
2024- Feb-19 Harmoniz Functions. For G = /VE , w) connected .

BCV
, boundary

S = U-B . x = V + 1ismonic o S if FacSxa=tawadx(
#ple pick siteu ,

set B = Es .t3 ·
Consider readom walk that stors when hits sort

.

*(a) = Pr I walk that start at a stops at 52 +(s) = 1 + = 0 ·
x is harmonic on S

For at B , xa) = PrIstops atslatab= [moves from a to DJ . FNd [stops at latb]= W(b)

① =S
= Consider a path Pn .

t= 1
,
Sin=
O I

Spring Networks. Each ede is an ideal linear spring with spring constant weight

Fir position a boundary .

Let Hooke's Law determine positions of the others .

· force exerted on a is Wax (x(b)- + (a)) .

At equilibrium forces sun to O
a

fats[(-Wad =Wa=harmonicaa

Path : it set x( = 1
,
xn= n

,
B= Elm)

,
get Xa =a for all a



Solutions : existence
, uniqueness , and how to find them .

-

atS - dkax(a) -Ewab
= 0 is J=0

,
awofr each

movebtB to its d(alxal-Wabt=E+ Des LSs)x(S) =MB

x(s)= ( (S,s)"M(S, B) x(B)
Need to show h(S ,S)"exist. The fee connected

and BE

LIS
,
s) = La(s) + Is where Is diagonal Isla=Wa

Le 'Let Gale connected
.
# non-es diagonal , H+ 0. Then La + H is pos definite

↑roof u -T((g + H + >0
·
ExLex =0,TH = 0

If x is non-constant,TLEx = 0 (because connected)

If + = 11,Hx = c Eta) > 0 · Either way is 0



Atde dinne
o

↑ roof-
Let S. ...

St be connected component of GCs)

Jest need to show each ((Si . Si) is pos def . G (Si) is connected
, by definition

L(Si . Sil = (GCsi) + Hi , where Hila =Wab. Not identically 0 because G
DeSi connected>eche on Boundary ofSi

EnergyPotential energy in spring at lesth 1 with constantw is Ecl2

So
, total enegy in network is Wall (x(a)-x(D)2 = E**Lx

GDIGE

Physics : enesy minimized at equilibrium .
So

, Fats=
=((-a =0x harmonicause



NetwResidesa resistance
--current

Luot diff
: Caid) = flow from c to b = - [ (b ,a)

v(a) - r(D) = I (ad) Tad current from high to low iCa = Wap(rcal - r(D))

U: signed edse-veter ady matric is ExV U(Ca ,
d =Sh

pick on cubition , orientation for each edge.

W = Ex E diagonal ele weight matic. Now set i =WUr

TextERV= current entering . Text(al =Iri no current stored . Text : UT
a bc

E U = ab1 + 0

L = UTWU next = Ir b
,col -

v :
+10

=Wad (Ga-db)(ja-b)T
Ru: -21

B = [ a = Text(a)+O] : -21

Uti : - 2 3 -1 = Text



Forces Text(a = 0 -> Lu =0 so a harmonicat9

-

>Wab(vca-r = 0 . Asai = Wa(u(a-w(-D=

Given[ext , how solvefor! "Next: Need Arext = 0
.

Use L
+
Fext

the pseudo - invese . Is inrese on spanof L . (tL = LLt=T = projection conte span(1)

If connected
,
= (n ·

If L = [xititt Let 4 : %.
-


