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Abstract

We present a new approach to effect the transition between local and global representations. It is based on the
notion of a covering, or a collection of objects whose union is equivalent to the full one. The mathematics of
computing global coverings are developed in the context of curve detection, where an intermediate representation
(the tangent field) provides a reliable local description of curve structure. This local information is put together
globally in the form of a potential distribution. The elements of the covering are then short curves, each of which
evolves in parallel to seek the valleys of the potential distribution. The initial curve positions are also derived from
the tangent field, and their evolution is governed by variational principles. When stationary configurations are
achieved, the global dynamic covering is defined by the union of the local dynamic curves.

1 Introduction

One of the key questions in computational vision is how
to effect the transition from local representations to
global ones. For example, edge operators give an indi-
cation of local edge position and orientation; how can
they be threaded together into a global contour? A pop-
ular solution is commonly called “edge following” or
contour tracing [Ballard and Brown 1982; Levine 1985]
and it works as follows: from a starting edge position,
move in the direction indicated by the orientation until
the next edge point is encountered, then move in that
direction, and so on until the final point is reached.
But such algorithms are inherently sequential, and
result in myriad “‘garden paths” if any errors or noise
are present. Global parameters, such as starting and
ending points; total number of edge points; or total con-
tour length, aid in their application, but are rarely avail-
able (except through user interaction, e.g., Kass, Witkin,
and Terzopoulos [1987]). To make matters worse, infer-
ring global parameters, such as the total length of a
curve, raises problems as difficult as global curve detec-
tion itself! Other methods, more sophisticated than sim-
ple edge following. have been developed in an attempt
to apply global constraints; these include minimizing
properties such as contrast variation along the curve,
total curvature [Montanari 1971; Martelli 1976], smooth-

ness across scale space [Lowe 1988], energy within
plate and membrane models [Blake and Zisserman 1987;
Terzopoulos 1986], or applying top-down information
[Tsotsos 1987; Draper et al. 1989]. However, few of the
objects in our visual world are made from bent plates,
and verifying problems generally arise when verify-
ing such constraints are valid globally. It is almost as
if the cart is being put before the horse, in that (hypo-
thetical) global information is being used to force local
decisions.

In an attempt to turn this situation around, we intro-
duce a new class of algorithms for synthesizing contours
from local representations of their differential structure.
These algorithms are inherently parallel and are natural
for vision applications. The mathematical idea behind
these new algorithms is to compute properties of global
structures indirectly by computing a covering of them.
Loosely speaking, a covering of an object is a collection
of different objects whose union is equivalent to it. In
our case, we shall define a covering of a global curve
that consists of a collection of short, overlapping curves.
Each of these derives from a local representation of
image information (which we call a tangent field) and
then evolves like the ““snakes” of Kass et al. [1988] ac-
cording to a potential distribution also derived from the
tangent ficld. But unlike standard “snakes,” ours are
local objects; it is their union that comprises the cover.
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Each element of the cover evolves dynamically and in
parallel, and no external global information is required.
It is all available by construction in the potential dis-
tribution. For these reasons we refer to our representa-
tion of global curves as dynamic coverings.

The idea of computing dynamic coverings developed
in a biologically oriented project of curve detection,
a brief overview of which is provided next (see also
[Zucker et al. 1989]). Within this context, the key to
computing dynamic coverings is to impose two repre-
sentations between the image and global curves: a tan-
gent field and a potential distribution. The tangent field
(defined in section 2) represents the local properties
reliably, and the potential distribution puts them to-
gether globally. These intermediate representations thus
break the enormous gulf between images and global
contours into more manageable “‘chunks,” and represent
another key difference between our approach and other
recent ones [Kass et al. 1988; Blake and Zisserman
1987]. We infer the tangent field from the image, and
then build the potential distribution and snakes from
it; other researchers attempt to build the potential dis-
tribution directly from the image. We can actually cal-
culate the generators for the potential distribution from
the equivalence class of curves that map into each tan-
gent field entry.

This article is organized as follows. Following the
overview of our approach to curve detection (section 2),
we develop the preliminary notions of potential distribu-
tions (section 3) and deformable curves (section 4). We
then get to the heart of the article in section 5, where
the precise definition of a global covering is developed.
Examples of the dynamic computation of global cover-
ings are finally shown in section 6, for both artificial
and natural images.

2 Overview of the Algorithm

The algorithm for curve detection consists of two dis-
tinct stages, the first leading to a coarse description of
the local structure of curves, and the second to a much
finer, global one [Zucker et al. 1988].

2.1 Stage 1: Inferring the Tangent Field

Orientation selection is the inference of a local descrip-
tion of a curve everywhere along it. Formally, this
amounts to inferring the trace of the curve, or the set
of points (in the image) through which the curve passes,

its quantized tangent and curvature at those points, and
the discontinuities [Zucker 1985]. Through all this
work, we will refer to such information as the tangent
field.

This first stage of orientation selection is in turn
modeled as a two-step process:

Step 1.1: Initial Measurement of the local fit at each
point to a model or orientation and curvature. The form
of the initial measurements is biologically motivated,
and a model of endstopped simple cells, which encode
both the orientation and curvature estimates [Dobbins
et al. 1987] is used to perform them. The local measure-
ments are quantized into discrete classes of orientation
and curvature. However, since the local measurements
are inherently inaccurate, we require

Step 1.2: Interpretation of the local measurements such
that they become globally consistent. Curvature, which
relates neighboring tangents, is used to define a natural
functional to be minimized in order to attain consistency
[Parent and Zucker 1989; Iverson and Zucker 1987].
Relaxation labeling [Hummel and Zucker 1983] pro-
vides the formal framework for this.

A complete treatment of this first stage can be found
in Iverson [1988].

At the end of the first stage, the tangent field gives
the discrete trace of the curves in an image. The two
steps above are necessary to guarantee that this trace
contains reliable information. More precisely, the
rfangent field is a set of n 3-tuples,

{((—xn yl)a 01" Kz) l (-xia yl) € I’ 01' € e’ K; € J{}

i =1, ..., n, where n is the number of trace points
in the image I, (x,, y,) denotes the (quantized) grid
coordinate of the ith trace point indexed over the image
1, and 0; and «; are its quantized orientation and curva-
ture, respectively. Typically, © consists of eight orien-
tation classes, and X of five curvature classes (see
figure 1a). Thus the tangent field summarizes the local
differential properties of curves in what Zucker [1987]
described as a qualitative manner.

