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Abstract

We presenta linear-systemsolverthat, givenan � -by-�

symmetricpositivesemi-de�nite, diagonallydominantma-
trix � with � non-zero entries and an � -vector � , pro-
ducesa vector �

� within relativedistance� of the solution
to �

���

� in time ���������  !�#"%$'&(�)�+*,�!-/.!0213�546- , where . is the
log of the ratio of the largestto smallestnon-zero entry of

� . If thegraphof � hasgenus�87�9 or doesnothavea :<;>=

minor, thentheexponentof � canbeimprovedto themin-
imumof �>?A@CB and �EDF*CG�-H�

�I?�B

- . Thekey contribution of
our work is an extensionof Vaidya's techniquesfor con-
structingandanalyzingcombinatorialpreconditioners.

1. Intr oduction

Sparselinear systemsareubiquitousin scienti�c comput-
ing and optimization.In this work, we develop fast algo-
rithmsfor solvingsomeof thebest-behavedlinearsystems:
thosespeci�ed by symmetric,diagonallydominantmatri-
ceswith positive diagonals.We call suchmatricesPSDDD
asthey arepositive semi-de�niteanddiagonallydominant.
Suchsystemsarisein thesolutionof certainelliptic differ-
ential equationsvia the �nite elementmethod,the model-
ing of resistive networks,andin thesolutionof certainnet-
work optimizationproblems[23, 19,15, 25, 26].

While oneis oftentaughtto solve a linearsystem�

���

�

by computing�KJL� andthenmultiplying �MJN� by � , thisap-
proachis quite inef�cient for sparselinear systems—the
bestknown boundon the time requiredto compute �OJL�

is ���)�
7��  /PRQ

- [9] andtherepresentationof �
JN� typically re-
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quires ST�)�U7V- space.In contrast,if � is symmetricandhas
� non-zeroentries,thenonecanusetheConjugateGradi-
entmethod,asadirectmethod,tosolvefor �OJN�'� in ���)�N�8-

time and ���)�U- space!Until Vaidya's revolutionary intro-
ductionof combinatorialpreconditioners[24], this wasthe
bestcomplexity boundfor thesolutionof generalPSDDD
systems.

The two mostpopularfamiliesof methodsfor solving lin-
earsystemsarethe direct methodsandthe iterative meth-
ods.Directmethods,suchasGaussianelimination,perform
arithmeticoperationsthatproduce� treatingtheentriesof

� and � symbolically. As discussedin Section1.4, direct
methodscanbeusedto quickly compute� if thematrix �

hasspecialtopologicalstructure.

Iterativemethods,whicharediscussedin Section1.5,com-
putesuccessively betterapproximationsto � . The Cheby-
shev and ConjugateGradientmethodstake time propor-
tional to �XW Y[Z
���\-]"^$�&[�_Y[Z(���`-/*C��- to produceapproxima-
tionsto � with relative error � , where Y#Z[���`- is theratio of
thelargestto thesmallestnon-zeroeigenvalueof � . These
algorithmsare improved by preconditioning—essentially
solving abJL�!�

���

abJL�'� for a preconditioner a that is
carefullychosenso that Y

Z
�E�Kc/ad- is smallandso that it is

easyto solve linearsystemsin a . Thesesystemsin a may
besolvedusingdirectmethods,or by againapplyingitera-
tivemethods.

Vaidya [24] discovered that for PSDDD matrices � one
could usecombinatorialtechniquesto constructmatrices

a that provably satisfyboth criteria. In his seminalwork,
Vaidya shows that when a correspondsto a subgraphof
the graph of � , one can bound Y

Z
���Mc/aO- by bounding

the dilation and congestionof the bestembeddingof the
graphof � into the graphof a . By using precondition-
ersderived by addinga few edgesto maximumspanning
trees,Vaidya's algorithm �nds � -approximatesolutionsto
PSDDD linear systemsof maximum valence e in time



���5��e��U-/�!� P��L"%$'&[�_Y[Z[���`-/*C��-/- . 1 Whenthesesystemshavespe-
cial structure,suchashaving a sparsitygraphof bounded
genusor avoiding certainminors,heobtainsevenfasteral-
gorithms.For example,his algorithm solvesplanarlinear
systemsin time ���/��e��U- ��� 7 "^$�&(�_Y Z ���`-/*C��-/- . This paperfol-
lows the outline establishedby Vaidya: our contributions
areimprovementsin thetechniquesfor boundingY Z ���Mc/ad- ,
a constructionof betterpreconditioners,a constructionthat
dependsuponaveragedegreeratherthanmaximumdegree,
and an analysisof the recursive applicationof our algo-
rithm.

As Vaidya'spaperwasneverpublished2, andhismanuscript
lackedmany proofs,thetaskof formally workingouthisre-
sultsfell to others.Much of its contentappearsin the the-
sis of his student,Anil Joshi [16]. Gremban,Miller and
Zagha[13, 14] explainpartsof Vaidya'spaperaswell asex-
tendVaidya's techniques.Amongotherresults,they found
waysof constructingpreconditionersby addingverticesto
thegraphsandusingseparatortrees.

Muchof thetheorybehindtheapplicationof Vaidya'stech-
niquesto matriceswith non-positiveoff-diagonalsis devel-
opedin [3]. Themachineryneededto applyVaidya's tech-
niquesdirectly to matriceswith positive off-diagonalele-
mentsis developedin [5]. The presentwork builds upon
an algebraicextensionof the tools usedto prove bounds
on Y(Z[���Mc/aO- by BomanandHendrickson[6]. Bomanand
Hendrickson[7] have pointedout that by applyingoneof
their boundson supportto the tree constructedby Alon,
Karp,Peleg, andWest[1] for the

�

-serverproblem,oneob-
tains a spanningtree preconditionera with Y

Z
�E�KcRaO-

�

���

0

��� � ��	�
�� ��	
� ��	�
'- . They therebyobtaina solver for PS-
DDD systemsthatproduces� -approximatesolutionsin time

�8�!� �����!13�54�"^$�&[�EY(Z[���\-R*,�!- . In their manuscript,they asked
whetherone could possiblyaugmentthis tree to obtain a
betterpreconditioner. We answerthis questionin the af-
�rmati ve.An algorithmrunningin time ����� � ���R7L"%$'&

7

�)�U-/-

hasalsorecentlybeenobtainedby Maggs,et.al. [18].

Thepresentpaperis the �rst to pushpastthe ���)� �!� � - bar-
rier. It is interestingto observe thatthis is exactly thepoint
at which oneobtainssub-cubictime algorithmsfor solving
densePSDDDlinearsystems.

Reif [21] proved that by applyingVaidya's techniquesre-
cursively, one can solve bounded-degree planar positive
de�nite diagonallydominantlinear systemsto relative ac-
curacy � in time ���)�������H13�64�"%$'&(�EY+���`-/*,�!-/- . We extendthis

1 For the readerunaccustomedto conditionnumbers,we notethat for
anPSDDDmatrix � in which eachentry is speci�ed using � bits of
precision,��������� �!���#"�"%$'&(���)�����%*+" .

