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Covariance Estimation

Goal: Estimate ) giveniid. X ..., X,

Want: < EHZH
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Sufficient to handle Y, — [ isotropic position.
E(u, X)?=1 VYu E[|X|*=n

Given EX X! = J howlargeisq?



[KLS,B,...Rudelson’99]

Isotropic random X € R" with|| X ||, < O(y/n)
f ¢ = Q(nlogn/e?)
Then ézigq XzXzT _ ]||2 < e whp.
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Cf’ [SS08] Effective
Resistance Sampling
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A Good Example

Standard Gaussian vector:
X ~ N(0, 1)
For any fixed direction
ue Sl (u, Xy ~ N(0,1)

So for independent X, ... X,

T _ 1 2 2
Ut Lgu = q Z@'gq<uaXz'> ~ x*(q)
P[> i< (u, Xi)? = 1] > €) < exp(—ge?)
Take g > n/e?, union bound.



Convex Bodies [KLS'95]

X ~

More generally sub-exponential X:

Vuec S" 1 P([(u, X)| >t) < Cexp(—t)

[ALPT’09] N=0O(n) whp, provided || X ||2 < O(y/n)
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Heavier Tails

[S-Vershynin’11] Suppose isotropic X satisfies:

1D

Vue S"L: P([(u, X)| > t) < O/

kD

VII P(||IIX]y > t) < C/t*T", t > C+/rank(II)

Then E H% Siey X XT — IH2 < eforq = Q. (n)

Includes: log-concave X by [Paouris ‘07]
product X with bdd 4 + » moments
cf. [Latala’05]



Heavier Tails

[S-Vershynin’11] Suppose isotropic X satisfies:

1D

Vue S"L: P([(u, X)| > t) < O/

kD

VII P(||IIX]y > t) < C/t*T", t > C+/rank(II)

Then E H% Siey X XT — IH2 < eforq = Q. (n)

Lower edge is easier: Only require | 1D | for
E/\mm(Eq) Z 1 — €.




Sketch of the proof
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Basic Picture

A = Zigk XZX;T — A1+ Xng

)\min )\ma,a:
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Ay = Xo XT + XoXT .. X, XT
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Softening the Edges
Pa(z) = Tr(zl — A)~1
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Softening the Edges

Pa(z) = Tr(p =411
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Well-behaved + explicitly
computable

g the Edges

— Tr(zl — A —1
“Floating Electric Charge” at
potential w

e e

Spnin ‘:: min{z : ‘(I)A(Z)“ =}

P,

Smaz = max{z : P4(z) = ¢}



Soft Spectral Edges

Pu(2) =Trizl~ A)~!

Srmin \:: min{ z : ‘(I)A(ZH‘ =}

Smaz ‘= max{z: ®(z) =} - —;L—.——. ______ - -

/IVIain Lemma. \

A > 0, X regular isotropic random vector.
For all € > 0 there is ¥ = 9(¢€) with

Esmas(A+ XX1) < span(A) + 1+ €
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The Sensitivity Tradeoff

w"'"""""}:{.Q!’[_IJ'

Ay =X XT + ..., X, X7

[ After g steps -

Espmin(Ar) < =0/t + g(1 — ¢)
Esmaz(Ar) > n/Y 4+ q(1 +€). )
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The Sensitivity Tradeoff
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The Sensitivity Tradeoff

w"'"""""}:{.Q!}IJ'

A, =X, Set ¢ > 7= = c(e)n.

We

[ After g steps

\

\

Esmzn(/ik) < —n/%b T QKl o 6)

Esmaz(Ak) > n/1 +q(1 +¢). )
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Proof of the Main Lemma

-

\_
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A > 0, X regular isotropic random vector.
For all € > 0 there is ¥ = 9(¢€) with

Esmas(A+ XX1) < span(A) + 1+ €

For fixed A, X, how do we certify

Smam(A+XXT) < Sma:c(A) + 0 ?



Upper Barrier Shifts
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Upper Barrier Shifts
Let Sya:(A) = s.
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Upper Barrier Shifts

Let Sya:(A) = s.
Smam(A+XXT) < S—|—5
(

< (I)A+XXT S—|—6 <”lp ————————————
— (I)A+XXT(S—|—5 <(I)A % l&
XT(s+5—-A4)2%2X -
X A)~
= Shetro_ayz X oo

0(X) :=min{d : Uy (6, X) <1}

Esmar(A+ XXT) = sman(A) + ES(X)



“Heuristic” bound on E§(X)

Smaz (A + XXT) < Smaz(A) + 0

|

XT(s+6—-A)2X T _q
CXT(s 46— A)'X <1,
STr(s + 06— A) 2 (s+0—A)7 X <




“Heuristic” bound on E§(X)

Esmaz(A+ XX < 510z (A) + 6

|

T AV=2
X (s+0-A) "X FEX (s+5-A4)7'X <1

K 0Tr(s+6 — A)—?2 —
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Actual Proof

Need to bound E y§(X) for § satisfying
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Insufficient to bound “in
expectation”
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Actual Proof

Need to bound E y§(X) for § satisfying
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Actual Proof

Need to bound E y§(X) for § satisfying

e )
<X7 ui>2
> <1
- i /
Know:




Abstract Problem

Need to bound Ey 0 for d satisfying

- N
Y;
>t
~ i + 0
N ’ by
Given:

1
B, =1 ) -<w Jo0w

7



Example

Need to bound Ey ¢ for d satisfying

Y;
Zui—l—égL

1




Example

Need
4 I
1 3 | 0.5 .
A4+5 44685 246
\ =1V
Given:
1 1
| | =1



An Important Case

Subset |S| = k with u; ' = 1;?.
/52—
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An Important Case

Subset |S| = k with p; !t = s

2k
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An Important Case
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An Important Case
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An Important Case

e N
0 = (ZY?; 2k> = (ZY;; 22153}2)
i€S n i€S i€S n
\_ y,
P(6>t)=P (ZY >2E) Y +t)
1€S €S
xP(ZYi>t) t>4E)» Y,
€S €S
1
need S for Ed = O(1)



The Regularity Assumption
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The Regularity Assumption

1
P(5>t)xP(ZYi>t) t>4EZY < i

1€S
Y V=) (X,u)? = s X
1€8S €8

E Z Y; = rank(II)
1€S

VII P(||IIX]y > t) < C/t*T", t > C+/rank(II)

Ej(X) = /OO P >t) = O(1)



The General Case

Split (44 into blocks by magnitude.

(62—

2

\_

1

~ i +0

<

L.

J

Handle other quadratic form by

1D

+ Holder.

-

XT(s+6—-A)2%2X

-

0Tr(s+d6— A)=2

~N

- X (s+0-A)TX <1

J




The Lower Shift

Needtoshow EH(X)>1—¢

Use truncation

E(S(X) > E(S(X)]‘{all (X, u;

>2

Don’t need to handle rare events,

1D

Zygmund / Holder suffices.

are small }

+ Paley-



Main Lemma
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End of the Proof

w"'"""""}:{.Q!}IJ'

A, = X1 Set ¢ > 7= = c(€)n.

[ After g steps -

Esmzn(fik) < —n/%b T QKl o 6)
\Esmaw(Ak) Zn/ip—l—q(l—ke).) M




Open Questions

Easily verifiable regularity assumption
Cf. [Vershynin’11] O(n(loglogn)2)

Preserving higher marginals [RG’07, V'10]

High probability guarantees



