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Abstract

We presenta linear-systensolverthat, givenan -by-
symmetrigpositivesemi-de nite diagonally dominantma-

trix  with  non-zeo entriesand an -vector , pro-
ducesa vector within relativedistance of the solution
to in time , whee isthe

log of the ratio of the largestto smallestnon-zeo entry of

.If thegraphof hasgenus  or doesnothavea
minor, thenthe exponentof ~ canbeimprovedto the min-
imumof and . Thekey contribution of

our work is an extensionof Vaidya's techniquesfor con-
structingandanalyzingcombinatorialpreconditiones.

1. Intr oduction

Sparsdinear systemsare ubiquitousin scienti ¢ comput-
ing and optimization.In this work, we develop fastalgo-
rithmsfor solvingsomeof thebest-beheedlinearsystems:
thosespeci ed by symmetric,diagonallydominantmatri-

ceswith positive diagonalsWe call suchmatricesPSDDD
asthey arepositive semi-de niteanddiagonallydominant.
Suchsystemsarisein the solutionof certainelliptic differ-

ential equationsvia the nite elementmethod,the model-
ing of resistive networks,andin the solutionof certainnet-
work optimizationproblemg23, 19, 15, 25, 26].

While oneis oftentaughtto solve alinearsystem

by computing andthenmultiplying by ,thisap-
proachis quite inef cient for sparselinear systems—the
bestknown boundon the time requiredto compute

is [9] andtherepresentationf typically re-
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quires spaceln contrastjf is symmetricandhas
non-zeroentries thenonecanusethe ConjugateGradi-

entmethod asadirectmethodto solvefor in

time and spacelUntil Vaidya's revolutionary intro-

ductionof combinatorialpreconditioner$24], this wasthe

bestcompleity boundfor the solutionof generalPSDDD

systems.

The two mostpopularfamiliesof methodsfor solvinglin-
earsystemsare the direct methodsandthe iterative meth-
ods.DirectmethodssuchasGaussiarelimination,perform
arithmeticoperationghat produce treatingthe entriesof
and symbolically As discussedn Sectionl.4, direct
methodscanbe usedto quickly compute if the matrix
hasspecialttopologicalstructure.

Iterative methodswhich arediscussedn Sectionl.5,com-
pute successiely betterapproximationgo . The Cheby-
shes and ConjugateGradientmethodstake time propor

tional to to produceapproxima-
tionsto  with relative error , where is theratio of

thelargestto the smallestnon-zeroeigervalueof . These
algorithmsare improved by preconditioning—essentially
solving for a preconditioner thatis
carefully chosersothat is smallandsothatit is
easyto solvelinearsystemsn . Thesesystemsn may
be solved usingdirectmethodspr by againapplyingitera-
tive methods.

Vaidya [24] discoveredthat for PSDDD matrices one
could use combinatorialtechniquesto constructmatrices

that provably satisfy both criteria. In his seminalwork,
Vaidyashows thatwhen  corresponddo a subgraphof
the graphof , one can bound by bounding
the dilation and congestionof the bestembeddingof the
graphof into the graphof . By using precondition-
ersderived by addinga few edgesto maximumspanning
trees,Vaidya's algorithm nds -approximatesolutionsto
PSDDD linear systemsof maximum valence in time



.1 Whenthesesystemsave spe-
cial structure,suchashaving a sparsitygraphof bounded
genusor avoiding certainminors,he obtainsevenfasteral-
gorithms.For example, his algorithm solves planarlinear
systemsn time . This paperfol-
lows the outline establishedoy Vaidya: our contritutions
areimprovementsn thetechniquegor bounding ,
a constructiorof betterpreconditionersa constructiorthat
dependsiponaveragedegreeratherthanmaximumdegree,
and an analysisof the recursive applicationof our algo-
rithm.

As Vaidya'spapemwasnever published, andhis manuscript
lackedmary proofs,thetaskof formally working outhisre-
sultsfell to others.Much of its contentappearsn the the-
sis of his student,Anil Joshi[16]. Gremban,Miller and
Zagha[1314] explainpartsof Vaidya's paperaswell asex-
tendVaidya's techniquesAmong otherresults,they found
waysof constructingoreconditionerdy addingverticesto
thegraphsandusingseparatotrees.

Much of thetheorybehindtheapplicationof Vaidya'stech-
niguesto matriceswith non-positve off-diagonalds devel-

opedin [3]. Themachineryneededo apply Vaidya'stech-
niguesdirectly to matriceswith positive off-diagonalele-
mentsis developedin [5]. The presentwork builds upon
an algebraicextensionof the tools usedto prove bounds
on by Bomanand Hendrickson[6]. Bomanand
Hendrickson[7] have pointedout that by applying one of

their boundson supportto the tree constructedby Alon,

Karp, Pelay, andWest[1] for the -senerproblem,oneob-
tains a spanningtree preconditioner with

. They therebyobtaina solver for PS-
DDD systemghatproduces-approximatesolutionsn time
. In their manuscript,they asked
whetherone could possiblyaugmentthis tree to obtaina
better preconditionerWe answerthis questionin the af-
rmati ve. An algorithmrunningin time
hasalsorecentlybeenobtainedoy Maggs,et. al. [18].