2 Vaidya foundedthe company ComputationalApplicationsand Sys-
tem Integration (http://www.casicorp.com)to market his linear sys-
temsolvers.

resultto generalplanarPSDDDlinearsystems.

Dueto spacelimitations,someproofsof havebeenomitted,
but will appearin theon-lineandfull versionsof thepaper.

1.1. Background and Notation

A symmetricmatrix � is semi-positive de�nite if ,.-+�/,10

2

for all vectors, . This is equivalentto having all eigenval-
uesof � non-negative.

In most of the paper, we will focus on Laplacianmatri-
ces:symmetricmatriceswith non-negative diagonalsand
non-positiveoff-diagonalssuchthatfor all 3 , 465U�/798

5

�

2

.
However, our resultswill apply to the more generalfam-
ily of positive semide�nite,diagonallydominant(PSDDD)
matrices,wherea matrix is diagonallydominantif : �;7<8 7=:>0

4
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�

: �@7<8

5

: for all 3 . We remarkthatasymmetricmatrix is
PSDDDif andonly if it is diagonallydominantandall of
its diagonalsarenon-negative.

In this paper, we will restrictour attentionto the solution
of linear systemsof the form �

� �

� where � is a PS-
DDD matrix. When � is non-singular, that is when �OJN�

exists,thereexistsa uniquesolution ,

�

�OJN�'� to the lin-
earsystem.When � is singularandsymmetric,for every

�BA Span ���\- thereexists a unique �

A Span ���\- such
that �

� �

� . If � is the Laplacianof a connectedgraph,
thenthenull spaceof � is spannedby C .

Therearetwo naturalwaysto formulatetheproblemof �nd-
ing anapproximatesolutionto a system�

� �

� . A vector
�

� hasrelativeresidualerror � if D�� �

�FE

�GDIH �#D'�JD . We
saythata solution �

� is an � -approximatesolutionif it is at
relativedistanceat most � from theactualsolution—thatis,
if D

�IE

�

�

DIH �KD

�

D . Onecanrelatethesetwo notionsof
approximationby observingthat relative distanceof � to
thesolutionandtherelativeresidualerrordiffer by a multi-
plicative factorof at most Y

Z
���`- . We will focusour atten-

tion on theproblemof �nding � -approximatesolutions.

The ratio Y
Z

���`- is the �nite conditionnumberof � . The
L

7

normof a matrix, D!�MD , is themaximumof DH�/,#DU*ND=,#D ,
andequalsthe largesteigenvalueof � if � is symmetric.
For non-symmetricmatrices,O

;QPSR

���`- and DH�MD are typi-
cally different.We let : �T: denotethe numberof non-zero
entriesin � , and UWVYX ���\- and U[Z�\L�E�\- denotethe small-
estandlargestnon-zeroelementsof � in absolutevalue,re-
spectively.

Theconditionnumberplaysa prominentrole in theanaly-
sisof iterative linear systemsolvers.When � is PSD,it is
known that, after W

Y
Z

���\-]"^$�&[�

�

*,�!- iterations,the Cheby-
shev iterative methodandthe ConjugateGradientmethod
producesolutionswith relative residualerror at most � .



To obtainan � -approximatesolution,oneneedmerelyrun
"^$�&[�EY(Z[���\-/- timesasmany iterations.If � has � non-zero
entries,eachof theseiterationstakestime ���)�8- . Whenap-
plying the preconditionedversionsof thesealgorithmsto
solve systemsof the form a JL� �

� �

a JN� � , the number
of iterationsrequiredby thesealgorithmsto producean � -
accuratesolutionis boundedby W Y Z �E�KcRaO- "%$'&(�EY Z �E�\-R*,�!-

where

Y[Z[���Mc/ad-

���

U[Z�\

��� ����� ?
	

�

-U�

�

�

-

a

���

�

U[Z�\

��� ����� ?
	

�

-Ua

�

�

-

�

�
�

c

for symmetric� and a with Span �_�\-

� Span ��ad- . How-
ever, eachiterationof thesemethodstakestime ����� - plus
thetimerequiredto solve linearsystemsin a . In our initial
algorithm,we will usedirect methodsto solve thesesys-
tems,andsowill not have to worry aboutapproximateso-
lutions.For therecursive applicationof our algorithms,we
will useour algorithmagainto solve thesesystems,andso
will haveto determinehow well weneedto approximatethe
solution.For this reason,wewill analyzetheChebyshev it-
erationinsteadof theConjugateGradient,asit is easierto
analyzetheimpactof approximationin theChebyshev iter-
ations.However, weexpectthatsimilar resultscouldbeob-
tainedfor thepreconditionedConjugateGradient.For more
informationonthesemethods,wereferthereaderto [12] or
[8].

1.2. Laplaciansand WeightedGraphs

All weightedgraphsin this paperhave positive weights.
There is a natural isomorphism between weighted
graphsand Laplacian matrices:given a weighted graph

�

�

��� c��bc��\- , we can form the Laplacian matrix in
which �@798

5

� E

�M�<3�c��F- for �<3�c��F- A�� , and with diago-
nals determinedby the condition � C

��� . Conversely,
a weightedgraph is naturally associatedto each Lapla-
cianmatrix.Eachvertex of thegraphcorrespondsto botha
row andcolumnof thematrix,andwe will oftenabuseno-
tationby identifying this row/columnpair with theassoci-
atedvertex.

Wenotethatif
�

�

and
�

7

areweightedgraphson thesame
vertex setwith disjoint setsof edges,thentheLaplacianof
theunionof

�

�

and
�

7

is thesumof their Laplacians.

1.3. Reductions

In mostof this paperwe just considerLaplacianmatrices
of connectedgraphs.This simpli�cation is enabledby two
reductions.

First,wenotethatit suf�ces to constructpreconditionersfor
matricessatisfying �@798 7

�

465 : �@7<8

5

: , for all 3 . This follows

from theobservationin [3] thatif ��

�

�

?�� , where� sat-
is�es theabovecondition,then Y#Z]�
� �McRa

?��

-(HAY(Z
�E�Kc/ad- .
So, it suf�ces to �nd a preconditionerafter subtractingoff
themaximaldiagonalmatrix thatmaintainspositivediago-
naldominance.

We then usean idea of Gremban[13] for handlingposi-
tive off-diagonalentries.If � is a symmetricmatrix such
thatfor all 3 , �/798 7Q0

4

5 : �@7<8

5

: , thenGrembandecomposes
� into � ?

�




?

��� , where � is the diagonalof � , �




is thematrix containingall negative off-diagonalentiresof
� , and ��� containsall thepositiveoff-diagonals.Gremban
thenconsidersthelinearsystem

 

� ?

�
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���

E

�!�

� ?

