Spectral Graph Theory Lecture 17

Properties of Expander Graphs
Daniel A. Spielman October 29, 2018

17.1 Overview

We say that a d-regular graph is a good expander if all of its adjacency matrix eigenvalues are small.
To quantify this, we set a threshold € > 0, and require that each adjacency matrix eigenvalue, other
than d, has absolute value at most ed. This is equivalent to requiring all non-zero eigenvalues of
the Laplacian to be within ed of d.

In this lecture, we will:

1. Show that this condition is equivalent to approximating the complete graph.

2. Prove that this condition implies that the number of edges between sets of vertices in the
graph is approximately the same as in a d-regular random graph.

3. Prove Tanner’s Theorem: that small sets of vertices have many neighbors.

4. Derive the Alon-Boppana bound, which says that ¢ cannot be asymptotically smaller than
2v/d—1/d. This will tell us that the asymptotically best expanders are the Ramanujan
graphs.

Random d-regular graphs are expander graphs. Explicitly constructed expander graphs have proved
useful in a large number of algorithms and theorems. We will see some applications of them next
week.

17.2 Expanders as Approximations of the Complete Graph

One way of measuring how well two matrices A and B approximate each other is to measure the
operator norm of their difference: A — B. Since I consider the operator norm by default, I will just
refer to it as the norm. Recall that the norm of a matrix M is defined to be its largest singular

value:
| Mz

]|

| M| = max
T
where the norms in the fraction are the standard Euclidean vector norms. The norm of a symmetric

matrix is just the largest absolute value of one of its eigenvalues. It can be very different for a non
symmetric matrix.

17-1
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For this lecture, we define an e-expander to be a d-regular graph whose adjacency matrix eigenvalues
satisfy |u;| < ed for p; > 2. As the Laplacian matrix eigenvalues are given by \; = d — p;, this is
equivalent to |d — \;| < ed for ¢ > 2. It is also equivalent to

1L = (d/n) L, || < ed.

For this lecture, I define a graph G to be an e-approximation of a graph H if
1-eH<G=<(1+¢H,
where I recall that I say H < G if for all
' Lyx < wTLGw.

I warn you that this definition is not symmetric. When I require a symmetric definition, I usually
use the condition (14 ¢)~'H < G instead of (1 —¢)H < G.

If G is an e-expander, then for all # € IR that are orthogonal to the constant vectors,

(1—edelz <zTLoz < (1+ e)dz’x.

On the other hand, for the complete graph K,,, we know that all & orthogonal to the constant
vectors satisfy
el Ly x=nx'lx.

Let H be the graph
d
H=—-K,,
n

S0
:ETLH:IJ =dz'z.

So, (G is an e-approximation of H.
This tells us that Lg — Ly is a matrix of small norm. Observe that

(1—€)Ly < Lg < (1+¢€)Ly implies —eLy =< Lg— Ly < eLy.
As Lg and Ly are symmetric, and all eigenvalues of Ly are 0 or d, we may infer

|Le — Ly < ed. (17.1)

17.3 Quasi-Random Properties of Expanders

There are many ways in which expander graphs act like random graphs. Conversely, one can prove
that a random d-regular graph is an expander graph with reasonably high probability [Fri08].

We will see that all sets of vertices in an expander graph act like random sets of vertices. To make
this precise, imagine creating a random set S C V by including each vertex in S independently
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with probability «. How many edges do we expect to find between vertices in S?7 Well, for every
edge (u,v), the probability that u € S is @ and the probability that v € S is a, so the probability
that both endpoints are in S is &®. So, we expect an o fraction of the edges to go between vertices
in S. We will show that this is true for all sufficiently large sets S in an expander.

In fact, we will prove a stronger version of this statement for two sets S and 7. Imagine including
each vertex in S independently with probability o and each vertex in 17" with probability 5. We
allow vertices to belong to both S and T'. For how many ordered pairs (u,v) € E do we expect to
have v € S and v € T'? Obviously, it should hold for an af fraction of the pairs.

For a graph G = (V, E), define
E(S,T) = {(u,v) :ue€ S,veT,(uv) € E}.

We have put the arrow above the F in the definition, because we are considering ordered pairs of
vertices. When S and T are disjoint

‘E(S, T)‘
is precisely the number of edges between S and 7', while
|E(s,9)|

counts every edge inside S twice.

