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#herPolynomials

Eigs(M) = roots of characteristic polynomial
= roots (det(xI-Mll

Other polynomials?

The matching polynomial (Heilmann-Leib't2)

Mq(x)=-Mi Mi =#matching
with i edges



µG(x) = x6 � 7x4 + 11x2 � 2



µG(x) = x6 � 7x4 + 11x2 � 2

one matching with 0 edges 



µG(x) = x6 � 7x4 + 11x2 � 2

7 matchings with 1 edge 



µG(x) = x6 � 7x4 + 11x2 � 2



µG(x) = x6 � 7x4 + 11x2 � 2



The matching polynomial 
                          (Heilmann-Lieb ‘72) 

µG(x) =
X

i�0

xn�2i(�1)imi

Theorem (Heilmann-Lieb) 
      all the roots are real 
       
 



The matching polynomial 
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µG(x) =
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Theorem (Heilmann-Lieb) 
      all the roots are real 
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The matching polynomial 
                          (Heilmann-Lieb ‘72) 

µG(x) =
X

i�0

xn�2i(�1)imi

Theorem (Heilmann-Lieb) 
      all the roots are real 
      and have absolute value at most  
 
 

2
p
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G a tree -> Ma(x) = det(xI - M)



Godsil’s Proof  of  Heilmann-Lieb 

T(G,v) : the path tree of G at v
       vertices are paths in G starting at v
       edges to paths differing in one step 
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Godsil’s Proof  of  Heilmann-Lieb 

T(G,v) : the path tree of G at v
       vertices are paths in G starting at v
       edges to paths differing in one step 

Theorem:  
    The matching polynomial divides 
    the characteristic polynomial of T(G,v)

So, real rooted

G a tree of max-degree = d + 11 M/ :It



Proof that Ramanujan Graphs Exist



2-lifts of  graphs 
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duplicate every vertex 



2-lifts of  graphs 

duplicate every vertex 
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2-lifts of  graphs 
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for every pair of edges: 
   leave on either side (parallel), 
   or make both cross 



2-lifts of  graphs 

for every pair of edges: 
   leave on either side (parallel), 
   or make both cross 
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2-lifts of  graphs 

"""""0"""""1"""""0"""""0"""""1"
"""""1"""""0"""""1"""""0"""""1"
"""""0"""""1"""""0"""""1"""""0"
"""""0"""""0"""""1"""""0"""""1"
"""""1"""""1"""""0"""""1"""""0"



2-lifts of  graphs 

"""""0"""""1"""""0"""""0"""""1"""""""0"""""0"""""0"""""0"""""0"
"""""1"""""0"""""1"""""0"""""1"""""""0"""""0"""""0"""""0"""""0"
"""""0"""""1"""""0"""""1"""""0"""""""0"""""0"""""0"""""0"""""0"
"""""0"""""0"""""1"""""0"""""1"""""""0"""""0"""""0"""""0"""""0"
"""""1"""""1"""""0"""""1"""""0"""""""0"""""0"""""0"""""0"""""0"
"
"""""0"""""0"""""0"""""0"""""0"""""""0"""""1"""""0"""""0"""""1"
"""""0"""""0"""""0"""""0"""""0"""""""1"""""0"""""1"""""0"""""1"
"""""0"""""0"""""0"""""0"""""0"""""""0"""""1"""""0"""""1"""""0"
"""""0"""""0"""""0"""""0"""""0"""""""0"""""0"""""1"""""0"""""1"
"""""0"""""0"""""0"""""0"""""0"""""""1"""""1"""""0"""""1"""""0"



2-lifts of  graphs 
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Eigenvalues of  2-lifts (Bilu-Linial) 

Given a 2-lift of G, 
  create a signed adjacency matrix As
  with a -1 for crossing edges 
  and a 1 for parallel edges 
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Eigenvalues of  2-lifts (Bilu-Linial) 

Theorem: 
  The eigenvalues of the 2-lift are the 
   union of the eigenvalues of A (old) 

 and the eigenvalues of As (new) 
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Eigenvalues of  2-lifts (Bilu-Linial) 

 
Conjecture: 
  Every d-regular graph has a 2-lift 
    in which all the new eigenvalues 

 have absolute value at most  2
p
d� 1

Theorem: 
  The eigenvalues of the 2-lift are the 
   union of the eigenvalues of A (old) 

 and the eigenvalues of As (new) 
 



Eigenvalues of  2-lifts (Bilu-Linial) 

Theorem: 
  Every d-regular bipartite graph has a 2-lift 
    in which all the new eigenvalues 

 have absolute value at most  2
p
d� 1



First idea: a random 2-lift 

Specify a lift by   

Pick s uniformly at random  

s 2 {±1}m

But ,
this can fail



The expected polynomial 

Consider   E
s
[ �As(x) ]



The expected polynomial 

E
s
[ �As(x) ] = µG(x)

Theorem (Godsil-Gutman ‘81): 

the matching polynomial of G



The expected polynomial 

Consider   E
s
[ �As(x) ]

max-root (�As(x))  2
p
d� 1

Conclude there is an s so that  

Prove  max-root
⇣
E
s
[ �As(x) ]