�
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�

�%$
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�

 

�

E

�

"

c

andobservesthatits solutionwill have �&$[� ET� andthat �

will bethesolutionto �

� �

� . Thus,by makingthis trans-
formation,wecanconvertany ')(

�*�+� linearsysteminto
one with non-negative off diagonals.One can understand
this transformationas making two copiesof every vertex
in thegraph,andtwo copiesof every edge.Theedgescor-
respondingto negative off-diagonalsconnectnodesin the
samecopy of the graph,while the otherscrosscopies.To
capturetheresultingfamily of graphs,wede�ne aweighted
graph

�

to bea Grembancover if it has �,� verticesand

, for 3�c�� H � , �<3�c���-NA-� if andonly if �<3

?

�2c��

?

�U-NA

� , and �M�93�c���-

�

�O�<3

?

�2c��

?

�U- ,
, for 3�c�� H � , �<3�c��

?

�U- A.� if andonly if �93

?

�2c���-NA

� , and �M�93�c��

?

�U-

�

�M�<3

?

�2c���- , and
, thegraphcontainsnoedgeof theform �<3�c�3

?

�U- .

Whennecessary, we will explain how to modify our argu-
mentsto handleLaplaciansthatareGrembancovers.

Finally, if � is theLaplacianof anunconnectedgraph,then
theblockscorrespondingto theconnectedcomponentsmay
besolvedindependently.

1.4. Dir ectMethods

The standarddirect methodfor solving symmetriclinear
systemsis Cholesky factorization.Thoseunfamiliar with
Cholesky factorizationshouldthink of it asGaussianelim-
ination in which one simultaneouslyeliminateson rows
andcolumnsso as to preserve symmetry. Given a permu-
tation matrix ' , Cholesky factorizationproducesa lower-
triangularmatrix / suchthat /0/(-

�

' ��' - . Becauseone
canuseforward andbacksubstitutionto multiply vectors
by />JL� and / J - in timeproportionalto thenumberof non-
zeroentriesin / , onecanusetheCholesky factorizationof

� to solve thesystem�

�X�

� in time ����: / : - .



Eachpivot in the factorizationcomesfrom thediagonalof
� , andoneshouldunderstandthepermutation' asprovid-
ing theorderin whichthesepivotsarechosen.Many heuris-
ticsexist for producingpermutations' for which thenum-
ber of non-zerosin / is small. If the graphof � is a tree,
thena permutation' thatorderstheverticesof � from the
leavesup will resultin an / with at most �,�

E

� non-zero
entries.In this work, we will useresultsconcerningmatri-
ceswhosesparsitygraphsresembletreeswith a few addi-
tionaledgesandwhosegraphshavesmallseparators,which
wenow review.

If a is theLaplacianmatrix of a weightedgraph ��� c��bc��\- ,
andoneeliminatesa vertex � of degree � , thentheremain-
ing matrix hastheform

 

�

2

2

�

�

c

"

where �

�

is the Laplacianof thegraphin which � andits
attachededgehave beenremoved.Similarly, if a vertex �

of degree � is eliminated,thenthe remainingmatrix is the
Laplacianof the graphin which the vertex � and its ad-
jacentedgeshave beenremoved,andan edgewith weight

�

* �

�

* �

�

? �

* �

7

- is addedbetweenthe two neighborsof
� , where �

�

and �

7

aretheweightsof theedgesconnect-
ing � to its neighbors.

Givenagraph
�

with edgeset �

�����

� , wheretheedges
in � form a tree,wewill performapartialCholesky factor-
izationof

�

in which we successively eliminateall thede-
gree1 and2 verticesthatarenotendpointof edgesin � . We
introducethealgorithmtrim to de�ne theorderin which
theverticesshouldbe eliminated,andwe call the trim or-
der theorderin which trim deletesvertices.

Algorithm: trim � � c

�

c

�

-

1. While
�

containsa vertex of degreeonethatis not an
endpointof an edgein � , remove that vertex andits
adjacentedge.

2. While
�

containsa vertex of degreetwo thatis not an
endpointof an edgein � , remove that vertex andits
adjacentedges,andaddanedgebetweenits two neigh-
bors.

Proposition 1.1. The output of trim is a graph with at
most�@:

�

: verticesand @

:

�

: edges.

Remark 1.2. If � � c

�

- and � � c

�

- are Grembancovers,
thenwe can implementtrim so that the outputgraph is
also a Grembancover. Moreover, thegenusandmaximum
sizecliqueminor of theoutputgraphdonot increase.

After performingpartialCholesky factorizationof thever-
tices in the trim order, one obtainsa factorizationof the

form

a

�

/�� /

-

c where�

�

 	�

2

2

�

�

"

c

/ is lower triangular, andtheleft columnandright columns
in the above representationscorrespondto the eliminated
andremainingverticesrespectively. Moreover, : / :
H �,�

E

� , andthisCholesky factorizationmaybeperformedin time
���)�

?

:

�

: - .

Thefollowing Lemmamaybeprovedby induction.

Lemma 1.3. Let a be a Laplacianmatrix and let / and
�

�

be the matricesarising from the partial Cholesky fac-
torization of a according to the trim order. Let 
 be the
setof eliminatedvertices,and let � be thesetof remain-
ing vertices.For each pair of vertices ���(cR.H- in � joined
by a simplepath containingonly verticesof 
 , let a

1

P

8 


4

betheLaplacianof thegraphcontainingjust oneedge be-
tween� and . of weight �

* �

4

7

�

* � 7E- , where the � 7 are the
weightson thepathbetween� and . . Then,

��� - thematrix � is thesumof theLaplacianof theinduced
graphon � andthesumall theLaplaciansa

1

P

8 


4

,

�E.H- C /

�

C�� , where C is theall-onesvector, and C�� is
thecharacteristicvectorof � , and

����- the matrix /0/

- is the sum of the Laplacian of the
graph containingall edgesdeletedby trim and the
diagonalmatrix that is � for verticesin � and

2

else-
where, minusthesumof all theLaplaciansa

1

P

8 


4

.

Corollary 1.4. For a and �

�

asin Lemma1.3, U[Z)\N�E�

�

-(H

�;UWZ)\#�EaO- and UWVYXU�E�

�

-(0 UTV XU�EaO-/*,� .

Other topologicalstructuresmay be exploited to produce
elimination orderingsthat result in sparse/ . In particu-
lar, Lipton, RoseandTarjan[17] prove that if the sparsity
graphis planar, thenonecan�nd suchan / with at most

���)�T"%$'& �U- non-zeroentriesin time �����U ��R7 - . In general,
Lipton, RoseandTarjanprove that if a graphcanbe dis-
sectedby a family of smallseparators,then / canbemade
sparse.Theprecisede�nition andtheoremfollow.

De�nition 1.5. A subsetof vertices � of a graph
�

�

� � c �M- with � verticesis an � �)�U- -separator if : �[:.H�� ���U- ,
andtheverticesof �

E

� canbepartitionedinto two sets

 and � such that there are no edgesfrom 
 to � , and

: 
 :�c : � :+H �,�+*

	 .

De�nition 1.6. Let � �E- bea positivefunction.A graph
�

�

� � c �M- with � verticeshasa family of � �E- -separators if for
every �TH � , everysubgraph

�

$��

�

with � verticeshasa
� ��� - -separator.

