
14-Apr-2025 Conjugate Gradient

Last lective saw iterative linequsolvers for Ax= D. Richardson & Chebyshev .

each ites has a matres & a few rector ops ·

After + steps, corresponds to a poly PLA) , Xt = PESA)D .

CG : For each b
,
finds best polynomial PtCA) of degree t Will be diff poly for each D.

Still
,
one matres per iteration

.

Exact
*
solution in # Steps = # eigenvalues * If A-precision crithmetic

Measures of accuracy 11x+ - * 11/11 llAxt-all/MAII

We will use A-norm IUIA=A = IIAall for A20

# To compute Reffab = Cad)" (
+

(God) Set v = Ga-ds
.
X = L

+
~

,
Meff = xLx

= 1171k
Assume 11x+ -x/L = Ellx/Ic . Estimate Reffaib by 11X1r

have 11x1 = 11x/12 + 11x-Xelk = Reff + 2-Reff = Chbreff
. Similarly

() +() = 1 x+ + 1x-xell -> 1kxt(k = 11 - (1x- x tk = (- s) Reff



Chebyshev does this . Let p be a poly s .t . IpCAA-Ill =E because A commutes with p(A)
-

the
,
11pCAAx-XIIA = 11 ApCAD-A11 = //(PCAA-I)A"ll = /IpCAA-Ill - KA

*XII

= EllA"All = zIIA "Krylou Space"

CE finds best polynomial means best solution in Span[D , Ab , AD , ..,
At b3 = Seltb)

CG finds armin 114t-XIIA using t matress

Xt ESt

1) X+ - x(A = VFAxt - 2xAxt + xAx = xAxz - 2bixt + x+Ax

We don't know XTAX
,
but it is constant

,

so just minimize XAxt- [DXt
t

Will use a special basis of St. For a basis yo. It
. * iyi

*Axt-2xt = [citicjYyj = 2 EcidTyi
& will choose basis s .t-YAxj =0 for it j

Gives[(CitiAyi-2cidTyi) minimie by ci= = i



To construct yo ... Yt / YiESt(AD) to =* Y :
: Ab + <Yo = Ayo +Y Yo , Choose a

want YoTAy , = O so YoTAEo + &YotAto
,
Sox: Y :AYo-Yo

Ytts
=Att-ZY (note : only mate needed is At
->of it j-

Check : for jet
, YAytYye-YAy

=Y Ye = YAyji = 0
Simplify expression for yett :

↓ are A-orth & It
Claim : for ict-1

, Yyt = 0 . proof Ayitspan (Yo, ...it as it t

So
, Hec = AYt-YeA-Yet

Can compute Yttl by Ayt and a constant number of rector operations

Compute Xtr = Xt + C+ Ytt) Cetc=
t



Len: iterations = # eiguals . Egnores b) Let N : it Dedistinct eignals of A .

Ce .g . hypercube)
q(xi) = 0ConsiderAt q(0) = 1 So

,
7 poly that gives exact solve
in k iterations

-> exact solve in an iterations
.

If I hasm non-zeros
,
time is O(mal

, space is OCal

& contrast
, writing invese needs space n2

, in general
.