Two topological properties of the tangent field are
important: (1) each curve in the image is represented
as a connected (in the discrete sense) set of tangent-
field entries; and (2) discontinuities, intersections, and
bifurcations are represented as multiple tangent-field
entries at identical coordinates. To elaborate on (1),
recall that, except on the border, each point (x, y) of
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Fig. 1. Mustration of the two intermediate structures between the image and the global curves: the tangent field and the potential distribution.
The image is a section of a fingerprint image, where each individual pixel is shown as a little block. (a) The tangent field, superimposed
onto the original image. Each tangent is represented as a unit-length straight line in the tangent direction (curvature is not displayed). (b) The
potential distribution, computed from the discrete tangent field by pointwise summation of elongated 2D Gaussians. Notice the presence of

smooth valleys, corresponding to the curves in the image.

a (digital) image has four horizontal and vertical neigh-
bors, and four diagonal neighbors; these eight points
are called the (3X3) neighborhood of (x, y). A chain
between two points (x;, ¥;) and (x,, ¥,) is a sequence
of points where the first one is (x;, y,), the last one
is (x,, y,), and each point of the sequence is in the
neighborhood of the preceding one. A set of points of
an image is then said to be connected when there exists
a chain between any two points of the set [Rosenfeld
and Kak 1982]. For an elaboration of (2), see [Zucker
et al. 1988].

2.2 Stage 2: Inferring a Covering of the Curve

Since the tangent is the first derivative of a curve (with
respect to arc length), the global curve can be recovered
as an integral through the tangent field. Such a view
typically leads to sequential recovery (numerical inte-
gration) algorithms (e.g., contour following). But these
algorithms require starting points and some amount of
topological structure (i.e., which tangent point follows
which), and there are immense difficulties inherent in
obtaining these parameters directly from the image.
Moreover, because we are interested in biologically
plansible models, we shall require that all the algo-
rithms be parallel.

The key idea behind our approach is to recover the
global curve by computing a covering that is sufficient
for obtaining any global properties of the curve required
for subsequent visual processing. The elements of the
covering are short curves, initially born at each (dis-
crete) tangent location with unit length, but which then
evolve according to a potential distribution constructed
from the tangent field. Thus the algorithm that we are
proposing can be viewed, mathematically, as approxi-
mating the computation of integral curves through a
direction field in a parallel manner with very nonstan-
dard initial conditions (provided, of course, that multiple
entries at the same position are properly interpreted).

Again, there are two conceptually distinct steps to
stage 2 of the algorithm:

Step 2.1: Constructing the Potential Distribution from
the discrete tangent field. Assuming that each tangent
in the tangent field gives a coarse hypothesis about the
behavior of the curve in its neighborhood, for each
tangent-field entry we represent this class of hypotheses
by an elongated (in the tangent direction) 2D Gaussian.
This weighting function indicates the (equivalence) class
of curves that project to each tangent-field entry in ex-
tending the discrete tangent in both length and width.
The potential distribution is the pointwise summation
of these n (one per tangent-field entry) Gaussians. The
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key feature of the potential distribution is the presence
of smooth valleys, constructed by summation of nearby
Gaussians. These valleys indicate, with theoretical con-
tinuum precision (although the implementation is limited
to machine precision), the expected positions of the
curves in the picture (see figure 1b). The construction
of the potential distribution thus effects a transition from
a local to a global representation of structure and shape.

Step 2.2: Curve Dynamics. The valleys of the potential
distribution are located by dynamic unit-length curves,
born at each tangent position in the tangent field. They
evolve according to a variational scheme that depends
on curve properties (tension and rigidity) as well as on
the potential distribution. The evolution takes two forms:
(i) a migration in position to achieve smooth coverings
at subpixel accuracy; and (ii) a growth in length such
that nearby covering elements overlap; see figure 2. At
the end of the migration process, we shall have that each
valley is completely covered by this collection of curves,
and each curve will have deformed itself to fit the exact
shape of the valley. We call this collection of curves
the global covering of the curves in the image.

The dynamic curves of the second stage are a general-
ization of “‘snakes” [Kass et al. 1988]. The key differ-
ences between our approach and theirs are twofold:
(i) our scheme is parallel, so questions about total
length, boundary points, etc., are handled implicitly;
and (ii) our scheme is constructive, with the potential
distribution computed directly from the tangent field,
so questions about features, degree of image blurring,
etc., are handled explicitly. We do not need a user to
interactively supply information as did, for example,
Kass et al., nor must we—to avoid smoothing across
discontinuities—distribute penalties globally as, for
example, Blake and Zisserman were required to do.
Imposing stable intermediate structures—the tangent
field and the potential distribution (see figure 1)—
between the image and the global curves was the key,
and the mathematical notion of coverings provided the
unifying structure.

We now proceed to develop the notions of potential
distribution and dynamic curves, before putting them
together into global dynamic coverings in section 5.

3 The Potential Distribution

The local descriptors in the tangent field are synthesized
into a global description represented as a potential dis-

tribution. In this section, we first articulate this con-
struction process, then define a mathematical notion
of a valley in the potential distribution. And, finally,
since valleys are intended to be the locus of points that
represent (the trace of) a curve, we show that, for simple
potential distributions, these valleys do indeed corre-
spond to the global curves.

3.1 Constructing the Potential Distribution

The tangent field, consisting of discrete trace, discrete
tangent, and discrete curvature, gives, at each trace
point, a coarse estimate of the local behavior of curves.
Since each tangent-field entry corresponds not to a single
curve in the world, but rather represents the equivalence
class of possible curves that would project onto this
tangent-field entry, we represent this (local) equivalence
class of possibilities by the (Gaussian-weighted) Wiener
measure over them. The Wiener measure (a Gaussian
distribution) arises because the class of continuous (but
not necessarily differentiable) functions is equivalent
to the sample functions of a Brownian motion, and the
Gaussian weighting along it is an approximation to the
diffusion of this measure in time [Doob 1984]. The
result, then, is a two-dimensional Gaussian distribution;
and, since each entry in the tangent field is considered
independently, the total potential distribution is the
pointwise summation of them.