Theorem 1.7 (NestedDissection: Lipton-Rose-Tarjan).
Let � be an � by � symmetricPSD matrix, ���

2

be a
constant,and �U���U- bea positivefunctionof � . Let � �9,(-

�



�U���U- ,�� . If
�

�E�\- has a family of � �_- -separator, then the
NestedDissectionAlgorithm of Lipton, Roseand Tarjan
can, in �

�

�

?

���+�)�U-6���[-5 �� time, factor � into �

�

/ / -

sothat / hasat most �

�

� �U���U- ���
-57L"%$'& ��� non-zeros.

To apply this theorem,we note that many families of
graphs are known to have families of small separa-
tors. Gilbert, Hutchinson,and Tarjan [10] show that all
graphsof � verticeswith genusboundedby � have a fam-
ily of ����� ���U- -separators,andPlotkin,RaoandSmith[20]
show thatany graphthatexcludes:
	 asminor hasa fam-
ily of �����

�

�T"%$'& �L- -separators.

1.5. Iterati ve Methods

Iterative methodssuchasChebyshev iterationandConju-
gateGradientsolve systemssuchas �

� �

� by succes-
sively multiplying vectorsby thematrix � , andthentaking
linearcombinationsof vectorsthathave beenproducedso
far. Thepreconditionedversionsof theseiterative methods
take as input anothermatrix a , calledthe preconditioner,
andalsoperformtheoperationof solvinglinearsystemsin

a . In thispaper, wewill restrictourattentionto theprecon-
ditionedChebyshev methodasit is easierto understandthe
effectof imprecisionin thesolutionof thesystemsin a on
themethod'soutput.In thenon-recursiveversionof our al-
gorithms,we will exploit the standardanalysisof Cheby-
shev iteration(see[8]), adaptedto our situation:

Theorem 1.8 (PreconditionedChebyshev). Let � and a

be Laplacianmatrices,let � be a vector, and let � satisfy
�

� �

� . At each iteration, thepreconditionedChebyshev
methodmultipliesonevectorby � , solvesonelinear system
in a , andperformsa constantnumberof vectoradditions.
At the

�

th iteration, the algorithm maintainsa solution �

�

satisfying

DC�]�

�FE �

- D H��

J�
S�

� ���

1

�

8 �

4

Y[Z[���`-�� Y(Z
�EaO-�D

�

D

�

In thenon-recursiveversionsof ouralgorithms,wewill pre-
computethe Cholesky factorizationof the preconditioners

a , and usetheseto solve the linear systemsencountered
by preconditionedChebyshev method.In therecursivever-
sions,we will performa partial Cholesky factorizationof

a , into a matrix of the form /��

�

c

2���2

c/�

���

/ - , construct
a preconditionerfor �

�

, andagainusethe preconditioned
Chebyshev methodto solve - thesystemsin �

�

.

2. Support Theory

The essenceof supporttheory is the realizationthat one
can bound O(Z(���Mc/ad- by constructingan embeddingof �

into a . We de�ne a weightedembeddingof � into a to be
a function � that mapseachedge � of � into a weighted
simple path in a linking the endpointsof � . Formally,

���&�

���

� �! #" $

� is a weightedembeddingif for all
�BA � , % �IA a!�&� �'�Fc �N-��

2)(

is a simple path connect-
ing from oneendpointof � to the other. We let path *T�+�,-

denotethis setof edgesin this path in a . For �1A � , we
de�ne wd *

�'�,-

�

4

Z&, path -

1/. 4

P�0




�

*

11.

8 Z

4

� andthe weighted
congestionof an edge � A a under � to be wc*

� �N-

�

4

.

�

Z&, path -

11. 4

wd *

�'�,-2� �+�Fc �N-

�

Our analysisof our preconditionersrelieson the following
extensionof thesupportgraphtheory.

Theorem2.1(Support Theorem). Let � betheLaplacian
matrix of a weightedgraph

�

and a betheLaplacianma-
trix of a subgraph ( of

�

. Let � bea weightedembedding
of

�

into ( . Then

Y(Z[���KcRaO-(H U[Z�\

Z3,54

wc*

���N-

�

To understandthis statement,the readershould�rst con-
sider the casein which all the weights �

.

, .
Z and � �+��c �N-

are1. In thiscase,theSupportTheoremsaysthat Y
Z

�E�KcRaO-

is at most the maximumover edges� of the sum of the
lengthsof thepathsthrough � . This improvesupontheup-
perboundon Y#Z
�E�KcRaO- statedby Vaidyaandprovedin Bern
et. al. of themaximumcongestiontimesthemaximumdi-
lation, andit improvesuponthe boundproved by Boman
andHendricksonwhich wasthesumof thedilations.This
statementalsoextendstheprevioustheoriesby usingfrac-
tionsof edgesin a to routeedgesin � . Thatsaid,ourproof
of theSupportTheoremowesa lot to themachinerydevel-
opedby BomanandHendricksonandour � is analogousto
theirmatrix 6 .

We �rst recall the de�nition of the supportof � in a , de-
noted72�E�KcRaO- :

72���Mc/ad-

�

UWV X8%:9;�=<�> 0?9
c@>6aBA �

(

�

Grembanproved that one can usesupportto characterize
O[Z :

Lemma 2.2. If Null �E�\-

� Null ��ad- , then

O
Z

���Mc/ad-

�

72�E�KcRaO-C72�Ea cR�\-

�

Vaidyaobserved

Lemma 2.3. If ( is a subgraphof the weightedgraph
�

,
� is theLaplacianof

�

and a is theLaplacianof ( , then
72��a<c/�\- H

� .

Our proof of the SupportTheoremwill use the Splitting
Lemmaof Bern et. al. andthe Rank-OneSupportLemma
of Boman-Hendrickson:



Lemma 2.4(Splitting Lemma). Let �

�

�

�

?

�

7

?������6?

�




andlet a

�

�

�

?

a

7

?������V?

a




. Then,

72���Mc/aO- H U[Z�\

7

72���@7/cRa@7_-

�

For anedge� A � anda weightedembedding� of � into
a , we let �

.

denotetheLaplacianof thegraphcontaining
only the weightededge � and a

.

denotethe Laplacianof
thegraphcontainingtheedges� A path *T���!- with weights

��Z3� �'�Fc �N- . We have:

Lemma 2.5(WeightedDilation). For anedge � A � ,

72���

.

c/a

.

-

� wd*

�+�,-

�

Proof. Follows from BomanandHendrickson'sRank-One
SupportLemma.

Proofof Theorem2.1. Lemma2.5 implies

72���

.

c wd *

�+�,- a

.

-

�

�'�

We thenhave

72���Mc�U[Z�\

Z&,&�

wc*

� �N-�aO-QH 72���Mc

�

Z&,&�

wc*

� �N-��\Z�-

�

72���Mc

�

.

,

�

wd *

���,-�a

.

-

H U[Z�\

.

,

�

72���

.

c wd *

��� -�a

.

-

H

�

c

wherethesecond-to-lastinequalityfollows from theSplit-
ting Lemma.

