikely for every S and T , and then take a union bound. Let d = 21 be the degree of the graph. Fix S and T , each of size σ. We now bound the probability that all edges leaving S land in S ∪ T .

To do this, order all the dσ sockets attached to vertices in S. We will choose our random graph by going through these sockets one at a time. If the socket is unoccupied, then we choose its endpoint at random. If it is occupied, we go on to the next socket. The probability that the endpoint of the edge attached to the first socket lands in S ∪ T is

2dσ − 1 dn − 1 ≤ 2σ n . This is because there are 2dσ sockets attached to nodes in S ∪ T , and one of them is already spoken for by one endpoint of that edge. If this edge does land in S ∪ T , then the probability then it occupies two sockets in S ∪ T . Assuming that the first k edges stay in S ∪ T , the probability that the k + 1st edge leaves S ∪ T is 2dσ − 2k − 1 dn − 2k − 1 ≤ 2σ n . If we are unlucky, all of the edges that stay in S ∪T will actually stay in S and consume our sockets. In this case, we only get to choose the endpoints of dσ/2 edges. The upshot is that we get to choose the endpoints of at least dσ/2 edges. So, the probability that all their endpoints stay in S ∪ T is at most ( 2σ n )_{dσ/2} .

Lecture 5: September 16, 2010 5-7

Now, let p_σ be the probability that some sets S and T of size σ provide a counter-example to 2-expansion. Taking a union bound over all such sets, we find

p_σ ≤ ( n σ )( n − σ σ ) ( 2σ n )_{dσ/2} .

to be continued. . .

References

[AS00] Noga Alon and Joel Spencer. The Probabilistic Method. John Wiley & Sons, 2000.

[BD06] Joseph Blitzstein and Persi Diaconis. A sequential importance sampling algorithm for generating random graphs with prescribed degrees. Available at

http://www.people.fas.harvard.edu/∼blitz/Site/Research.html, 2006.

[Bol01] B. Bollobas. Random Graphs. Cambridge University Press, 2001.

[JLR00] Svante Janson, Tomasz Luczak, and Andrzej Rucinski. Random Graphs. Wiley- Interscience Series in Discrete Mathematics and Optimization. John Wiley & Sons, Chichester-New York-Weinheim-Brisbane-Singapore-Toronto, 2000.

[Pal85] Edgar M. Palmer. Graphical evolution: an introduction to the theory of random graphs.

John Wiley & Sons, Inc., New York, NY, USA, 1985.