More formally, the set of generators of the potential
field is the set of 2D-Gaussians {G; :i = 1, ..., n}.
For each trace point i, G; is obtained by the multiplica-
tion of two 1D-Gaussians—one in the direction of the
quantized tangent at this point, and another (with
smaller deviation) in the perpendicular direction. Thus,
at a trace point i = (x,, y;), with tangent 6,

Gl(x’ y) = — (KEe-(fl(x.y)_xl)ﬂu]za)(KBe_(gl(x'y)_yl)z/ol%)
= —KgpKge (i) -x)iok) o= (g x3) -y )loh)
ey

where the functions f;(x, y) and g;(x, ¥), which rotate
the x and y axes to the axes indicated by the 6, and
0, + /2 directions respectively, are given by

file, y) = x + (&6 — x) cos ; + (y — y) sin 6,
gl(x7 y) =y~ (x - xi) sin 01' + (y - yl) Cos 01

The parameter og, which is the standard deviation of
the 1D-Gaussian in the 8;-direction, controls how far the
local information given by the tangent 6, is extended



Potentials, Valleys, and Dynamic Global Coverings 223

19714 15 16 17 18 19720 21 22 23 24 25 % 19 14718 16 19710 19728 21 22725 2425 2%
1GLOBAL, Lpe 3.9, Kpe 1.9, INs 9.1, 8 3 10L0BAL, Lp= 9.9, Kpe 1.0, INs 8.1, %e 3

“lde
STIN
ST
174
-18i
-19;
-20:
-21?.
-22i-
-2
YL
-25:

RN : : -26e Lo : P . .
mx;: 'iia' x's i;s‘iiv NEEE LR TRTC D iy J d 72 3924 88 %
1GLOBAL, Lpe 3.0, Kpa 1.0, Jis 8.1, s 4 1GLOBAL, Lps 3.8, Kps 1.8, Iis 9.1, 8s §

4135 18

Fig. 2. Tllustration of how the collection of short dynamic curves evolve to cover the locus of points comprising the valleys in the potential
distribution. In the usual order, the covering elements migrate from their initial positions (top left) to reach the bottom of the valley indicating
the edge (bottom). Note the two aspects of the movement: a migration, and a length increase.
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from the trace point (x,, y,). The parameter o5, which
is the standard deviation of the 1D-Gaussian in the (6,
+ w/2)-direction, controls the width over which the ex-
tended information is valid. For these reasons, we shall
refer to the parameters op and oy as the extension
parameter and the blurring parameter, respectively, and
Ky and Ky are (positive) weights associated with each
of the 1ID-Gaussians. Figure 3 presents a plot of the
resuiting 2D-Gaussian.

The (tangent-field) potential distribution, Uy, is
then the pointwise summation of the G;:

Urex, ) =2 Gix, y)
i=1

It should be noted that each generator G,, as defined,
is a function of the tangent estimate alone, with the cur-
vature estimate negligible. The curvature could be used
if curved, 2D Gaussians G;' were defined for each
tangent-field entry i. G’ would then be a Gaussian
along a curved axis of curvature «; in the 6; direction,
multiplied by another Gaussian perpendicular to the
curved axis. However, the potential distribution Uz
obtained by pointwise summation of these G;, which is

Uppx, y) =2, G/(x, y)
i=1

would be very similar to Uz for the following reasons.
First, the curvature is only retrieved in a very coarsely
quantized form by the first stage of the curve-detection
process, so the generators G; would be only weakly

tuned to curvature. Second, extending and summing the
tangent information implicitly gives curvature, which
is a relation between neighboring tangents. Thus, theo-
retically there appears to be no need to use curved
Gaussians, and experimentally, potential distributions
computed with straight Gaussians yielded smooth curved
valleys. Figure 4 shows examples of potential distribu-
tions and of these valleys, where one can see that the
result is a smooth “landscape,” in which the jaggies
due to sampling, noise, and quantization have been
removed.!

Recall from the introduction that the key feature of
the potential distribution is the location of the valleys,
since it is to the valleys that the covering elements
migrate. Thus we can now state the claims behind this
article: (i) the valleys in the potential distribution cor-
respond to smooth curves, and (ii) the set of quantized
tangents of these smooth curves is precisely the tangent
Jield used to construct the distribution. Moreover, over
all the possible sets of curves that would project onto
this tangent field, the valleys of the potential distribu-
tion give the most probable ones, in the sense of Wiener
measure.

The rest of this section is devoted to an analysis of
the potential distribution characteristics, in order to
prove the above claims. This analysis results in a design
criterion for the blurring parameter, which insures that
separate curves remain separate.

The analysis is conducted for C* (i.e., continuous
with continuous first derivatives) and nonintersecting
curves, however some of the tangent fields used in the
experiments contain intersecting curves and corners (in

Fig. 3. 3D plot of G,(x, y). Note that the resulting Gaussian 1s elongated (in the 6,-direction) since og > og.
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Fig. 4. Examples of potential distributions. The image is the fingerprint image shown in figure 1. It is displayed in reverse contrast, with
the tangent field shown in white. Three potential distributions are shown, computed from first a few, then more, and finally all the tangent

field entries.

particular, see figure 8). Other research is currently
in progress to deal with intersecting curves and tangent
discontinuities by extending the potential distribution
to a branched potential distribution; this research will
be reported elsewhere?

3.2 Valleys in the Potential Distribution

We now introduce the concept of a valley, the locus of
points toward which the elements of our covering

migrate. To begin, given a direction v, making an angle
¢ with the positive x-axis, we define a ¢-valley of the
potential distribution Uspe(x, y) to be a connected com-
ponent of the set

{x, ) 1 ViU, y) = 0,
VinUp(x, y) > 0}

where ¥V, f(x, ) and V3 f(x, ¥) denote respectively
the first and second directional derivative of fin the
direction given by the angle . More generally, a valley
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of the potential distribution Uzz(x, y) is a connected
subset of the set

{6, y) 1 VgirnUmrx, y) = 0,
vé+7r/2l]TF(xs )’) > 0}

where ¢ = ¢(x, ¥), that is, the angle ¢ can vary with
the coordinates x and y. A ¢-valley is then a “straight”
valley in the direction ¢.

The idea behind the concept of valleys is that of direc-
tional minima. While local minima are points of a
valley, points of a valley are not (necessarily) local
minima of the potential distribution. The condition for
a point (x, y) to be a local minimum of Uy is that
VoUrx, y) = 0 and VjUr(x, y) > 0 for all direc-
tions 0. The definition of a valley is thus weaker than
the definition of a local minimum, and points in the
valleys are minima with regard to a single direction,
namely the direction given at each point by the angle

ox, y).