3. The Preconditioner

In thissection,weconstructandanalyzeourpreconditioner.

Theorem 3.1. Let � be a Laplacianand
�

�

� � c �bc �\-

its correspondingweightedgraph. Let
�

have � vertices
and � edges.For anypositiveinteger >QHA� , thealgorithm
precondition , describedbelow, runs in ����� "%$'& � -

time and outputsa spanningtree � �

� of
�

and a set
of edges �

�

� such that

(1) if a is the Laplaciancorrespondingto � �

� , then
7

Z
���Mc/aO- H

; �

�

0

� � � ��	�
�� ��	
� ��	�
'- , and

(2) :

�

:
H �

�

>67N"%$'& �+* "%$'&2"%$'& �
� .

Moreover, if
�

hasgenus�
7 or hasno : 	 minor, then

(2') :

�

:
H � � > �U"%$'& �U"^$�& �+* "%$'&2"%$'& �U- ,

and if
�

is the Grembancover of such a graph, then the
sameboundholds and we can ensure that � is a Grem-
bancoveraswell.

Proof. Everythingexceptthe statementconcerningGrem-
ban covers follows immediately from Theorem2.1 and
Lemmas3.7,3.8,and3.13.

In thecasethat
�

is Grembancover, weapplythealgorithm
precondition to thegraphthatit covers,but keepingall
weightspositive.Wethenset � and � to bebothimagesof
eachedgeoutputby thealgorithm.Thus,thesizeof theset

� is atmosttwicewhatit would otherwisebe.

For our purposes,thecritical differencebetweenthesetwo
graphsis that a cycle in the coveredgraphcorrespondsin
theGrembancoverto eithertwo disjointcyclesor adouble-
traversalof that cycle. Altering the argumentsto compen-
satefor this changeincreasestheboundof Lemma3.10by
at mosta factorof 	 , andthe boundof Lemma3.13by at
most D .

The spanningtree � is built using an algorithm of Alon,
Karp,Peleg, andWest[1]. Theedgesin theset � arecon-
structedby usingotherinformationgeneratedby this algo-
rithm. In particular, the AKPW algorithmbuilds its span-
ning treeby �rst building a spanningforest,thenbuilding
a spanningforestover thatforest,andsoon.Our algorithm
works by decomposingthe treesin theseforests,andthen
addingarepresentativeedgebetweeneachsetof verticesin
thedecomposedtrees.

Throughoutthis section,we assumewithout lossof gener-
ality thatthemaximumweightof anedgeis 1.

3.1. The Alon-Kar p-Peleg-WestTree

We build our preconditionersby addingedgesto thespan-
ning treesconstructedby Alon, Karp, Peleg andWest [1].
In thissubsection,wereview theiralgorithm,statetheprop-
ertieswe requireof thetreesit produces,andintroducethe
notationweneedto de�ne andanalyzeourpreconditioner.

The AKPW algorithm is run with the parameters,

�

�

� � ��	�
�� ��	�� ��	�
 and �

�	�

 

� ��	>


� ��	

R�


, andthe parameters�

�

D
� "^$�&2� and �

�

,�� areusedin its analysis.

We assume,without lossof generality, that the maximum
weightedgein � hasweight1. TheAKPW algorithmbe-
ginsby partitioningtheedgeset � by weightasfollows:

�N7

���

� A�� �

�

*��

7��

�O�'�,-QH

�

*��

7

JN���

�

For eachedge � A � , let class�'�,- be the index suchthat
� A � class

1/. 4

.



TheAKPW algorithmiteratively appliesa modi�cation of
an algorithm of Awerbuch [2], which we call cluster ,
whoserelevantpropertiesaresummarizedin thefollowing
lemma.

Lemma 3.2 (Colored Awerbuch). There exists an algo-
rithm with template�

���������
	���


�

�

c�,+c �

�

c

� ���

c �




-Hc

where
�

�

� � c �O- is a graph, , is a number, �

�

c

� ���

c��




are disjoint subsetsof � , and

�

is a spanningforestof � ,
such that

(1) each forestof

�

hasdepthat most 	

,

�

"%$'& � ,

(2) for each �

H 3 H

�

, thenumberof edgesin class�@7 be-
tweenverticesin thesametreeof

�

is at most, times
the numberof edges in class �@7 betweenverticesin
distincttreesof

�

, and

(3) �������
	���
 runsin time ���

4

7

: �/7�: - .

Theotherpartof theAKPW algorithmis a subroutinewith
template

�

$

��������	�
����
	

�

�

c

�

-Hc

that takesas input a graph
�

anda spanningforest

�

of
�

, andoutputsthe multigraph
�

$ obtainedby contracting
theverticesof eachtreein

�

to a singlevertex. This con-
tractionremovesall resultingself-loops(which resultfrom
edgesbetweenverticesin thesametree),but keepsan im-
ageof eachedgebetweendistinct treesof

�

. The classes,
weights,andnamesof theedgesarepreserved,sothateach
edgein

�

$ canbemappedbackto auniquepre-imagein
�

.

We cannow statetheAKPW algorithm:

Algorithm: � � AKPW�

�

-

1. Set�

�

� and
�

1

5

4

�

�

.

2. While
�

1

5

4 hasmorethanonevertex

(a) Set �

5

� cluster �

�

1

5

4Hc�,Uc �

5

J��=�+�

c

��� �

c��

5

- .

(b) Set
�

1

5

�+�54

��������	�
����
	

�

�

1

5

4Hc

�

5

-

(c) Set �

�

�

?A� .

3. Set � � �

5

�

5

Thetreeoutputby theAKPW algorithmis theunionof the
pre-imagesof the edgesin forests �

5

. Our preconditioner
will includetheseedges,andanothersetof edges� con-
structedusingtheforests

�

5

.

To facilitatethe descriptionandanalysisof our algorithm,
wede�ne

�

5

to betheforeston � formedfrom theunionof the
pre-imagesof edgesin �

�

�

�����

� �

5

JN� ,

�

5

� to bethetreeof

�

5

containingvertex � .

�

5

7

���

��� c�� -(A � 7 �

�

5

� �

�

�

5

�

� ,
!

5

7

�

�

5

7

E

�

5

�+�

7

, and
!

5

� �

7

!

5

7

.

We observe that

�

5

� � is comprised of edges from
�

�

c

��� �

c �

5 , and that each edge in
!

5

has both end-
pointsin thesametreeof

�

5

� � .

Alon, et.al. prove:

Lemma 3.3 (AKPW Lemma 5.4). The algo-
rithm AKPWterminates.Moreover, for every 3 H � ,

"

"

"

�

5

7

"

"

"

H

"

"

"

�

1

5

JL�64

7

"

"

"

* ,'H : �N7=:5*�,

5

J

7

�

We remarkthat ,���� : � : , so for 3 H �

E

� , �

5

7

�$# . The
following lemmafollows from the proof of Lemma5.5 of
[1] andtheobservationthat ��� 0 : � : .