The presentpaperis the rst to pushpastthe bar
rier. It is interestingto obsene thatthis is exactly the point
atwhich oneobtainssub-cubidime algorithmsfor solving
dense?SDDDlinearsystems.

Reif [21] provedthat by applying Vaidya's techniquege-
cursiely, one can solve bounded-dgree planar positive
de nite diagonallydominantlinear systemgo relative ac-
curagy intime . We extendthis

1 Forthereaderunaccustometb conditionnumberswe notethat for
anPSDDDmatrix in which eachentryis speci ed using bits of
precision,

2 Vaidyafoundedthe company Computanonaw\ppllcanonsand Sys-
tem Integration (http://wwwcasicorp.com}fo market his linear sys-
temsolers.

resultto generaplanarPSDDDlinearsystems.

Dueto spacdimitations,someproofsof have beenomitted,
but will appeain theon-lineandfull versionsof the paper

1.1. Background and Notation

A symmetricmatrix is semi-positve de nite if
for all vectors . Thisis equivalentto having all eigerval-
uesof non-ngative.

In most of the paper we will focus on Laplacianmatri-
ces:symmetricmatriceswith non-ngyative diagonalsand
non-positive off-diagonalssuchthatfor all ,
However, our resultswill apply to the more generalfam—
ily of positive semide nite,diagonallydominant(PSDDD)
matriceswherea matrix is diagonallydominantif

for all . We remarkthata symmetricmatrixis
PSDDDif andonly if it is diagonallydominantandall of
its diagonalsarenon-ngjative.

In this paper we will restrictour attentionto the solution
of linear systemsof the form where is a PS-
DDD matrix. When is non-singulaythat is when
exists, thereexists a uniquesolution to thelin-
earsystem.When is singularand symmetric,for every

Span thereexists a unique Span such
that . If  is the Laplacianof a connectedyraph,
thenthenull spaceof is spannedy

Therearetwo naturalwaysto formulatetheproblemof nd-
ing anapproximatesolutionto a system . A vector
hasrelativeresidualerror  if . We
saythata solution is an -approximatesolutionif it is at
relative distanceatmost from theactualsolution—thats,
if . Onecanrelatethesetwo notionsof
approximationby observingthat relative distanceof to
the solutionandtherelative residualerrordiffer by a multi-
plicative factorof at most . We will focusour atten-
tion onthe problemof nding -approximatesolutions.

is the nite conditionnumberof . The
, is the maximumof ,

The ratio
normof a matrix,

and equalsthe largesteigervalueof if  is symmetric.
For non-symmetricmatrices, and are typi-
cally different.We let denotethe numberof non-zero
entriesin , and and denotethe small-

estandlargestnon-zercelementof in absolutevalue,re-

spectvely.

The conditionnumberplaysa prominentrole in the analy-
sis of iterative linear systemsolvers.When is PSD,it is
known that, after iterations,the Cheby-
shev iterative methodandthe ConjugateGradientmethod
producesolutionswith relative residual error at most .




To obtainan -approximatesolution,oneneedmerelyrun
timesasmary iterations.If has non-zero
entries eachof theseiterationstakestime . Whenap-
plying the preconditionedversionsof thesealgorithmsto
solve systemsof the form , the number
of iterationsrequiredby thesealgorithmsto producean -
accuratesolutionis boundedby
where

for symmetric and with Span Span . How-
ever, eachiterationof thesemethodsakestime plus
thetime requiredto solve linearsystemsn . In ourinitial
algorithm, we will usedirect methodsto solve thesesys-
tems,andsowill not have to worry aboutapproximateso-
lutions. For therecursve applicationof our algorithms we
will useour algorithmagainto solve thesesystemsandso
will haveto determinéhow well we needto approximatehe
solution.For thisreasonwe will analyzethe Chebyshe it-
erationinsteadof the ConjugateGradient,asit is easieno
analyzetheimpactof approximatiorin the Chebyshe iter-
ations.However, we expectthatsimilar resultscouldbeob-
tainedfor the preconditionedConjugateGradient.For more
informationon thesemethodswe referthereadetto [12] or

[8].
1.2. Laplaciansand WeightedGraphs

All weightedgraphsin this paperhave positive weights.
There is a natural isomorphism between weighted
graphsand Laplacian matrices: given a weighted graph

, we can form the Laplacian matrix in
which for , and with diago-
nals determinedby the condition . Corversely
a weighted graphis naturally associatedo each Lapla-
cianmatrix. Eachvertex of the graphcorrespondso botha
row andcolumnof the matrix, andwe will oftenabuseno-
tation by identifying this row/columnpair with the associ-
atedvertex.