3.3 Analysis of Potential Distributions

The analysis of the two simplest potential distributions,
namely a single Gaussian, or perfectly aligned Gaus-
sians, is simple and shows that the valleys are ¢-valleys
(where ¢ is the direction of the Gaussian) correspond-
ing to the most probable smooth curve indicated by the
tangent field. The formal treatment of those cases can
be found in [David and Zucker 1989].

In order to achieve this result for a more general
potential distribution, we consider the case of two paral-
lel Gaussians (this also leads to a criterion on the blur-
ring parameter of the Gaussian weighting functions
which insures curve separation).

Observe that, when the potential distribution is gener-
ated by several Gaussians that are in general position,
we require the potential distribution to be such that:
(1) nearby tangent-field entries that lie along the trace
of a unique curve must form a unique valley, corre-
sponding to the most probable position of the curve,
and (2) nearby tangent-fiecld entries belonging to two
nearby curves must not be blurred together, and must
give rise to two separate valleys.

These two requirements are sufficient to insure curve
separation, since the curves are found by a migration
of covering elements, born at tangent-field entry posi-
tions, over the potential distribution (see section 2.2).
Then, in the case of tangent-field entries belonging to

different curves, the migration will stop as soon as the
covering elements cach drop into their surrounding
valley. Hence, possible additional valleys between the
two positions will never be found if two valleys exist
sufficiently close to each one of the original positions.

We now concentrate on the second observation above,
namely that nearby curves give rise to distinct valleys.
This leads to our design criterion for op. Again con-
sider only two interacting Gaussians, but from a tangent
field consisting of two parallel and vertical (i.e., 6, =
6, = w/2) tangents, with identical y-coordinates. Then,
U = Gi(x, y) + Gy(x, y), and using 6, = 0, = /2,
Y1 = ¥, in equation 1, we get

Gl(x’ J’) = _KEKBe_((ywyl)z/Ué)e—((x_xl)z/ulzs)
GZ(x’ )’) = —KEKBe_((y_y‘)z/"lzi)g"((X>x2)1/aZB) (2)

(see figure 5).

We now look for the (w/2)-valleys of Uzg in this par-
ticular case. From now on, and without loss of general-
ity, we assume x; < x,. The critical points (for the
(w/2)-valleys) are those where V Uy = 0, or equiva-
lently, those where (3/dx)Urs(x, y) = 0. Computing
the partial derivative, we obtain

2K:Kpe™ (y—y)%ok

2 [(x - 351)"3_()(_)(')2/0123
o
B

+ (x — x)e”CTRB] = @

or, since first term of the product is always strictly
positive,

(x — x)e CIIB 4 (x — x)eT0TRB = g (3)

Then, by positivity of the exponential function, any
solution x of equation (3) is in the open interval (x;, x,).
Also, equation (3) depends only on Ax = x, — x, and
og. Without loss of generality, setx; = 0; thenx, = Ax
and F(x,, x,, og) becomes

xe ¥ 4+ (xr — Ax)e” ¢ AR @)

which depends only on Ax and oy, and which we
denote F(x) for short.

Observe that the points (x, y) belonging to the (7/2)-
valleys of Uy are entirely characterized by the function
F(x)? More precisely, it can be shown that (x,, yo)
belongs to a (w/2)-valley of Uyrif and only if Fi(xg) = 0
and (8/0x)F(xg) > Q.

A condition to separate cases (b) and (c) of figure 5
relates the distance Ax between the two Gaussian oper-
ators and the blurring parameter og. More precisely,
it can be deduced from the last result [David and Zucker
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(2)

Fig. 5. (a) The tangent field, consisting of two entries with 8, = 8, = #/2 and y, = y,. (b) A potential distribution obtained from (a) choosing
og = 275, og = og/4 = 06875, Ky = Kg = L. This Gaussian separates the tangents into two different valleys. (c) A potential distribution
obtained from (a) choosing o = 2.75, oy = op/1.5 = 183, Kg = Kz = 1. This Gaussian blurs the tangents into the same valley.

1989] that the vertical straight line x = Ax/2 is a (x/2)-
valley of Uy if and only if Ax2 < 2 6.

To summarize, the key structural properties of the
potential distribution are:

i. When Ax? < 2 o3, the valley atx = Ax/2 is unique.
ii. When Ax2 > 20} so that x = Ax/2 becomes a
maximum, two valleys are created, one at x = x
=~ x,, and one at x = x, = x,. Also, the valley
atx = Ax/2 is lost. The slight variation in position
from x, and x, arises because of a weak interaction
between nearby Gaussians; see David and Zucker
[1989].
iii. When Ax becomes large, the distances (x; — x;)
and (x, — x,) become small.
iv. When o becomes small, the distances (x; — x;)
and (x, — x,) become small.

The preceding analysis indicates that the valleys in
the potential distribution have precisely the properties
required for synthesizing global curves from the tangent
field. Before proceeding to the study of dynamic curves
for locating these valleys, we extend one aspect of the
preceding analysis into a constraint on the parameters
controlling the Gaussian generators.

3.4 Design Criterion: Blurring Parameter

Continuing the particular case of the preceding section,
we know that two (vertical and parallel) tangent-field
entries give rise to a unique valley when Ax2 < 203,
and to two separate valleys when Ax? > 2¢3. Recall

from the introduction that image curves are represented
in the tangent field as connected sets of tangent-field
entries. Thus, when two (parallel and vertical) tangent-
field entries each occupy overlapping (3x3) neighbor-
hoods, they belong to the same curve, and when they
are separated by at least one empty pixel, they belong
to different curves? Then, any value of the blurring
parameter such that

12 < 20% < 22 or —1—<UB<\/§ 5)

V2

insures that the two tangent-field entries give rise to
separate valleys if and only if they belong to (locally)
separate curves.

More generally, it is clear that many other relations
(in position and orientation), apart from the particular
cases just studied, are possible, and lead to similar in~
equalities. For example, consider two parallel tangent-
field entries with § = (w/4). These entries are then
located at diagonal pixels and this case is just a rotation
of the preceding one. But now, the distance between
two neighboring tangent-field entries is the distance
across the diagonal, that is, V2. Thus, any value of og
such that

V22 <203 < 2V2? or 1<og<2 (6

insures separation of (locally) disconnected sets of
tangent-field entries, and only of those sets. We submit
that these two cases are typical of the general one, and
summarize the analysis by saying that when
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i. the analysis is restricted to nonintersecting curves;
ii. curves of the image are represented as connected
sets of tangent-field entries;
iii. the choice of op is made according to equations (5)
and (6);

we find that

1. each connected component of the tangent field will
give rise to a unique valley, built from the interac-
tion of all the tangent-field entries of the component;
thus, the valley indicates the position of the most
natural curve that projects onto the connected com-
ponent of tangent-field entries;

2. different connected components of the tangent field
will be separated into distinct valleys. These valleys
are not completely independent since there is a weak
attraction between nearby valleys [David and Zucker
1989]. But this attraction is non-negligible only for
very close curves (a few pixels).