Lemma 3.4. For each simplepath ' in

�

5

�+� andfor each
L

, : '&% �('�:+H UWV X+� �

5

J

'

�+�Cc ��� - .

3.2. TreeDecomposition

Ourpreconditionerwill constructtheedgeset � by decom-
posingthe treesin the forestsproducedby the AKPW al-
gorithm,andaddingedgesbetweentheresultingsub-trees.
In this section,we de�ne thepropertiesthedecomposition
mustsatisfyanddescribethedecompositionalgorithm.

De�nition 3.5. For a tree
�

anda setof edges
!

between
theverticesof

�

, wede�ne an
!

-decompositionof
�

to be
a pair �*) c 7L- where ) is a collectionof subsetsof thever-
ticesof

�

and 7 is a mapfrom
!

into setsor pairs of sets
in ) satisfying

1. for each set � A+) , thegraphinducedby
�

on � is
connected,

2. for each edge in
�

there is exactly oneset � A�)

containingthatedge, and

3. for each edge in � A

!

, if : 72�+� - :

�

� , thenbothend-
points of � lie in 72�+� - ; otherwise, one endpointof �

lies in oneset in 72�'�,- , and the other endpointlies in
theother.

We notethat therecanbesets� A ) containingjust one
vertex of

�

.

For a weightedset of edges
!

and an
!

-decomposition
�*) c�7L- , we de�ne the

!

-weight of a set � A,) by

�.-O� � -0/2143

�

4

.

,�-

� 5

,�6

11. 4

�M�'�,- .

We alsode�ne �

�

�

�

�

!

-
/7143

�

4

.

,�-

�M�+�,- .



Our preconditionerwill use an algorithm for computing
small

!

-decompositionsin which eachset � A ) with
: � : �

� hasbounded
!

-weight.

Lemma 3.6 (TreeDecomposition). There existsan algo-
rithm with template

�*) c�7L-

�

�

���������������

�

�

c

!

c��#-

that runs in time ����:

!

:

?

:

�

: - and outputs an
!

-
decomposition�*) c�7L- satisfying

1. for all � A+) such that : � : �

� , � - ��� -QH�� , and

2. : ) :+H � �

�

�

�

�

!

-/*	� .

Proof. We let
�

�*��- denotethe set of verticesin the sub-
treerootedat � , andfor a setof vertices � , let

!

��� -

�

%�� A

!

�&� %

!

�

� #

(

. We thende�ne 
�O��� - /7143

�

!

�

�

�*��-/- .
Let ��� denotethe root of the tree.Our algorithmwill pro-
ceedasif it werecomputing 
�O���
�,- via a depth-�rst traver-
salof thetree,exceptthatwhenever it encountersa subtree
of weightmorethan �N*)� , it will placenodesfrom thatsub-
treeinto a setin ) andremove themfrom the tree.There
arethreedifferentcaseswhichdeterminehow thenodesare
placedinto thesetandhow 7 is constructed.

If, whenprocessinga node � , thealgorithmhastraverseda
subsetof thechildrenof � , %2�

�

c

� ���

c��




(

suchthat 
�O���

�

-

?

�����'?


�O���




- 0��N*)� , thena set � is created,all thenodes
in %7�

(

�




7

?

�

�

���
7

- are placedin � , and thosenodesin
�




7

?

�

�

�*�)7E- aredeletedfrom thetree.If a node � is encoun-
teredsuchthat �N*)��H

!

�

�

��� -5- H�� , thena set � is cre-
ated,thenodesin

�

�*��- areplacedin � , andthosenodesin
� aredeletedfrom the tree.In eithercase,for eachnode

� A

!

��� - weset 72�'�,-

�

72�'�,-

�

% �

(

.

If anode� is encounteredwhich is nothandledby eitherof
thepreceedingcasesandfor which 
�O�*��- ��� , thentwo sets

�

�

�

�

�*��- and �

7

�

%2�

(

arecreated,andthosenodes
in

�

��� - aredeletedfrom thetree.For eachedge� A

!

��� - ,
�

7

is addedto 72�'�,- andfor eachedge� A

!

�

�

��� -

E

%2�

(

- ,
�

�

is addedto 72�+� - .

Whenthealgorithm�nally returnsfrom examiningtheroot,
all the remainingnodesareplacedin a �nal set,and this
set is addedto 72�'�,- for eachedge � A

!

with endpoints
in thisset.Thealgorithmmaintainstheinvariantthatwhen-
everit returnsfrom examininganode� , it haseitherdeleted

� , or removedenoughverticesbelow � sothat 
�d��� -

�

�N* � .
To seethatthealgorithmproducesatmost � �

�

�

�

*	� sets,we
notethateachedgein

!

cancontributeits weightto atmost
two sets,andthatevery time thealgorithmformssets,it ei-
therformsonesetwith weightat least �N* � or two setswith
totalweightat least � .

3.3. Constructing the Preconditioner

Wecannow describeouralgorithmfor constructingthepre-
conditioner. Wewill deferadiscussionof how to ef�ciently
implementthealgorithmto Lemma3.8.

Thealgorithmwill makeuseof theparameter

B

1

5

4

/2143

���

,

5

JN� if � H �

,����

5

J���JL� otherwise

Algorithm: �

�

c

�

-

� Precondition �

�

-

1. Run
�

���������

�

�

- . Set � to the number of iter-
ations taken by AKPW, and record �

� c

��� �

c

��� and
!

�,c

��� �

c

!

� .

2. For �

�

� to �

(a) let %

�

�

c

��� �

c

�




(

bethesetof treesin

�

5

� � .

(b) for 3

�

� to
�

i. let
!

bethesubsetof edgesin
!

5 with end-
pointsin

�

7

ii. Set � % �

�

c

� ���

c � '

(

c�7L- to
decompose �

�

75c

!

c : � :/*=>

B

1

5

45-

iii. for each � H�� H

L

, let ���
8 � be the max-

imum weight edgein
!

between�
� and

��� , andadd �
�

8 � to � .

Lemma 3.7. Let � bethesetof edgesproducedby Pre-
condition . Then,

:

�

:+H�G �

7

>

7

�

�

�

>

7

"%$'& �+* "%$'&2"%$'& �

�

�

Moreover, if
�

has no : 	 minor, then :

�

:

�

� �'> �U"^$�& �L"%$'& �+* "^$�&2"^$�& �U-

�

Proof. Let �

5 be the total numberof setsproducedby ap-
plying decompose to the treesin

�

5

� � . We �rst bound
4 5 �

5 . We have

�

5

�

5

H

�

5

�&>

B

1

5

4

�

�

�

�

�

!

5

-/* : � :

�

� �&>/*N: � : -

�

5

B

1

5

4

�

7

�

�

�

�

�

!

5

7

-

�

To boundthis sum,we set

�

5

7

�! "

#

"$

2

if �

�

3 ,
4

'&% 7

"

"

!

'

7

"

" if 3

�

� , and
"

"

"

!

5

7

"

"

"
if � � 3

�



We observe thatLemma3.3 implies �

5

7

H : �N7=:/*�,

5

J

7 , and
�

5

7

�

2

for �[0 3

?