We notethatif and areweightedgraphsonthesame
vertex setwith disjoint setsof edgesthenthe Laplacianof
theunionof and isthesumof theirLaplacians.

1.3. Reductions

In mostof this paperwe just considerLaplacianmatrices
of connectedyraphs.This simpli cation is enabledby two
reductions.

First,we notethatit sufces to construcpreconditionerfor
matricessatisfying , for all . Thisfollows

from theobsenationin [3] thatif ,Where sat-
is es theabove condition,then .
So,it sufces to nd a preconditioneiafter subtractingoff
the maximaldiagonalmatrix that maintainspositive diago-
naldominance.

We then use an idea of Gremban[13] for handlingposi-
tive off-diagonalentries.If ~ is a symmetricmatrix such
thatfor all , , thenGrembandecomposes
into , Wwhere is thediagonalof
is the matrix containingall negative off-diagonalentiresof
,and containsall the positive off-diagonals Gremban
thenconsiderghelinearsystem

andobsenesthatits solutionwill have andthat
will bethesolutionto . Thus,by makingthistrans-
formation,we cancorvertary linearsysteminto

one with non-ngative off diagonals.One can understand
this transformationas making two copiesof every vertex
in the graph,andtwo copiesof every edge.The edgescor-
respondingo negative off-diagonalsconnectnodesin the
samecopy of the graph,while the otherscrosscopies.To
capturegheresultingfamily of graphswe de ne aweighted

graph tobeaGrembancoverif it has verticesand
for , if andonly if
,and ;
for , if andonly if
,and ,and

thegraphcontainsno edgeof theform

Whennecessarywe will explain how to modify our argu-
mentsto handleLaplacianghatareGrembarcovers.

Finally,if isthelLaplacianof anunconnectedraph,then
theblockscorrespondingo the connecteddomponentsnay
besolvedindependently

1.4. DirectMethods

The standarddirect methodfor solving symmetriclinear
systemsis Cholesly factorization.Thoseunfamiliar with
Cholesly factorizationshouldthink of it asGaussiarelim-
ination in which one simultaneouslyeliminateson rows
andcolumnsso asto presere symmetry Given a permu-
tationmatrix , Cholesly factorizationproducesa lower-
triangularmatrix  suchthat . Becausene
canuseforward and back substitutionto multiply vectors
by and in time proportionako thenumberof non-
zeroentriesin , onecanusethe Cholesly factorizationof
to solve thesystem intime



Eachpivot in the factorizationcomesfrom the diagonalof

, andoneshouldunderstandhe permutation asprovid-
ing theorderin whichthesepivotsarechosenMarny heuris-
tics exist for producingpermutations for which the num-

berof non-zerodn is small.If the graphof is atree,
thenapermutation thatorderstheverticesof fromthe
leavesup will resultin an  with at most non-zero

entries.In this work, we will useresultsconcerningmatri-
ceswhosesparsitygraphsresemblereeswith a few addi-
tionaledgesandwhosegraphshave smallseparatorsyhich
we Now review.

If istheLaplacianmatrix of aweightedgraph ,
andoneeliminatesavertex of degree , thentheremain-
ing matrix hasthe form

where s the Laplacianof the graphin which andits
attachededgehave beenremoved. Similarly, if a vertex
of degree is eliminated,thenthe remainingmatrix is the
Laplacianof the graphin which the vertex andits ad-
jacentedgeshave beenremoved, andan edgewith weight
is addedbetweenthe two neighborsof
,where and aretheweightsof the edgesconnect-
ing toits neighbors.

Givenagraph with edgeset , Wheretheedges
in formatree,wewill performapartial Choleslky factor

izationof  in which we successiely eliminateall the de-
greel and2 verticesthatarenotendpoiniof edgesn . We

introducethe algorithmtrim to de ne the orderin which

the verticesshouldbe eliminated,andwe call the trim or-

dertheorderin whichtrim deletesvertices.

Algorithm: trim

1. While
endpointof an edgein
adjacenedge.

2. While containsavertex of degreetwo thatis notan
endpointof anedgein , remove that vertex andits
adjacenedgesandaddanedgebetweerits two neigh-

containsavertex of degreeonethatis notan
, remove that vertex andits

bors.
Proposition 1.1. The outputof trim is a graph with at
most verticesand edees.
Remark 1.2. If and are Grembancovers,

thenwe canimplementtrim  so that the outputgraph is
also a Grembancover. Moreover, the genusand maximum
sizecligue minor of theoutputgraphdo notincrease

After performingpartial Cholesly factorizationof the ver-
ticesin the trim order one obtainsa factorizationof the

form
where

is lowertriangular andtheleft columnandright columns
in the above representationsorrespondo the eliminated

andremainingverticesrespectiely. Moreover,
, andthis Cholesly factorizatiormaybe performedn time

Thefollowing Lemmamaybe provedby induction.

