
2025- Feb- 24 · E= (UEw) BCV S = V-B x hormaon S if FatsdWall

Spring network : if fix xIl for DEB
,
+(s) determined by hormonic : x(s)= ((S.S)"M(S, i) x(P)

Minimizes energy ECEEXTLX given conditions on (B)

Resistor network : if fix voltages -
,
Text = Le .

If fix te retrantCo
gives

A flow i is a potential flow if : =WUr :(a, D)= Was (u(a) - -(A))

flow
in

I Text = -
harmonic at a if flow-in = flow out : 0-Z Fai=wa(u(a-Ul itd 1

Effective resistance between a much b V= IR
,
R= E

Fext = Jad v = <text Uca-v() = (Tail L + (da-db) Reff (a , b)

Spring with cost w : E = Ecl when stretch to leath 1
.

Set B = Eard]

min energy byX harmonic on S = U-B
.

So
,

<= La-db) is horman on S

--CespinsRefe



Examples- Parallel flow

isthatT
a

Wi = /i Reff---+ Yin
Series : often set( =0.u(=U

I

: (a , a+ 1) = w(a)(u(a) - v(a+ 1)= = so , flow is 1 from n to I
,
harmonic

R = E = N(n) - v()=y + - -+w = + + -
- + in

Equivalent networks .

Given B
, want matric LBEIRB

+B
st . Text(i) = LBU(BI

↓dat yet how is (aplacian
Consider B = [2... n) S= (1) let A = 59 : (19) EE3 ubrs

will have v(l = diZwicC
For equ Text(a) =dalulal-ZWap When at atA , no chase to equationo

ForatA =dau(a)-[WabU(-WZwc
DE !

= UCId(al-w]-ZWWicul-Wall



Claim : this system of equation is Laplacin (con write as D-M M=0
,
(D-M1= 0 /

Proof is symmetric : for aCEC
,
subtractac from Lad entry

off-diagonals non-pos : now-sum for a changes by

+ Wi
.-Wi-W = 0

And
,
is what set in now a when do gauss elim with now I :

((a, · )= (1) - entr( is O because ((hi =d(

entry a goes to d(a)- toda - W
entry a for Lid = -Wi goes to Laid-wa



Do in Spring network energy , with BCV ,
S= U-B

,
X (B) fixed

,
x harmoniz on S

x (s) = L(SS)"MCS . B) + (B) = - (CSS)"(Cs , B) x (B) went Li so that XBTLo+(B)

((SS) (CSiB=EP(()=L(BLSILCD , S) LCB,B) [2 x (B)
+
<(B ,S)L(sis]Y)((S , B) x(B) + x(B)[(B , is)+(B)

= x (B)(B , B) + (B) - + (BTL(B ,S)L(S , s) " ((S , B)+(B)
Lis = ((B , B) - L(B ,S)((S , S)"(CS , BI

To see is result of gauss elim of entries in S
,
note for DEB

,

to elim ((b , S) , add illss) wher CTL(ss) =((bs) so=L(bis)(/s, 5)
+

so
, change now by addry - ((

.S)((S,5) "((S , B)

AsI is unique, set save answer as if elim one ratex ata time .

to see preserves being Laplacin ,
note

LIBIB) - 1 B(B) is what get afte I stop , and this is Laplacina



&Laid) is a distance if fabic Tam Refflsid) is a distance :

proof . Suffices to check A on 3-node grophs.
Glaa) =0 b

*, Y , z = resistances

G(a ,b) = 0 Y from a tac have a in parallelwith
Y

&

SCaiN= O(D cal I a zC-
=Sad+d -

So
, just need toshorR

x + y + z x + y + z

Tight case z- > X , Wac = 0