Experimentally, it will be shown in section 6 that any
reasonable value of oy relative to equations (5) and (6)
(say between 0.75 and 1.5) ensures that the two above
claims are verified.

4 Valley Detection

From the tangent field, we derived a potential distribu-
tion in which the valleys indicate the position of the
curves in the image. We are now ready to identify these
valleys to obtain a precise description of the curves.
Since the valleys are, by definition, connected loci of
points that are not all minima of the potential distribu-
tion, standard minimization techniques are not adequate.
Rather, we use short segments of curves to capture these
loci, and we define a process by which the curves
migrate into the valley. Together these segments will
define the global covering. Figuratively, the process
works as follows. Suppose that we are given a rough
approximation of where a valley lies in the potential
distribution. Now, if a curve is placed at this approxi-
mate position, within a potential well and parallel to
the valley, and let slide as if it were governed by a kind
of gravity, then it will slide toward the bottom of the
well, that is, the valley. Moreover, if the curve is not
completely rigid, it will deform itself to fit the exact
shape of the valley. Then, at the end of the process,
when “gravitational” stability is attained, a description
of the valley is given by the associated curve. This is
precisely what we shall do.

Note that the above mechanism relies on having a
good initial approximation, in position and orientation,
of each valley. If we place a piece of curve randomly
on the potential distribution and let it evolve under
“gravity,” the final position of the curve could be mean-
ingless in terms of valley detection. More likely than
not, the curve would span several valleys. Our initial
approximation is given by the tangent field, and the
wells by the Gaussian generators. It is analyzed more
carefully in section 5. In this section, we develop the
variational principles that govern the dynamics of each
deformable curve individually; the global cover will
then be computed by running all of these dynamic proc-
esses in parallel. For now, we focus on one element
of the cover, and suppose it exists at some (initial) posi-
tion on the potential distribution. We then develop a
mathematical model to govern the movement of the
curve, basically following that adopted for snakes [Kass
et al. 1988; Terzopoulos 1987a, 1987b], by applying
classical mechanics to deformable curves.

A deformable curve v is a differentiable map v : R?
— R2 We write (s, 1) = (x(s, £), y(s, 1)) with s € Q
the space domain, and ¢ € [t,, #,] the time domain. We
denote (3/0s)v(s, £) by v(s, 1), (3%3s2)v(s, 1) by v(s, y)
and (3/90)v(s, 1) by v(s, y).

We now define the potential functional U'(v) of a
curve v, where the superscript indicates that the poten-
tial functional is computed at each time ¢. This corre-
sponds to the potential energy of the curve. It is related
to the potential distribution, but also includes internal
constraints on the curve (how the curve is allowed to
extend and fold). These internal constraints, correspond-
ing to the physical concepts of tension and rigidity, must
be added in order to specify completely the movement
of the curve. The potential functional of a curve v at
each time ¢ is

o) =5 [ FQl) + glval) + Unids )

where Urg(v) is the value of the potential distribution
at the point (x(s, £), ¥(s, ©)), £(|v¢|?) controls the ten-
sion of the curve, and g(|v,|?) controls the rigidity of
the curve. Among all the possible functions f and g,
we simply choose the natural ones

Fvs, 91» = @@ vy, 12
f(lvss(s: t)lz) = wz(s)lvss(s’ t)|2

where @, and w, are constants over time. A method
for choosing the constants is described in section 5;
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we will also see that these simple forms are sufficient
to control the curve movement for our purposes.

Now that the potential functional is completely de-
fined, we can use the methods of classical mechanics
(principle of least action, Lagrange-Euler equations of
motion) and obtain a system of differential equations
that describes the movement of the deformable curves.
Then, with known initial positions, these equations can
be solved numerically. All details can be found in
[Terzopoulos 1987a, 1987b] and in the Appendix to this
article.

5 The Global Covering

We now proceed to put all of the previous pieces to-
gether. We infer the global curves from a tangent field
by recovering a covering of these curves. Each element
of the covering is a deformable curve that moves accord-
ing to the model described in section 4, within the wells
of the potential distribution described in section 3. Of
course, we require good initial positions for the cover-
ing elements, so that, at “‘gravitational” stability, the
curves will all have moved into valleys; and we require
that each valley be completely covered by curves. In
this section, we precisely state what we mean by a cov-
ering of the global curves, and then develop a particular
covering to meet the above two requirements.

5.1 Curves and Coverings

As a mathematical object, a plane curve v is a mapping
from an interval I C R to R2 that is,

v(s) = (x(s), ¥(5))

The set v(/) C R? is called the trace of the curve v.

Since our overall goal is applications in vision, we
seek to recover the trace of each curve as precisely as
possible. Once this trace is available, it provides a basis
for inferring all the other curve properties that do not
depend on the exact form of the mapping. This leads
us to consider equivalence classes of curves obtained
by factoring the set of curves by the equivalence relation
given by the equality of trace. More formally, we pro-
pose that two curves v : [, = R2and u : I, > R? are
said to be equivalent if and only if their traces coincide,
that is, w(/,) = u(l,). But an image rarely consists of
a unique curve, and we want to study general classes

fors el

of images. We thus say that two sets of curves Uand V,
where U consists of the curves u : I, & R? and V con-
sists of the curves v : I, — R?2 are said to be equiva-
lent if and only if

U «) = U vy

uelU vev

Given a set of curves, V, we denote the equivalence
class formed by all sets of curves equivalent to V by
E(V), and any member U of E(V) is called a covering
of the set V, or is said to cover V. The elements of U
(which are curves u : I, = R?) are called covering
elements.