Lemma 1.3. Let bea Laplacianmatrix andlet and
be the matricesarising from the partial Cholesk fac-
torization of  accoding to the trim order Let bethe
setof eliminatedvertices,andlet  be the setof remain-
ing vertices.For ead pair of vertices in  joined
by a simplepath containingonly verticesof , let
bethe Laplacianof the graph containingjust oneedg be-
tween and ofweight ,wheethe arethe
weightsonthepathbetween and . Then,

thematrix
graphon

is the sumof theLaplacianof theinduced
andthesumall theLaplacians ,

is the all-onesvector and is
,and

, whee
the characteristicvectorof

the matrix is the sum of the Laplacian of the
graph containingall edgesdeletedby trim  and the
diagonalmatrixthatis for verticesin  and else-
whee, minusthe sumof all theLaplacians

Corollary 1.4. For and
and

asin Lemmal.3,

Othertopological structuresmay be exploited to produce
elimination orderingsthat resultin sparse . In particu-
lar, Lipton, Roseand Tarjan[17] prove thatif the sparsity
graphis planar thenonecan nd suchan with at most
non-zeroentriesin time . In general,
Lipton, Roseand Tarjan prove thatif a graphcanbe dis-
sectedby afamily of smallseparatorghen canbemade
sparseTheprecisede nition andtheoremfollow.

De nition 1.5. A subsetof vertices of a graph
with  verticesis an -sepaator if ,
andthe verticesof canbe partitionedinto two sets
and sud thatthere are no edgesfrom to , and

De nition 1.6. Let
with  verticeshasa family of
every , everysubgaph
-sepaator.

bea positivefunction.A graph
-sepaatorsif for
with verticeshasa

Theorem 1.7 (Nested Dissection: Lipton-Rose-Tarjan).
Let bean by symmetricPSD matrix, be a
constantand be a positivefunctionof . Let



f hasa family of  -sepaator, thenthe
NestedDissectionAlgorithm of Lipton, Roseand Tarjan
can,in time factor into

sothat hasat most non-zeos.

To apply this theorem,we note that mary families of
graphs are known to have families of small separa-
tors. Gilbert, Hutchinson,and Tarjan [10] showv that all

graphsof verticeswith genusboundedby have afam-
ily of — -separatorsandPlotkin, Raoand Smith [20]
shav thatarny graphthatexcludes  asminor hasafam-
ily of -separators.

1.5. lterati ve Methods

Iterative methodssuchas Chebyshe iteration and Conju-
gate Gradientsolve systemssuchas by succes-
sively multiplying vectorsby thematrix , andthentaking
linear combinationof vectorsthat have beenproducedso
far. The preconditionedrersionsof theseiteratve methods
take asinput anothermatrix , calledthe preconditioner
andalsoperformthe operationof solvinglinearsystemsn

. In this paperwe will restrictour attentionto the precon-
ditionedChebyshe methodasit is easierto understandhe
effect of imprecisionin thesolutionof thesystemsn  on
themethods output.In the non-recursie versionof our al-
gorithms,we will exploit the standardanalysisof Cheby-
shev iteration(see[8]), adaptedo our situation:

Theorem 1.8 (PreconditionedChebyshey). Let and

be Laplacianmatrices,let bea vectorandlet satisfy
. At ead iteration, the preconditionedChebyshe

methodmultipliesonevectorby , solvesonelinear system

in , and performsa constantnumberof vectoradditions.

At the th iteration, the algorithm maintainsa solution

satisfying

In thenon-recursieversionf ouralgorithmswe will pre-
computethe Choleslky factorizationof the preconditioners

, and usetheseto solve the linear systemsencountered
by preconditionedChebyshe method.In therecursve ver-
sions,we will performa partial Cholesly factorizationof

, into a matrix of the form , construct
a preconditioneffor , andagainusethe preconditioned
Chebyshe methodto solve - the systemsn

2. Support Theory

The essenceof supporttheory is the realizationthat one
canbound by constructingan embeddingof

into .Wede ne aweightedembeddingf into tobe
afunction thatmapseachedge of into aweighted
simple pathin  linking the endpointsof . Formally,

is a weightedembeddingf for all
is a simple path connect-

ing from oneendpointof to the other We let path

denotethis setof edgesin this pathin . For , we
de ne wd path ~—— andtheweighted
congestionof an edge under to bewc

path wd

Our analysisof our preconditionerselieson the following
extensionof the supportgraphtheory