� . As B

1

5

4 is increasing,wehave

�

5

B

1

5

4

�

7

�

�

�

�

�

!

5

7

-(H

�

5

B

1

5

4

5

�

7

? 5

J���� �

�

5

7

*��

7

JN�

�

�

7

7

� � JN��

5�?

7

B

1

5

4

�

5

7

*��

7

JL�

H

�

7

: � 7 :

7

� � JL��

5�?

7

B

1

5

4

*

�

,

5

J

7

�

7

JN�

�

H

�

7

: �N7�: �

H : � : �(c

as B

1

5

4 H6,

5

J

7

�

7

JL� for � H63

?

�

E

� . Thus, 4 5 �

5

H � �5> ,
and,becauseweaddatmostoneedgebetweeneachpairof
thesesets,wehave :

�

:+H G
� 7�>67 .

As observedby Vaidya,a resultof Mader[4] implies that
if a graphdoesnot have a completegraphon � verticesas
a minor, then the averagedegreeof every minor of

�

is
�����U"^$�& � - . Hence,thenumberof edgesaddedto � at iter-
ation � is at most �

5

�L"%$'&�� , andso

:

�

:+H

�

5

�

5

�U"^$�& � H G
� > �U"^$�& �

�

Finally, a graphof genus� 7 doesnot have a :��

1

	

4

minor.

Using the dynamictreesdatastructureof SleatorandTar-
jan [22], weprove:

Lemma 3.8. If
�

is a graphwith � verticesand � edges,
then the output of precondition can be producedin

���)� "%$'& � - time.

3.4. Analyzing the Preconditioner

We will useweightedembeddingsof edgesinto pathsin
� �

� to boundthe quality of our preconditioners.The
weightswill bedeterminedby a function 9L� ��c

L

- , which we
now de�ne to be

9L� �'c

L

-

�

�

�

�

E

L

�

�

1

5

J

'

J��=�+�64��

���	��
���
����

Otherwise.

For eachedge � A

!

5

andeachedge � A path *T�'�,- , we
will set � �'�Fc �N-

�

9L� ��c class� �N-6- . We will construct� soas
to guaranteeclass�'�,-

� class���N-

?

� .

It remainsto de�ne thepathsover which edgesareembed-
ded.For anedge�

�

�*�+c ��- in
!

5

, if � A

� �

� thenweset

path *T�'�,-

�

� and � �+�Fc��,-

�

� . Otherwise,we let
�

bethe
treein

�

5

�+� containingtheendpointsof � andlet 7 bethe
functionoutputby decompose on input

�

. If : 72�'�,- :

�

� ,
thenwe let path * �'�,- be the simplepath in

�

connecting
the endpointsof � . Otherwise,we let % � � c � �

(

�

72�'�,-

and let � ��8 � be the edgeaddedbetween� � and ��� . We
thenlet path *T�'�,- be the concatenationof the simplepath
in

�

from � to � �S8 � , theedge� �S8 � andthesimplepathin
�

from � �S8 � to � .

Thetwo propertiesthatwe requireof 9 areencapsulatedin
thefollowing lemma.

Lemma 3.9. ����- For all � 0

� , 4

5

'

?

�

�


���� �

�

�

�	��
����

8

�




-

�

1

5

8 '

4

H

�

5

�+�'� �

?

�'-Hc and

�E.H- For all
L

0

� , 465��

'

9L� ��c

L

-QH � �

? �

- .

We now derive theupperboundwe needon themaximum
weightedcongestionof theembedding� .

Lemma 3.10. For each � andeach simplepath ' in

�

5

�+� ,

�
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wherethethird-to-lastinequalityfollows from Lemma3.4,
thesecond-to-lastinequalityfollows from � A � ' , andthe
lastinequalityfollowsfrom Lemma3.9 ��� - .

Lemma 3.11. For each edge � A�� ,
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ing theendpointsof � , andlet �*) c�7L- betheoutputof de-
compose oninput
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. If : 72�'�,- :
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� , the � is routedoverthe
simplepath in
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connectingits endpoints,so we canap-
ply Lemma3.10to show
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, and observe that
path *T�'�,- containstwo simple paths in
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and the edge



���S8 � . Applying Lemma3.10to eachof thesepathsandre-
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weobtain
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�+� containingtheendpoints
of � , andlet � ) c 7L- be the outputof decompose on in-
put

�

. Thereare two casestwo consider:� caneitherbe
an edgeof

�

, or � can be one of the edges� ��8 � . If � is
an edgeof

�

, let � be the set in ) containingits end-
points.Otherwise,if � is oneof the edges� ��8 � , let � be
thelargerof thesets� � or ��� . If : � � :

�

: ���J:

�

� , then
theonly edgehaving � in its pathis � itself, in which case
the lemmais trivial. So, we may assume: � :��

� . In ei-
thercase,eachedge� for which �6A path *T�'�,- musthave
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Lemma 3.13. Let � , � and � beconstructedasabove. Let
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wherethe second-to-lastinequality follows from Lemma
3.12,the last inequalityfollows from Lemma3.9 �_.H- , and

thelastequalityfollows from � �
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'- .

4. One-ShotAlgorithms

Our �rst algorithm constructsa preconditioner a for
the matrix � , performs a partial Cholesky factoriza-
tion of a by eliminatingtheverticesin trim orderto obtain

a

�

/��

�

c

2���2

c/�

� �

/ - , performsa furtherCholesky factor-
ization of �

�

into /

�

/ -

�

, and appliesthe preconditioned
Chebyshev algorithm. In each iteration of the precondi-
tioned Chebyshev algorithm,we solve the linear systems
in a by back-substitutionthroughthe Cholesky factoriza-
tions.

Theorem4.1(One-Shot). Let � bean � -by-� PSDDDma-
trix with � non-zero entries.Usinga singleapplicationof
our preconditioner, onecan solvethe system�

� �

� to
relativeaccuracy � in time �

�

�����=�!�6 ����H13�54�"%$'&(�EY+���`-/*,�!- � .
Moreover, if if the sparsity graph of � doesnot containa
minor isomorphicto thecompletegraphon � 9 vertices,or
if it hasgenusat most � 7�9 , for B

�

�

*

	 , then the expo-
nentof � canbereducedto �'�%�

�

@

�

�2? B

-

?��

�

�

- .

Proof. The time taken by the algorithmis the sumof the
time requiredto computethe preconditioner, perform the
partialCholesky factorizationof a , pre-process�

�

(either
performingCholesky factorizationor inverting it), andthe
productof the numberof iterationsand the time required
per iteration.In eachcase,we will set >

�

�

�

for some
constant� , andnote that the numberof iterationswill be

� 1 ��J

�

4��/7����H13�54 , andthatthematrix �

�

will dependon �

�

.

If wedonotassumethat � hasspecialtopologicalstructure,
then �

�

is a matrix on � 7

�

���H13�54 vertices.If we solve sys-
temsin �

�

by Cholesky factorization,thenit will take time
�

�

�

?