5.2 Construction of the Global Covering

We now develop a covering that enjoys natural represen-
tational properties. Recall that reliable local estimates
of the curve positions and orientations are given in the
tangent field. Now, consider each tangent-field entry
as a unit-length straight curve, and let these n curves
deform themselves according to the model already
described. We then get the set C of these n deformed
curves, where each curve ¢ € C originated from a
tangent-field entry. In this section, we will show that
the set C is a covering (according to the above defini-
tion) of the global curves in an image. Or, equivalently,
since the global curves are described by the valleys of
the potential field we will show that each small curve
¢ lies in a valley, and that each valley is completely cov-
ered by curves of the set C. More formally, the global
covering of the curves in an image is the set C of the
n curves

ci(x7 tl) = (xt(s9 tl)’ yi(ss tl)) i = 1, o R

where at initial time #,, each ¢;(s, ) is a straight line
identical to the ith entry of the tangent field, and at final
time #;, each ¢,(x, ¢;) is a dynamic curve that has moved
onto a valley of the potential distribution. Starting from
now, the phrase “covering elements” will always refer
to the elements of the global covering. We now complete
their dynamics.

5.2 Covering Element Movement

Recall from the preceding section that for each covering
element c(s, £) = (x(s, 1), ¥(s, 1), with 5 € Q, the poten-
tial functional is
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Vi) = [ alel + wilegl? + Unlo) ds

=f Uric) ds +f wilcg|? + wy|cg|? ds

where the first term controls the migration of the cover-
ing elements toward the valleys, and the second term
controls how the covering elements are allowed to
deform themselves during the migration. We call this
latter term the internal potential, and set it so that each
covering element increases its length to a prescribed
length. The movement of the covering elements is thus
a two-fold process, consisting of a migration and of a
length increase (see figure 2). The details are as follows.

The internal potential of a covering element (s, 1) =
(x(s, ), y(s, ), with s € Q is

f wleg]? + w,legl? ds )]
0

where w; and w, control tension and rigidity respec-
tively. In fact, since the minimization of (9) participates
in the covering elements’ movement, we observe that
the covering elements tend to decrease their length for
positive values of w,, increase their length for negative
values of w;, become straight for positive values of w,,
and fold and curve themselves for negative values of w,.

Given a prescribed mandatory length L,, we set w,
to be, at each time £, w,(c) = f(L'(c) — L,), where
L'(c) is the length of the covering element c(s, 7) at
time ¢, that is,

L'(c) = fﬂ leyGs, D] ds = f ) s, 0% + s, 2 ds

The function fis then simply a ramp function saturating
when |L'(c) — L,| becomes big. It is easy to see that
this choice achieves the desired result: a covering ele-
ment ¢ will tend to extend when L'(c) < L,, and to
shrink when L'(c) > L,. It should be noted that w, is
independent of the parameter s, which makes the ten-
sion equally distributed over the entire covering ele-
ment length.

Although the presence of a ridigity term is essential
to the process, its exact value is not a key point, and
it suffices to set it empirically within an order of magni-
tude to get good results. It was experimentally verified
that changing the rigidity parameter by a reasonable
amount does not change the results significantly (see
[David and Zucker 1989]). But the rigidity parameter
is essential to the algorithm, in order to prevent a cover-
ing element from folding on itself while finding its

optimal position, since the potential distribution and
the tension parameter do not prevent those movements.
We simply set the rigidity parameter w, to a constant
value, the same for each covering element, at all times,
and over the whole covering element length.

5.4 Properties of the Global Covering

Now that our model is completely defined, we can state
and justify the claims made about the global covering.
The global covering C, formed by the n curves ¢,
which originated from the » tangent-field entries, and
which evolve according to equation (8), is such that

1. Each curve lies in a valley of the potential
distribution.

2. Each valley of the potential distribution is completely
covered by curves of the set C.

Claim 1 is met by construction, since the potential
distribution was built from the tangent field, that is,
from the curves’ initial positions. Then, each curve is,
at initial time, within the well surrounding its associated
valley, and the dynamics drive the curve onto the valley.

The truth of claim 2 is based upon three facts: global
curves project into the tangent field as connected sets
of tangent-field entries, the length of each covering ele-
ment increases during the dynamics, and there is no
movement of a covering element outside the well sur-
rounding its valley. By the last statement, we assume
that all valleys have a similar depth along their length,
or equivalently, that the density of the tangent-field
entries is about the same along the entire connected
component. This is guaranteed by our restriction to
smooth nonintersecting curves.

Note that the diagonal length across a pixel (which
is the maximal distance between two neighboring ele-
ments of a connected set) is /2 units; therefore, to guar-
antee that neighboring covering elements overlap to give
the global curves, we just have to let each covering ele-
ment extend in length to some value greater than V2,
since each covering element stays around its initial posi-
tion. Typically, a prescribed length of 3 is used, in order
to guarantee the overlap.

Since the valleys of the potential field describe the
global curves of the image, we also find that the global
covering is a covering of the curves in an image, that is,

U e« = v

ceC 1234

where V is the set of the global curves of the image.
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6 Results

We now illustrate the computation of the global covering,
beginning with artificial images to check the validity
of the algorithm against known examples, and finally
with natural images to demonstrate its robustness.

The first test shows that simple analytic curves are
retrieved quite exactly from the tangent-field informa-
tion, that is, that the “natural” curves indicated by the
potential distribution correspond to the expected ones.
The image consists of two nearby circles, with different
radii, projected over a discrete sampling grid (figure 6a).

We simulate the first stage of the process (see sec-
tion 2.1), which extracts the trace and tangent of these
curves in the following manner. Each square of the
sampling grid traversed by one of the circles belongs
to the trace of this circle, and the tangent at each trace
point is computed assuming that the curve crosses the
center of the square; afterwards, all the computed tan-
gents are quantized into eight classes (figure 6b). We
then run our algorithm on the simulated tangent field.
This tangent field is the only information that the second
stage of the process uses to retrieve the global curves,
the initial circles being lost by the projection onto the
sampling grid. The result is shown in figures 6¢ and d.
The curves retrieved from the potential distribution cor-
respond very accurately to the initial circles. Also, the
value of og, chosen according to the design criterion,
allows a clear separation between the two nearby circles,
separated by only two pixels on the sampling grid.

Finally, we run our algorithm on three natural images,
a fingerprint image, a radiograph of blood vessels in
the brain, and a satellite image of logging roads. Since
we are interested in precise extraction of the curves,
without blurring of very close curves, we choose to
experiment with small images so that details can be
examined up close. Figure 7 presents the original
images, and the resulting global curves. An exploded
display of the first two tests is then presented in fig-
ures 8 and 9.

7 Summary and Conclusions

In this article we developed an algorithm for finding
a representation of the global curves in an image. The
novel feature of this representation is that it is formu-
lated in mathematical terms as a covering, so that,
rather than computing global curves directly, short seg-
ments of curve are computed independently from one

another. The short segments thus become the elements
of the cover, and global curves are given as their union.
This enables us to define the algorithm in a parallel
fashion, and to avoid the a priori specification of global
parameters (e.g., the length of the curve).