Theorem?2.1(Support Theorem). Let betheLaplacian
matrix of a weightedgraph and bethe Laplacianma-
trix of asubgaph of .Let beaweightedembedding
of into .Then

wcC

To understandhis statementthe readershould rst con-
siderthe casein which all theweights , and

arel. In this casethe SupportTheorensaysthat

is at mostthe maximumover edges of the sum of the
lengthsof the pathsthrough . Thisimprovesuponthe up-
perboundon statedby Vaidyaandprovedin Bern
et. al. of the maximumcongestiortimesthe maximumdi-
lation, andit improvesuponthe boundproved by Boman
andHendricksorwhich wasthe sumof the dilations. This
statementlsoextendsthe previous theoriesby usingfrac-
tionsof edgesn torouteedgesn . Thatsaid,our proof
of the SupportTheoremowesa lot to the machinerydevel-
opedby BomanandHendricksorandour is analogougo
their matrix

We rst recallthede nition of the supportof in , de-

noted

Grembanproved that one can usesupportto characterize

Lemma2.2. If Null Null , then

Vaidyaobsened

Lemma 2.3. If
is the Laplacianof and

is a subgmaph of the weightedgraph
is the Laplacianof , then

Our proof of the SupportTheoremwill usethe Splitting
Lemmaof Bernet. al. andthe Rank-OneSupportLemma
of Boman-Hendrickson:



Lemma 2.4(Splitting Lemma). Let

andlet . Then,
For anedge andaweightedembedding of into
,welet denotethe Laplacianof the graphcontaining

only the weightededge and  denotethe Laplacianof
thegraphcontainingtheedges  path with weights
. We have:

Lemma 2.5 (WeightedDilation). For anedge ,

wd

Proof. Follows from BomanandHendricksons Rank-One
SupportLemma. O

Proof of Theoem2.1. Lemma2.5implies
wd
Wethenhave

wcC wcC

wd

wd

wherethe second-to-lasinequality follows from the Split-
ting Lemma. O

3. The Preconditioner

In thissectionwe constructandanalyzeour preconditioner

Theorem 3.1. Let bea Laplacianand

its correspondingweightedgraph. Let  have vertices
and edges.For anypositiveinteger , thealgorithm
precondition , describedbelow runs in

time and outputsa spanningtree of anda set

of edges sud that

() if is the Laplacian correspondingo , then
— , and

2

Moreover, if hasgenus orhasno  minor, then

(2) ,

andif is the Grembancover of suct a graph, thenthe
sameboundholds and we can ensue that  is a Grem-
bancoveraswell.

Proof. Everythingexceptthe statementoncerningGrem-
ban covers follows immediately from Theorem2.1 and
Lemmas3.7,3.8,and3.13.

Inthecasehat is Grembarcover, weapplythealgorithm

precondition to thegraphthatit covers,but keepingall

weightspositve.Wethenset and tobebothimagesof

eachedgeoutputby the algorithm.Thus,the sizeof the set
is atmosttwice whatit would otherwisebe.

For our purposesthe critical differencebetweerthesetwo
graphsis thata cycle in the coveredgraphcorrespondsn
theGrembarcoverto eithertwo disjointcyclesor adouble-
traversalof that cycle. Altering the agumentsto compen-
satefor this changencreasesheboundof Lemma3.10by
at mosta factorof , andthe boundof Lemma3.13by at
most . O

The spanningtree s built using an algorithm of Alon,

Karp, Peleg, andWest[1]. Theedgesn theset arecon-
structedby usingotherinformationgeneratedy this algo-
rithm. In particular the AKPW algorithm builds its span-
ning treeby rst building a spanningforest, thenbuilding

aspanningorestoverthatforest,andsoon. Our algorithm
works by decomposindhe treesin theseforests,andthen
addingarepresentatie edgebetweereachsetof verticesin

thedecomposettees.

Throughoutthis section,we assumewithout lossof gener
ality thatthe maximumweightof anedgeis 1.

3.1. The Alon-Kar p-Peleg-WestTree

We build our preconditionersy addingedgesto the span-
ning treesconstructedy Alon, Karp, Peleg andWest[1].
In this subsectiomnwe review theiralgorithm,statetheprop-
ertieswe requireof thetreesit producesandintroducethe
notationwe needto de ne andanalyzeour preconditioner

The AKPW algorithm is run with the parameters
and —— , andthe parameters
and areusedin its analysis.

We assumewithout loss of generality that the maximum
weightedgein  hasweight1. The AKPW algorithmbe-
ginsby partitioningtheedgeset by weightasfollows:

For eachedge , letclass  betheindex suchthat

class



The AKPW algorithmiteratively appliesa modi cation of
an algorithm of Awerluch [2], which we call cluster
whoserelevant propertiesare summarizedn the following
lemma.

