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Abstract
We show that �n�12 � pairwise equality comparisons are necessary and su�cient (inthe worst case) to �nd a plurality in n colored balls.
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1 Introduction
Given a �nite set fx1; : : : ; xng of colored balls, a strict plurality color is onethat occurs more frequently than any other color, and a plurality color is onethat occurs at least as frequently as any other color. In this paper, we considerthe problem of picking a ball of a plurality color using only pairwise equalitytests. That is, the only kind of operation we are allowed is to pick two ballsand ask if they are the same color; in particular, we cannot actually `look' atthe color of a ball. For strict plurality, it is easy to see that all �n2� comparisonsare needed in the worst case.
The corresponding question for majority has been studied in depth. Fischerand Salzberg [3] show that d3n2 e � 2 comparisons are necessary and su�cient(in the worst case) to pick a majority representative or declare that a majoritydoes not exist; Saks and Werman [4] establish that n��(n) comparisons (�(n)being the number of 1s in the binary representation of n) will do if it is knownbeforehand that the input contains a majority color. Alonso et al. [2] derive atight bound of 2n3 �q8n9� +O(log n) comparisons in the average case.
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Determining the bounds for plurality was stated as an open problem in [1] and[5]. In this paper, we show that �n�12 � comparisons are necessary and su�cientin the worst case. The di�erence between dealing with strict plurality andplurality is already clear in the case of three balls, where only one comparisonis needed for the latter. That is, if we know that balls one and two are the samecolor, then either of them will de�nitely represent a plurality (of size two or ofsize three, although we don't know which). On the other hand, if we know thatballs one and two are di�erent colors, then ball three will de�nitely representa plurality (either alone or in conjunction with ball one or in conjunction withball two).

2 The Lower Bound
Theorem 1 Any correct algorithm for plurality must use at least �n�12 � com-parisons in the worst case.

PROOF. We will construct an adversary that forces �n�12 � unequal compar-isons; the adversary will simply answer `no' to all queries. Suppose an algo-rithm A stops after c < �n�12 � comparisons and declares that a ball xp hasa plurality. Notice that there are �n�12 � pairs among the remaining (n � 1)balls x1; : : : ; xp�1; xp+1; : : : ; xn, so two of these balls, say xv and xw, must nothave been compared. We simply assert that xv and xw are colored white andthe rest of the balls are distinct colors. This is consistent with the adversary'sresponses, but not with A's output. Thus A does not work, and any correctalgorithm must use at least �n�12 � comparisons to pick a plurality ball. 2

3 The Upper Bound
Theorem 2 The following algorithm correctly picks a plurality representativefrom n balls in at most �n�12 � comparisons.
(1) Compare each pair of balls in fx3; : : : ; xng and place them in bins so thattwo balls are in a bin i� they are the same color.(2) Pick a bin and compare one ball from it with x2. If the comparison isequal, place x2 in the bin and move on to the next step. Otherwise, ifthere are bins left, try the next bin. If all comparisons are unequal andx2 does not get placed in any of the bins, create a new singleton bin forx2 and move to the next step.
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(3) Set aside all bins of maximal size { let these beB1; : : : ; Bd, each containings balls (say). If s = 1 return x1. Otherwise, compare x1 to a ball fromeach of B1; : : : ; Bd�1. If any comparison is equal, return x1. If they areall unequal, return any ball from Bd.

PROOF. Correctness. At the end of step 2, the balls x2; : : : ; xn have beendistributed into bins according to color; let these be C1; : : : ; Cm. If all bins aresingletons, then s = 1 and no two of x2; : : : ; xn are the same color. There aretwo possibilities as far as x1 is concerned: either all the balls are of di�erentcolors, or x1 is the same color as one of the other balls. In both cases, x1represents a plurality, so it is safe to return this as the answer without furthercomparisons.
Otherwise, assume s > 1, and consider what happens in step 3. If x1 is thesame color as one of the maximal bins B1; : : : ; Bd�1, say Bm, then there ares + 1 balls of this color and at most s balls of any other color. Thus x1 (aswell as any ball in Bm) represents a plurality. On the other hand, if x1 is notthe same color as any of B1; : : : ; Bd�1, then one of the following occurs:
� x1 is the same color as Bd. It is clear that Bd represents a plurality.� x1 is a di�erent color from every other ball. Again, there are no more thans balls of any color, so Bd represents a plurality.� x1 is the same color as some non-maximal bin Cl with jClj < s. There areat most jClj+ 1 � s balls of color x1, so Bd still represents a a plurality.
In all cases, Bd represents a plurality, so it is safe to return a ball from Bd asthe answer without further comparisons.
Complexity. Step 1 uses exactly �n�22 � comparisons. We will count the numberof comparisons used in steps 2 and 3:
� If s = 1, then all bins are singletons at the end of step 1. Consequently, step2 takes n � 2 comparisons, and step 3 takes no comparisons, for a total of�n�22 �+ (n� 2) = �n�12 �.� If s � 2, then at the end of step 1 there are at least d � 1 bins of size s,since at most one ball is added to at most one bin in step 2 and we knowthere are d bins at the end of step 2. Note that in step 2, x2 is comparedto only one ball from each such bin; in particular, it is not compared to oneother ball from each bin (because each bin has s � 2 balls). So the numberof comparisons in step 2 is at most

(number of balls in bins after step 1)� (d� 1)
� (n� 2)� (d� 1)
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It is clear that the number of comparisons in step 3 is at most (d� 1), andadding this to the previous comparisons gives a total of at most n� 22
!+ (n� 2)� (d� 1) + (d� 1) =  n� 12

!

as desired.
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