Since the global representation is built up from local
representations, the algorithm for computing global
curves via coverings requires reliable local information
about the curve. Within our context, which is a large
project on curve detection incorporating both mathe-
matical and biological constraints, this local information
is provided by a tangent field, or a list of (quantized
trace) points through which the curve passes, together
with coarse estimates of its tangent and curvature at
those points. The key point to emphasize here is that
these local properties need not be specified to high pre-
cision; the interpolation properties implicit within the
covering algorithm can deal successfully with coarse
initial information. Thus the algorithm fits into a very
natural information-processing hierarchy, with both
degree-of-precision and local-to-global axes spanned.

The local (tangent-field) information is used in two
different ways. First, a global description, in the form
of a potential distribution, is synthesized from it. By
definition, valleys in this potential distribution corre-
spond precisely to curve locations. These valleys are
detected by a dynamical process in which the covering
elements are driven by the potential to both migrate in
position and elongate in length. The second use of the
local (tangent-field) information is in specifying the ini-
tial positions for each covering element. Convergence
is thereby guaranteed by construction. Equivalence be-
tween the curves in the image and the covering elements
is demonstrated both theoretically and by example.

Since the global curves are represented by a covering
that evolves according to a dynamic process, we refer
to them as dynamic global coverings. Although we con-
centrated on smooth, nonintersecting curves in this arti-
cle, additional research is in progress to guarantee the
validity of the results in the general case. It works as
follows. Since the tangent field indicates curve intersec-
tions and discontinuities by multiple tangent field entries
at the same grid coordinate, the potential distribution
is split into several “layers,” one per tangent-field entry,
in the neighborhood of each of those coordinates. Take,
for example, the case of two curves intersecting at a
single point. The tangent-field entries of those curves
will give rise to two independent layers in the potential
distribution at this point, and the process described here
can then be applied at each layer. (The advantage of
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Fig. 6. (a) Two nearby circles of different radii lie over a discrete sampling grid (25 X 25). Their projection onto the grid is given by those
pixels traversed by one of the two circles. (b) The tangent field for the two circles, consisting of the discretized tangent at each trace point.
Note that the tangents’ positions also correspond to the covering elements initial positions. (¢) From their initial positons shown in (b), the
covering elements have migrated into the valleys of the potential distribution, where they attain stability. The parameters of this experiment
are: o = 2.75, og = og/3 = 0.85, L,= 30; w, is determined by R = 10, K = 1.0, and w, = 10; ¢ = 20,y = 2.0. (d) The final covering
elements’ posttions, superimposed over the initial curves.
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Fig. 7 Global curves of natural images. Top: A fingerprint image.
Middle: A radiograph of blood vessels in the brain. Bottom: A satellite
image of logging roads.

N 1 S —

separating the tangent-field entries is, of course, to elim-
inate inappropriate interactions between the separate
curve segments.)

The remaining step from a covering to a global rep-
resentation is a specification of which covering elements
belong to the same global curve. (It is usually the case,
for example, that there are multiple curves within a
single image.) We accomplish this by a straightforward
exploitation of topological connectivity: graphically, the
initial covering elements are all born with a different
“color”; as two covering elements overlap dynamically,
they become the same “‘color”” In the end, ‘“‘color”
propagates along connected components, and the ele-
ments belonging to the covering of the same curve are
all the same color, while the covers corresponding to
different curves are different colors.

In conclusion, we believe that dynamic coverings
have application to a variety of problems that must face
the transition from local to global representations in
a parallel, efficient way. For example, an extension to
surface coverings could work as follows. We know that
it is possible to extract, from 3D data, an intermediate
structure that is the 3D equivalent of the tangent field
(see Sander and Zucker [1990]). This structure mainly
consists of an estimate of the tangent plane at each (3D)
trace point. Starting from these planes, a generalization

Fig. 8 Dlustration of the first experiment on a fingerprint image. (a) The initial covering elements, at tangent field entries’ positions. (b) Final
positions of the covering elements; clearly the covering elements have migrated into the valleys, and have overlapped to form 2 covering. Also
note that the bifurcation in the center of the image have been recovered correctly, without special treatment.
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Fig. 9 The second test 1s performed on a biomedical image, a cerebral angiogram. (a) The inttial positions of the covering elements, correspond-
ing to the tangent-field entries. This image 1s very noisy, and low contrast. The tangent field was computed under the assumption that all
vessels were of comparable contrast. (b) The final positions of the covering elements. The region where nearby covering elements do not
overlap completely corresponds to a region where the tangent field was not completely connected.

of the model presented in this paper would evolve those
local estimates to fit together into a (smooth) covering
of the surface. The covering elements would thus be
overlapping surface patches.

Notes

*Research supported by the Natural Sciences and Engineering
Research Council of Canada and the Air Force Office of Scientific
Research.

tFellow, Canadian Institute for Advanced Research.

"Further computational experiments in which curved (G ') gener-
ators were used led to final results virtually indistinguishable from
those shown in this paper.

2Even if no specific treatment is performed at intersecting points
and tangent discontinuities, the present algorithm does not necessarily
behave badly at these locations. For example, the T-shape in the middle
of the fingerprint image is correctly retrieved (see figure 8). But fur-
ther analysis would have to be done in order to insure the validity
of the results in the general case.

3Note that this also means that the presence of the (w/2)-valleys
does not depend on the y coordinate.

40r, they belong to different parts of the same global curve, i.e.,
there is a chain somewhere between the two tangents. But locally,
they must be viewed as separated.
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Appendix
A.l Dynamics of the Deformable Curve

Given the potential functional I'(v), we can define the
kinetic energy of the curve. Following classical mechan-
ics, the kinetic energy functional at each time ¢ is

') = 5 [ wlu ds

where p is the (constant) mass desnity.

According to the principle of least action, the motion
of the deformable curve during the time interval [z, #,]
is described by the functions x(s, 1), y(s, £) for which
the integral

f " Loy dt

of the Lagrangian L'(v) = T'(v) — U‘(v) is a mini-
mum. It is also known that any extrema of

" Ly dt

Iq

must satisfy the Euler-Lagrange equations. Setting
1
F0) = 5 @il = wll? = @alval2 = Uno)

the Euler-Lagrange equations are

aZ
fom S )~ )+ e (£
32 92 B
tos (f) + T (f) =10
F d o
Sy =5 ) — 5 (B + 32 (B

a2 a2
f o () + 3o (B) =0 (AD

where, for example, f, denotes (3/0xg,) f; the deriva-
tive with respect to the variable x,,.