Lemma 3.2 (Colored Awerbuch). Thele exists an algo-
rithm with template

whee is a graph, is anumber

are disjoint subsetof ,and is a spanningforestof |,
sud that

(1) eathforestof hasdepthat most ,

(2) foreadh ,thenumbermfedgesinclass be-
tweenverticesin thesametreeof isatmost times
the numberof edgesin class  betweenverticesin
distincttreesof , and

3) runsin time

Theotherpartof the AKPW algorithmis a subroutinewith
template

thattakesasinputa graph anda spanningforest  of

, andoutputsthe multigraph  obtainedby contracting
the verticesof eachtreein  to a singlevertex. This con-
tractionremovesall resultingself-loops(which resultfrom
edgeshetweerverticesin the sametree),but keepsanim-
ageof eachedgebetweendistincttreesof . Theclasses,
weights,andnamesof theedgesarepresered,sothateach
edgein  canbemappedackto auniquepre-imagen

We cannow statethe AKPW algorithm:

Algorithm: AKPW

1. Set and
2. While
(a) Set
(b) Set
(c) Set
3. Set

hasmorethanonevertex
cluster

Thetreeoutputby the AKPW algorithmis theunionof the
pre-imageof the edgesin forests . Our preconditioner
will includetheseedgesandanothersetof edges con-
structedusingtheforests

To facilitate the descriptionand analysisof our algorithm,
wede ne

to betheforeston formedfrom theunionof the
pre-image®f edgesn ,

to bethetreeof  containingvertex .

,and

We obsere that is comprised of edges from
, and that each edge in has both end-
pointsin the sametreeof

Alon, et. al. prove:

Lemma 3.3 (AKPW Lemma 5.4). The algo-
rithm AKPWterminates. Moreover, for every ,

We remarkthat , sofor , . The
following lemmafollows from the proof of Lemmabs.5 of
[1] andthe obsenrationthat

Lemma 3.4. For eath simplepath in andfor eath
3.2. TreeDecomposition
Ourpreconditionewill constructheedgeset by decom-

posingthe treesin the forestsproducedby the AKPW al-
gorithm,andaddingedgeshetweertheresultingsub-trees.
In this section,we de ne the propertieshe decomposition
mustsatisfyanddescribehe decompositioralgorithm.

De nition 3.5. For atree andasetofedges between

theverticesof ,wede nean -decompositiomf tobe
a pair where isacollectionof subset®fthever

ticesof and isamapfrom into setsor pairs of sets
in  satisfying

1. for each set
connected,

, thegraphinducedby on is

2. for each edgein  there is exactly one set
containingthat edgg, and

3. for eadh edgein , if , thenbothend-
pointsof lie in ; otherwise one endpointof
liesin onesetin , and the other endpointlies in
theother

We notethattherecanbe sets
vertex of

containingjustone

For a weightedset of edges
, we de ne the

andan -decomposition
-weight of a set by

We alsode ne



Our preconditionerwill use an algorithm for computing
small -decompositionsn which eachset with
hasbounded -weight.

Lemma 3.6 (Tree Decomposition). There existsan algo-
rithm with template

that runs in time and outputs an -

decomposition satisfying
1. for all sud that , ,and
2.

Proof. We let denotethe setof verticesin the sub-

treerootedat , andfor a setof vertices , let

. We thende ne .
Let denotetheroot of the tree.Our algorithmwill pro-
ceedasif it werecomputing via adepth- rst traver-
salof thetree,exceptthatwheneserit encountersa subtree
of weightmorethan it will placenodesfrom thatsub-
treeinto asetin  andremove themfrom the tree. There
arethreedifferentcasesvhich determinehow thenodesare
placedinto thesetandhow is constructed.

If, whenprocessing node , thealgorithmhastraverseda
subsebf thechildrenof , suchthat
,thenaset is createdall the nodes
in are placedin , and thosenodesin
aredeletedfrom thetree.If anode isencoun-
teredsuchthat , thenaset iscre-
atedthenodesn areplacedin , andthosenodesn
aredeletedfrom the tree.n eithercase for eachnode
we set

If anode is encountereavhichis nothandledby eitherof
thepreceedingasesandfor which , thentwo sets
and are createdandthosenodes
in aredeletedfrom thetree.For eachedge ,
is addedo andfor eachedge ,
is addedo

Whenthealgorithm nally returnsfrom examiningtheroot,
all the remainingnodesare placedin a nal set,andthis
setis addedto for eachedge with endpoints
in this set.Thealgorithmmaintaingheinvariantthatwhen-
everit returnsfrom examininganode , it haseitherdeleted
, orremovedenoughverticesbelov  sothat
To seethatthealgorithmproducest most setswe
notethateachedgein  cancontributeits weightto atmost
two sets,andthateverytime thealgorithmformssetsiit ei-
therformsonesetwith weightatleast  or two setswith
totalweightatleast . O

3.3. Constructing the Preconditioner

We cannow describeouralgorithmfor constructinghepre-
conditionerWe will deferadiscussiorof how to ef ciently
implementthe algorithmto Lemma3.8.