� Q

�

���H13�54 � to perform the factorizationand time
�

�

�

?
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���H13�54 � to solve eachsystem.So,thetotal time
will be �
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weobtainthe�rst result.

If the graph has genus B

7 or doesnot have a :
;

= mi-
nor, or is the Grembancover of such a graph, then can
apply part ���

$

- of Theorem3.1. Thus, �

�

is a matrix on
�

�

�U9����H13�54 vertices.In the Grembancover case,the pre-
conditioneris aGrembancover, andsothepartialCholesky
factorizationcan ensurethat �

�

is a Grembancover as
well. As the Grembancover of a graphhasa similar fam-
ily of separatorsto the graphit covers, in either casewe
canapply the algorithmof Lipton, RoseandTarjanto ob-
taintheCholeksyfactorizationof �

�

. By Theorem1.7,with
�

�

�

*)�

? B , thetimerequiredto performthefactorization
will be �

�

�

?

�

�

1% R9��L =�R7/4<���!13�54 � , andthetimerequiredto



solve thesystemwill be

�

�

�

13��J

�

49�R7

�)�

?

�

�

1^7R9��+�54<���H13�54��

�

�

�

�

1 ��J

�

4��/7��+�����H13�64��

c

provided � � �

BT? �

- H

� . We will obtainthedesiredresult
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5. RecursiveAlgorithms

Wenow show how to applyouralgorithmrecursively to im-
prove uponthe runningtime of thealgorithmpresentedin
Theorem4.1.

Therecursivealgorithmis quitestraightforward:it �rst con-
structsthetop-level preconditionera

�

for matrix � �

�

� .
It theneliminatesto verticesof a

�

in thetrim orderto obtain
the partial Cholesky factorizationa

�

�

/

�

�

�

/ -

�

, where
�

�

�

�

�

c

2���2

c/�

� �

. Whenaniterationof thepreconditioned
Chebyshev algorithmneedsto solve a linearsystemin a

�

,
weuseforward-andbackward-substitutionto solvethesys-
temsin /

�

and / -

�

, but recursively applyour algorithmto
solve thelinearsystemin �

�

.

We will usea recursionof depth � , a constantto be de-
terminedlater. We let �

�

�

� denotethe initial matrix.
We let a 7

�+�

denotethepreconditionerfor � 7 , / 7 �(7�/ -

7

be
the partial Cholesky factorizationof a 7 in trim order, and

� 7

�

�

�

c

2 ��2

c/�@7

�

. To analyzethealgorithm,wemustdeter-
minetherelativeerror �

7 to whichwewill solvethesystems
in �

7 . The boundwe apply is derived from the following
lemma,which we derive from a resultof GolubandOver-
ton [11].

Lemma 5.1 (Preconditioned Inexact Chebyshev
Method). Let � and a be Laplacian matrices satisfy-
ing 72��a cR�\-W0

� . Let � be thesolutionto �

� �

� . If, in
each iteration of the preconditionedChebyshev Method,a
vector �




is returnedsatisfying
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Ourmaintheoremis:

Theorem 5.2 (Recursive). Let � be an � -by-� PSDDD
matrix with � non-zero entries.Using the recursivealgo-
rithm, onecan solvethe system�

� �

� to relativeaccu-
racy � in time

�

�

�

�!�  ������H13�64
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Moreover, if the graphof � doesnot containa minor iso-
morphicto thecompletegraphon � 9 vertices,or hasgenus
at most� 7R9 , or is theGrembancoverof such a graph,then
theexponentof � canbereducedto � ?�@,B ? �

�

�

- .

Wenotethatif
�

�E�\- is planar, thenthealgorithmtaketime
nearlylinearin � . Webelievethatwecanimprovetheterm

�����

1

�

4

��� �

1

�

4

to Y[Z[���`- .

The following lemma is neededto bound YNZ[���/7 - and
Y[Z[��a 7 - .

Proposition 5.3 (Fiedler). Suppose� is an � by � Lapla-
cian matrix. Thenthesmallestnon-zero eigenvalueof � is
at least UWVYXU�E�\-R* � 7 and the largesteigenvalueof � is at
most�;U[Z�\L���`- Thus,Y#Z
�E�\-QH �L .U[Z�\L���`-/*#UWV XU���`- .

Thefollowing two lemmasallow usto boundtheaccuracy
of thesolutionsto systemsin a;7 in termsof theaccuracy of
thesolutionsto thecorrespondingsystemsin � 7 .

Lemma 5.4. Let a be a Laplacianmatrix and let /�� / -

bethepartial Cholesky factorizationobtainedby eliminat-
ing verticesof a in thetrim order. Then

Y+� / -(H
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G
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c�U[Z)\#�E�\-5-/-
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�

Lemma 5.5. Let a be a Laplacianmatrix and let /�� /(-

bethepartial Cholesky factorizationobtainedby eliminat-
ing verticesof a in thetrim order. For any ��A Span ��ad- ,
let � be the solution to �

�

�

/ JN��� and let �� satisfy
D��

E

�� D H �#D��GD . Let
�

� bethesolutionto /(-

�

� �

�� . Then
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Proofof Theorem5.2. Without loss of generality, we as-
sume U[Z�\N���`-

�

� . For � �'c

��� �

c/��� , a

�

c

� ���

cRa�� , and
/

�

c

��� �

c /
� asde�ned above,wecanapplyProposition5.3,

Corollary1.4,andLemma5.4to show:
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In therecursive algorithmwe will solve systemsin �
7 , for

3 0

� , to accuracy

�
7
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�'GC�

�

7

�UP

�<U[Z�\L�E�\-/*KUTV XU�E�\-5-
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By Lemma5.5 and the above bounds,we thenobtainso-
lutions to thesystemsin a;7 to suf�cient accuracy to apply
Lemma5.1.



Let � 7 bethenumberof edgesof � 7 . Whenconstructingthe
preconditioner,weset>�7

�

�)��7 -

�

, for a � to bechosenlater.
Thus,by Theorem3.1 andProposition1.1, �F7 H � 1%7

�

4�� ,
and Y(Z[���@75cRa@7

�+�

-

�

� 1^7
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4 � 13��J
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4<���H13�64 .

We now proveby inductionthattherunningtime of theal-
gorithmobtainedfrom a depth� recursionis
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-/* � . In the limit,
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-/* � from above.Thebasecase,�

�

� , followsfrom
Theorem4.1.

Thepreprocessingtimeis negligible asthepartialCholesky
factorizationsusedto producethe � 7 take linear time, and
thefull Cholesky factorizationis only performedon �

� .

Thus,therunningtime is boundedby theiterations.Thein-
duction follows by observing that the iteration time is

�

�	�	�

�

���!13�54
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provesthe inductive hypothesisbecause�
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, thereexistsan � for which
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Whenthegraphof � doesnot containa : ;>= minor or has
genusatmost � 7�9 , weapplyasimilaranalysis.In thiscase,
we have �

7
H �

7

JN�

�
9����H13�64 . Otherwise,our proof is sim-

ilar, except that we set �
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