The following bound is a slight extension by Beigel, Margulis and Spielman [BMS93] of a bound
originally proved by Alon and Chung [ACSS].

Theorem 17.3.1. Let G = (V, E) be a d-regular graph that e-approximates %Kn. Then, for every
SCVandT CV,

|Es,17)| - agan| < ean\/(a = a?) (5= 52),

where |S| = an and |T| = pn.

Observe that when « and 3 are greater than e, the term on the right is less than afdn.

In class, we will just prove this in the case that S and T are disjoint.
Proof. The first step towards the proof is to observe
x5Loxr =d[SNT| - ‘E(S, T)’ -
Let H = %Kn. As G is a good approximation of H, let’s compute
T T d d
XsLuxr = Xg dI_EJ xr=d|SNT| _ﬁ|S| T =d|SNT|— apdn.

So,
HE(S, T)‘ - aﬁdn‘ = |x§Laxr — x&Luxr| .



Lecture 17: October 29, 2018 17-4

ILg — Lyl < ed,

x5 Luxr — x5 Laxr = x§(Lu — La)xr
< Ixsll I(Lz — La)xrll
< lxsll |1 Za — Lall Ixr|l
<ed|lxsl lIxrll

= edn\/@.

This is almost as good as the bound we are trying to prove. To prove the claimed bound, recall
that Lyx = Ly(x + 1) for all ¢. So, let g and x be the result of orthogonalizing x ¢ and xr
with respect to the constant vectors. By Claim 2.4.2 (from Lecture 2), ||zs| = n(a — a?). So, we
obtain the improved bound

25 (L — Le)er = x§(Lr — La)xr.

while

lzsl lzz] = ny/(a - a?)(8 — 52).

So, we may conclude

HE(S, T)‘ - aﬁdn‘ < edny/ (o — a2) (B — B2).
O

We remark that when S and T are disjoint, the same proof goes through even if G is irregular and
weighted if we replace E(S,T') with

w(S,T) = Z w(u,v).

(uw)EEueSWET

We only need the fact that G e-approximates %Kn. See [BSS12] for details.

17.4 Vertex Expansion

The reason for the name expander graph is that small sets of vertices in expander graphs have
unusually large numbers of neighbors. For S C V let N(S) denote the set of vertices that are
neighbors of vertices in S. The following theorem, called Tanner’s Theorem, provides a lower
bound on the size of N(S).

Theorem 17.4.1 ([Tan84]). Let G = (V, E) be a d-regular graph on n vertices that e-approzimates
4K, . Then, for all S CV,

INS) 2 g

where |S| = an.
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Note that when « is much less than €, the term on the right is approximately |S| /€2, which can
be much larger than |S|. We will derive Tanner’s theorem from Theorem 17.3.1.

Proof. Let R = N(S) and let T'=V — R. Then, there are no edges between S and T'. Let |T'| = n
and |R| = yn, so v =1 — 5. By Theorem 17.3.1, it must be the case that

afdn < edny/(a — a2)(B — B2).

The lower bound on « now follows by re-arranging terms. Dividing through by dn and squaring
both sides gives

a’B? < E(a—a?) (- B7) —
af < E(1-a)1-p) =
B _e(l-a)
=3 < - —
l—fySeQ(l—a) —
v o'
1562(1—01)4—04 PN
0l a
> >
T= el—a)+a

O]

If instead of N(S) we consider N(S)—.S, then T and S are disjoint, so the same proof goes through
for weighted, irregular graphs that e-approximate %Kn.

17.5 How well can a graph approximate the complete graph?

Consider applying Tanner’s Theorem with S = {v} for some vertex v. As v has exactly d neighbors,
we find

E(1—1/n)+1/n>1/d,
from which we see that ¢ must be at least 1/1/d + d2/n, which is essentially 1/v/d. But, how small
can it be?

The Ramanujan graphs, constructed by Margulis [Mar88] and Lubotzky, Phillips and Sarnak [LPS88]

achieve
2v/d —1
<

€
- d
We will see that if we keep d fixed while we let n grow, € cannot exceed this bound in the limit.
We will prove an upper bound on € by constructing a suitable test function.
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As a first step, choose two vertices v and u in V' whose neighborhoods to do not overlap. Consider
the vector x defined by

1 if i = u,
1/vVd  ifie N(u),
x(i) =4 —1 iti=o,
—1/Vd ifie N(v),
0 otherwise.