Thealgorithmwill make useof the parameter

if
otherwise

Algorithm: Precondition

1. Run . Set to the numberof iter-
ations taken by AKPW and record and

2. For to

(a) let bethesetof treesin

(b) for to
i. let bethesubsebfedgedn
pointsin
ii. Set to
decompose

iii. for each , let
imum weight edgein
, andadd to

with end-

be the max-
between and

Lemma 3.7. Let bethesetof edgesproducedby Pre-
condition . Then,

Moreover, if has no minor, then

Proof. Let
plying decompose to the treesin
. We have

be the total numberof setsproducecdby ap-
. We rst bound

To boundthis sum,we set

if ,
if ,and



We obsene thatLemma3.3 implies , and

for . As is increasingwe have

as for . Thus, ,
and,becauseve addat mostoneedgebetweereachpair of
thesesetswe have

As obsenedby Vaidya, a resultof Mader[4] implies that
if a graphdoesnot have a completegraphon verticesas
a minor, then the averagedegree of every minor of s

. Hence thenumberof edgesaddedto  atiter-

ation isatmost , andso
Finally, a graphof genus doesnot have a minor.
O

Using the dynamictreesdatastructureof Sleatorand Tar
jan[22], we prove:

Lemma3.8. If isagraphwith verticesand
then the output of precondition
time

edees,
can be producedin
3.4. Analyzing the Preconditioner

We will useweightedembeddingf edgesinto pathsin
to boundthe quality of our preconditionersThe

weightswill be determinecdby a function , Whichwe
now de ne to be

Otherwise.
For eachedge andeachedge path , we

class . Wewill construct soas

class

will set
to guaranteelass

It remainsto de ne the pathsover which edgesareembed-
ded.For anedge in | if thenwe set

path and . Otherwisewelet bethe
treein containingtheendpointsof andlet bethe
functionoutputby decompose oninput . If ,
thenwe let path be the simplepathin  connecting

the endpointsof . Otherwise,we let

andlet be the edgeaddedbetween and . We
thenlet path be the concatenatiomf the simple path
in from to , theedge andthe simplepathin
from to .

Thetwo propertieghatwe requireof
thefollowing lemma.

areencapsulateth

For all ,
and

For all ,

Lemma 3.9.

We now derive the upperboundwe needon the maximum
weightedcongestiorof theembedding .

Lemma3.10. For each andead simplepath in ,

class

Proof.

class

wherethethird-to-lastinequalityfollows from Lemma3.4,

the second-to-lasinequalityfollows from , andthe
lastinequalityfollowsfrom Lemma3.9 . O
Lemma 3.11. For each edge ,

wd
Proof. Let , let  bethe forestin contain-
ing theendpointsof , andlet betheoutputof de-

compose oninput . If ,the isroutedoverthe
simplepathin  connectingits endpoints,so we can ap-
ply Lemma3.10to showv

wd

Otherwise, let , and obsere that
path containstwo simple pathsin  and the edge



. Applying Lemma3.10to eachof thesepathsandre-
calling class , which implies ,
we obtain

wd

Lemma3.12. For eac andfor eath

wd
path
Proof. Let bethetreein containingthe endpoints
of , andlet be the outputof decompose onin-
put . Therearetwo caseswo consider: caneitherbe
anedgeof ,or canbeoneoftheedges .If is
anedgeof ,let bethesetin containingits end-
points.Otherwise,if is oneof theedges ,let be
thelargerof thesets or . If , then
theonly edgehaving in its pathis itself, in which case
the lemmais trivial. So, we may assume . In ei-
thercasegeachedge for which path musthave
. Thus,

wd wd
path

O

Lemma3.13.Let , and beconstructedasabove Let

. Then,

wcC —

Proof. For ary edge , we let class andcom-
pute
wc wd
path
wd
path

where the second-to-lastnequality follows from Lemma
3.12,the lastinequality follows from Lemma3.9 , and

thelastequalityfollows from .

4. One-ShotAlgorithms

Our rst algorithm constructsa preconditioner  for
the matrix , performs a partial Choleslk factoriza-
tionof by eliminatingtheverticesin trim orderto obtain

, performsa further Cholesly factor
ization of into , and appliesthe preconditioned
Chebyshe algorithm. In eachiteration of the precondi-
tioned Chebyshe algorithm, we solve the linear systems
in by back-substitutiorthroughthe Cholesly factoriza-
tions.

Theorem4.1(One-Shot).Let bean -by- PSDDDma-
trix with  non-zeo entries.Using a singleapplicationof
our preconditioner one can solvethe system to
relativeaccuracy in time .
Moreover, if if the sparsity graphof  doesnot containa
minorisomorphicto thecompletegraphon  vertices,or
if it hasgenusat most , for , thenthe expo-
nentof canbereducedo

Proof. The time taken by the algorithmis the sum of the
time requiredto computethe preconditioner performthe
partial Cholesly factorizationof , pre-process (either
performingCholesly factorizationor invertingit), andthe
productof the numberof iterationsandthe time required
per iteration. In eachcase,we will set for some
constant , and note that the numberof iterationswill be
, andthatthematrix  will dependon

If wedonotassumehat hasspeciatopologicalstructure,

then isamatrixon vertices.If we solve sys-
temsin by Cholesly factorizationthenit will taketime
to perform the factorizationand time
to solve eachsystem.So,thetotal time
will be . Setting ,

we obtainthe rst result.

