
21-Apr-2025 Fast Laplacian Solvers - 11xt-ellEIR"medges

Last lecture : Time = OCm
" Ind

Best known : - O(m (glym)"lu'ls = ignore terms of smaller order

Today :=(m(gm)" In than those written here
, life (Ism)

Computing eigenrectors & eigenvalues : for largest pick x at random, repeat

x= xXI) if Xo : ICiti Xtw [Ci(i)Y: so
, kegest in dominates

# iterations to approach In dependson
x2% Could try x = CanI-1X/1). But takes a long time to distinguish close eiguals

Say , to tellapart- from 13-i

Ideal would be x= (tx/ 1IX)) · Largest eigual isto gap is-* ...



Not clear approx solver works here. It does if solver is linear.
- I

If can compute ED so that Z = Lt . llzL-T = 2 (Xmax(z))e (=* xz(4)
Need Algorithm like Chebyshev ,

or preconditioned Chelysher,

applying a fixed polynomial . Like Z = Pt(L) or Pt(B"L) Baprecon

Need to fix # of iterations
.

CG is non-linear . poly depends on b.

Elimination. Produce UTU = 1 U is upperA-ar SB
Or

,
for Schur complementcnto B

, eliminating S
,
get = U (* (B)

# of off-diagonal entries in row a of U = desreeof a when eliminate it
.

As U is upper A ,
can apply &U"in time Ourztnumber non-zeros

L
+

= c
+

(
= ()4-



Ultrasporsifier : tree plusedges ·

E= (UE
,H= (Vi F

, u) FEE (Flzn-1 + #

Conget K(Lai = 0 (42)

↳ If It has n-ltk edges
,
can dim vertices of degree /or 2 until end up with

Li having 14E vertices and 5h edges

How solve systems in L ? Recursively .

Towards ultra-sporsifies by random sempling

Recall if include edges with prod Prid * min (1, Wait Reffe(d) get -approx with
#Hedges [Paid

Want fewer edges .

OK with worse approx

Let T be a low-stretch spanning tree of G : E = G +ST s sontof big
= ((un)4

Sample to spazify E . Most edses chosen will be inT
.

Call result H



#StretchRef
for adT

, Reff(D) = Reffs kit)= Refflab) set E=

So
, Ena-tree edges=
k((z

.
L + ) = k((z

,
(2) -k( , (m = S = 35

Will need to do O(55) solves in LH
, using precon-cheby .

So
,
want off-tree edges in=· The cost ofT is like a multiply by La

Need Alin Alvin = S-256(gn) K =0(ii)

It is preco for La LH = Ut
* (B) solve sys in his recusively

,
by lin op z

sit · lllz-T-E ,
so

ui(= z+(4 = Lt.

Total timeOCmIgin)



Big picture . Let G = Go Solve systemin Gi by solving in smaller Gity

1. To low stretch tree of Gi

2. Ei = Gi + STi

3. Reff scuple(i) = Hi
4. elimdes 1 & 2 rentices of Hi

,
are left with Gith

.
smaller

.

Can save a log by keeping the same tree throughout KMP2