Now, compute the Rayleigh quotient with respect to . The numerator is the sum over all edges
of the squares of differences across the edges. This gives (1 — 1/4/d)? for the edges attached to u
and v, and 1/d for the edges attached to N(u) and N(v) but not to u or v, for a total of

2(1 = 1/Vd)* +2d(d = 1) /d =2 (d = 2Vd+ 1+ (d— 1)) =2 (24— 2Vd).

On the other hand, the denominator is 4, so we find

T
L
xzlx
If we use instead the vector
1 if i = u,
—1/V/d ifie N(u),
y(i) =< —1 if i = v,
1/vVd ifie N(v),
L0 otherwise,
we find .
L
Y Y _a+va
yy

This is not so impressive, as it merely tells us that e > 1/ V/d, which we already knew. But, we can
improve this argument by pushing it further. We do this by modifying it in two ways. First, we
extend x to neighborhoods of neighborhoods of u and v. Second, instead of basing the construction
at vertices u and v, we base it at two edges. This way, each vertex has d — 1 edges to those that
are farther away from the centers of the construction.

The following theorem is attributed to A. Nilli [Nil91], but we suspect it was written by N. Alon.

Theorem 17.5.1. Let G be a d-regular graph containing two edges (ug,u1) and (vo,v1) that are at
distance at least 2k + 2. Then

2vVd—1-1
N <d—ovd—T4¥izlzl

k+1
Proof. Define the following neighborhoods.
Uo = {uo,u1}
Uy =NU;-1) — Uj<iUj, for 0 <@ <k,
Vo = {vo, v1}

V;:N(V;,l)*Uj<iVj, for 0 <i <k.
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- ¢
L —_— -
¢ = = O T = e

Figure 17.1: The construction of x.

That is, U; consists of exactly those vertices at distance ¢ from Uy. Note that there are no edges
between any vertices in any U; and any V.

Our test vector for Ay will be given by

m for a € UZ
__ B8 .
wa)={ @i frach
0 otherwise.

We choose 3 so that x is orthogonal to 1.

We now find that the Rayleigh quotient of & with respect to L is at most

Xo + B*Y,
X1+ 22Yy’

where

k—1 2 k

1-1/V/d-1 _ »

XOZZ]Ui\(d—l) <(d_/1)_/2> VU (d = 175 and X, :Z\Ui|(d—1)
=0 =0

and

k—1 2 k
1-1/Vd—1 _ .
=0 1=0
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By my favorite inequality, it suffices to prove upper bounds on X(/X; and Y;/Y1. So, consider
2
- 1-1/v/d—1 _
S Ul (@ = 1) (A )+ U (d - 1)
Zf:o Uil (d— 1)~

For now, let’s focus on the numerator,

gw (-1 (W}Q I (= 1)d— 1)

= kz; (d@‘l)i (d—2vd—1)+ (d|f’“1|)k(d— 1)

=f:(d'U‘)<d 2a=1)+ O ava )+ v )
=iko(d|U‘)(d 2v/d —1) + (|U’“|) (2Vd—1-1).

To upper bound the Rayleigh quotient, we observe that the left-most of these terms contributes

U;
S e (d - 2vd = T)

=d-—2vd—1.
k —i
Zi:O Ui| (d — 1)
To bound the impact of the remaining term,
(dlUkl) (Vad—T-1),

note that '
Ukl < (d— 1) U]

So, we have
k

Ukl 1 1%
< -,
(d—1)F — k+1iz; (d—1)
Thus, the last term contributes at most
2vd -1

k+1
to the Rayleigh quotient.

17.6 Open Problems

What can we say about A,7 In a previous iteration of this course, I falsely asserted that the same
proof tells us that

2v/d—-1-1
Ap > d+2vVd—1— TRyl
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But, the proof did not work.

Another question is how well a graph of average degree d can approximate the complete graph.
That is, let G be a graph with dn/2 edges, but let G be irregular. While I doubt that irregularity
helps one approximate the complete graph, I do not know how to prove it.

We can generalize this question further. Let G = (V, E,w) be a weighted graph with dn/2 edges.
Can we prove that G cannot approximate a complete graph any better than the Ramanujan graphs
do? I conjecture that for every d and every 8 > 0 there is an ng so that for every graph of average

degree d on n > ng vertices,
A2 < d—2vd-1

A T d+2vVd—-1 p
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