If the graphhasgenus or doesnot have a mi-
nor, or is the Grembancover of sucha graph,then can
apply part of Theorem3.1. Thus, is a matrix on
vertices.In the Grembancover case,the pre-
conditioneris a Grembarcover, andsothepartial Choleslky
factorizationcan ensurethat is a Grembancover as
well. As the Grembancover of a graphhasa similar fam-
ily of separatordo the graphit covers,in either casewe
canapply the algorithmof Lipton, Roseand Tarjanto ob-
taintheCholeksyfactorizatiorof . By Theoremil.7,with
, thetime requiredto performthefactorization

will be , andthetime requiredto



solve thesystermwill be

provided . We will obtainthe desiredresult
by setting . O

5. Recursie Algorithms

We now shaw how to applyour algorithmrecursvely toim-
prove uponthe runningtime of the algorithmpresentedn
Theoremd.1.

Therecursvealgorithmis quitestraightforvard:it rst con-
structsthe top-level preconditioner  for matrix
It theneliminategoverticesof  in thetrim orderto obtain
the partial Cholesly factorization , Where
. Whenaniterationof the preconditioned
Chebyshe algorithmneedgo solve alinearsystemin
we useforward-andbackward-substitutiorio solve thesys-
temsin  and , butrecursvely apply our algorithmto
solvethelinearsystemin

We will usea recursionof depth , a constantto be de-
terminedlater We let denotethe initial matrix.
We let denotethe preconditionefor be
the partial Cholesly factorizationof  in trim order and

. To analyzethe algorithm,we mustdeter
minetherelativeerror towhichwewill solvethesystems
in . The boundwe apply is derived from the following
lemma,which we derive from a resultof GolubandOver-
ton[11].

Lemma 5.1 (Preconditioned
Method). Let and be Laplacian matrices satisfy-
ing . Let bethesolutionto A, in
ead iteration of the preconditionedChebyshe Method,a
vector isreturnedsatisfying

Inexact Chebyshe

whee

whele , thenthe -th iter-
ate , outputbythealgorithmwill satisfy

Our maintheoremis:

Theorem 5.2 (Recursive). Let bean -by- PSDDD
matrix with  non-zeo entries.Using the recussive algo-
rithm, one can solvethe system to relative accu-
racy intime

Moreover, if the graphof  doesnot containa minor iso-
morphicto thecompletegraphon  verticesor hasgenus
atmost , oristheGrembancoverof sud a graph,then
theexponentof canbereducedo

We notethatif
nearlylinearin
to

is planar thenthealgorithmtake time
. We believe thatwe canimprovetheterm

The following lemma is neededto bound and

Proposition 5.3 (Fiedler). Suppose isan by Lapla-
cian matrix. Thenthe smallestnon-zeo eigervalueof is
at least and the largesteigervalueof is at
most Thus,

The following two lemmasallow usto boundthe accurag
of thesolutionsto systemsn  in termsof theaccurag of
the solutionsto the correspondingystemsn

Lemma5.4. Let bea Laplacianmatrix andlet
bethe partial Cholesk factorizationobtainedby eliminat-
ing verticesof  in thetrim order Then

Lemma5.5. Let bea Laplacianmatrix andlet
bethe partial Cholesk factorizationobtainedby eliminat-

ing verticesof  in thetrim order. For any Span
let be the solution to and let satisfy
.Let bethesolutionto . Then

Proof of Theoemb5.2. Without loss of generality we as-

sume . For , , and
asde ned above,we canapply Propositiorb.3,

Corollary1.4,andLemmab.4to show:

,and
,and

In therecursve algorithmwe will solve systemsn |, for
, to accuray

By Lemmab.5 andthe above bounds,we then obtain so-
lutionsto thesystemsn  to sufcient accuray to apply
Lemmab.1.



Let bethenumberfedgesf .Whenconstructinghe
preconditionewe set ,fora tobechosenater.
Thus,by Theorem3.1 andPropositionl.1,
and

We now prove by inductionthatthe runningtime of the al-
gorithmobtainedrom adepth recursionis

where
and ~ .Inthelimit, approaches
from above. Thebasecase, , followsfrom
Theorend.1.

Thepreprocessingmeis negligible asthepartial Cholesky
factorizationsusedto producethe  take lineartime, and
thefull Cholesly factorizations only performedon

Thus,therunningtime is boundedy theiterations.Thein-
duction follows by observingthat the iteration time is

— ,  which
provesthe inductive hypothesisbecause . As
, thereexistsan for which

Whenthegraphof doesnotcontaina minor or has
genusaatmost  , weapplyasimilaranalysisin thiscase,
we have . Otherwise our proof is sim-
ilar, exceptthat we set ,
andobtain , andnotethat
O
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