⌘
 2

p
d� 1

Prove               is an interlacing family �As(x)
*

inbook



Random Matrices

Given symmetric matrices A and B

and a random orthogonal Q, 

understand distribution of eigenvalues of  

- Another way to

Ramanujan



Random Matrices

Given symmetric matrices A and B

and a random orthogonal Q, 

understand distribution of eigenvalues of  

It only depends on the eigenvalues of A and B 



Free Probability for Random Matrices

Given symmetric matrices A and B

and a random orthogonal Q, 

understand distribution of eigenvalues of  

in the limit as the dimension grows and

the eigenvalue distributions of A and B are given 



Finite Free Probability

Given symmetric matrices A and B

and a random orthogonal Q, 

understand distribution of eigenvalues of  

=
perms



A matching
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     0     1     0     0     0     0
     1     0     0     0     0     0
     0     0     0     1     0     0
     0     0     1     0     0     0
     0     0     0     0     0     1
     0     0     0     0     1     0

the characteristic polynomial
of the adjacency matrix



Proof  outline:

Let                   be random matchings on n vertices.

Consider

1. Prove         is real rooted.

2. Prove

3. Prove “interlacing family”, 
           so exists                  with



To prove xz(p) = It

Analyze X2 by Upper Barrier Function



69% of Random Regular graphs are Ramanujan

Tracy-Widom
Distribution of M2 for

largest eigual of symmetric
10005-regulargraphs matrix of iid Gaussians



Application : show random walks mix quickly.
Needed for sampling. Physics , Finance ,

Redistricting , SpanningTrees

IIIIII I(II)

111111111 i

11II

Need bounds on X2



High Dimensional Expanders (HDX) / Hypergraphs

Graph : E = (2)

d-regular Hypergraph E = (d)

24⑧35↓ O6 6



Expands if all links expand

link(s) =(e - s : see

⑳
link(3)

↓ ⑬ link(2)

2- 4

- ↑
↓ 5

1 -35
-
6 6



Great Results from HDX

INCsIl = (-2)d)s) for 151 = In



Random walks on directed graphs

① Pt+ = Wit

13) Stable distribution is PA
⑪③
- How compate?
Y2

Simulate or solve WX =xEw =
X

A directed Laplacian

key concept : Eulerian-in-degree = out-degree



Directed Laplacian Solvers , sparsifiers , etc.



Maximum flow problem

Send as much stuff as possible from s to t.
At most one unit can go through each edge.

s t

num



Maximum flow problem

s t

1 1

1 1
1

1 1

Send as much stuff as possible from s to t.
At most one unit can go through each edge.



Maximum flow problem

s t

1 1

Standard approach (Ford-Fulkerson):
                                incrementally add flow paths

Send as much stuff as possible from s to t.
At most one unit can go through each edge.



Maximum flow problem

s t
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Send as much stuff as possible from s to t.
At most one unit can go through each edge.

Standard approach (Ford-Fulkerson):
                                incrementally add flow paths



Maximum flow problem

s t

1 1
1

1

1

1

1

Send as much stuff as possible from s to t.
At most one unit can go through each edge.

Standard approach (Ford-Fulkerson):
                                incrementally add flow paths



Maximum flow problem

s t1

1

Issue: sometimes requires backtracking

1

Send as much stuff as possible from s to t.
At most one unit can go through each edge.

1



Maximum flow problem, electrical approach

1. Try the electrical flow.

s t

[Christiano-Kelner-Madry-S-Teng ‘11]
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Maximum flow problem, electrical approach

1. Try the electrical flow.
2. Increase resistance when too much flow

s t

[Christiano-Kelner-Madry-S-Teng ‘11]
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Maximum flow problem, electrical approach

1. Try the electrical flow.
2. Increase resistance when too much flow

s t

[Christiano-Kelner-Madry-S-Teng ‘11]
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Beyond Spectral Relaxations

& = mind(s) =minin =x

Linear programs (LP)

min cix St. aix = bi Kim

Semi-Definite Programs (SDP)
min TrCCX) s .t . T(Aix) = bi Kiem
X20

Improved estimates of $ . Leighton-Rao
Arora-Rao-Vazirani



Graph Neural Networks

Apply operations like Xet = Mx+

But non-linear and learned

Less Theory. More Practice .



Additive view of  Gaussian Elimination
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Additive view of  Gaussian Elimination

Find the rank-1 matrix that agrees on the next row and column.
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Additive view of  Gaussian Elimination
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Gaussian Elimination of  Laplacians
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Elimination in Laplacians

If this is a Laplacian,                             then so is this
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When eliminate a node, add a clique on its neighbors



Approximate Elimination
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1. when eliminate a node, add a clique on its neighbors

2. Approximate that clique by a sparse random graph,
 without ever constructing it

(Kyng & Sachdeva ‘16)



When eliminate a node of degree d, 
add d edges at random between its neighbors, 
sampled with probability proportional to 
the weight of the edge to the eliminated node

1

(Kyng & Sachdeva ‘16)
Approximate Elimination



2.  and randomly ordering the vertices, 
 

(Kyng & Sachdeva ‘16)
Approximate Gaussian Elimination

1.  Initialize by making                 copies of every edge O(log2 n)

Total time is O(m log3 n)



Approximate Elimination is basis of

fastest Laplacian solver

Laplacians . jl

How I do research

See also DASopt . jl , 3-minutes at HLF'23