Equations (Al) hold for a conservative system. In
order to dissipate the kinetic energy produced during
the motion, an energy dissipation functional can be in-
troduced, such that the deformable curves reach stable
equilibrium positions. Using the Raleigh dissipation
functional D'(v) = fq v|v,|? ds, where + is the (con-
stant) damping density, (Al) becomes

P 2 2
fom e ()~ S (f) + o () + o ()
5 o
toae g ) T ., (v» =0
5 5 5 3
L5 — W) T2 h) * 32

)+ L iy =0
3s ot ) T gy, v =

Letting I'.(v) denote (3/0x)Urp(v), we calculate
1
f;c = - E Fx(v)

] ]
b—s (.f:ts) = - g (wlxs)

82 32
F (fxss) = - ﬁ (wlxss)
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3% () = wxy

32
7 (50 = 35 () =
Using identical results for f, (8/0s)( 1), (0%s3)(f, ),

(3/30)(f,), (3%/0)(f,), and (3%ds d1)(f, ), the La-
grange equations of motion of the deformable curve are

9 92 1
WXy + oyx, — & (wlxs) + F (wzxss) = - i Fx(v)
d 3? 1
Ba + e 5o @) + 35 () = — 5 T,0)
(A2)

A.2 Numerical Solution

The solution of system (A2) gives the positions, in space
and in time, of the curve v during the motion. We now
address the numerical approximation to system (A2),
following Terzopoulos [1987b].

The space domain Q is tessellated into N + 1 nodes
{0, h, 2h, ..., Nh}, h = V/N. Then, the solutions to
the system are the vectors X' = (x(ih, D)X, = ()Y,
Y = (G, )Y, = ("), at each time ¢. It is possi-
ble to express (A2) as the linear system

AX' =g Ay =g

Assuming temporarily that the curve is closed, two ini-
tial configurations (initial conditions) are needed. Solv-
ing for X', given a time step At, x, and x,, are approx-
imated by

o= ¥ - xr—2At
! 2A¢
xt—ZAt _ 2xz—At + xt
T = AP

where backward differences are used, since we can only
rely on curve positions at previous times. This results
in the system of N 4+ 1 equations

X
a (wlxs) + 53 a 2 (waSs) + Aﬂ + 2A¢

)+2”'tAt

1
= — 3 I‘x(x; At’ y AP l

t

—2At

At2 2At
i= (A3)

where (0/0x)Ur(v) is evaluated at time t — Az

The right-hand sides of equations (A3) depend only
on prior configurations, and can be evaluated at each
time step t, as long as two initial configurations (xs~%
and x 2A’) are given at the initial time #,. Setting

1
g = [~ 5 TG4, 1)

N
“ P S Y I WYY
t24 Ar i [At2 2At] o } =0

and writing

A= E 4+ T

i tsc |1+ K=ol +K

(A3) reduces to
(af + K)x' = g.

where the only unknown is the sriffness matrix K deter-
mined by the relations between nodes at each time ¢.
Again using finite differences to approximate the spatial
derivatives (3/0s)(wx,) and (0%0s%)(w,x,) (see section
A4), we get

a 92 i—h
- m (wlxx) + w (wzxss) = X, [wZ( W4 ):'

Fx [ —2;2@ _ 2wz(§1 —h_ wlahz— h)}

G + h) 40 (l) w(i — h) | () w i —h)
+x I:wz 7 hza o 7 + zlhz : 7 :!

i [ —2w,(i + h)  2w,() wl(i):'

h4 h* h?
+ Xiyom [a’z(ih‘:’ h)]
in the case of close curves (i.e., x', = xj, x_
x;v—l’ x;V+1 = xé)’ x§v+2 = xtl)
Finally, setting
_w(i + h)
T
b _ 2w0()) 2w, + h @)
i~ Wt W h2
i — h) 4w2(z) w(i + h)
¢ = A ht ht
+ wl(zhz— h) + w;l(zl)
fori =1, ..., N, the stiffness matrix K is the penta-

diagonal symmetric matrix
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- ~
o by ay ay-1 by
by o b a an
a b ¢ b a,

a b, by a3

ay-4 by-z cy-2 by-2 ay-
an-1 an-3 by—» en-1 dy-
_ by ay ay_y by_1 ¢y _

Then, A = ol + K is also pentadiagonal symmetric
and can be solved very efficiently in O(N) time and
space [Benson and Evans 1977], by factoring A into tri-
angular and diagonal matrixes.

A.3 Inserting Position Discontinuities

Up to now, the deformable curve was assumed to be
closed. We now relax this assumption by inserting a
discontinuity between node N + 1 and node 0.

To insert a position discontinuity at s = (i — 1/2)h
between nodes i — 1 and /, the stiffness matrix K has to
be changed to eliminate relations between nodes i — 1
and i. The equations that relate nodes i — 1 and i are
given by the matrix rows i — 2,i — l,iand i + 1,
and are the following

Ai—4Xi—g + bi3X; 3 + ¢oXi
+booXi +ax =g
a;3%,3 + bi_ox; 5 + ¢_1%
+ bl—lxi + G_X+1 = &1
X5 + b X + eX;
+ b taxiy = g
a_ x| +bx; + ki
+ bipiXiva T iy = g1 (A4)

From (A4), we immediately get b; | = a;., = a;_;
= 0, which implies w,(i — 1) = w,()) = w,(i — 1) = 0.
This dictates the 9 entries to change in the marix, which
are

l.a;», =0

2.1 =0

3 b, = — sz(ih: 2h) o.)l(ih—2 2h)
4.5, =0

5. b= - 2w, + h)  wy(d)

ht h?

_ wy(i — 3h) " w(i — 2h)

6. ¢y = o -
+ wl(ih—2 3h) N wl(ih_z 2h)

7. gy = S o2

8. ¢ = °’2(ihj h w];(zi)

9. ¢y = 4w2(2 TR el }; 2h)

+ w];(zl) + wl(zh:— h)

In our implementation, this is used only once, to
relax the condition that the curve must be a closed one.

A.4 Development of the Spatial Derivatives

We indicate here how the numerical approximation to
spatial derivatives are obtained. Centered, backward
and forward differences are mixed in order to obtain
a symmetric matrix.

a L @1Ox@) — w0 — Bx @ — h)
—a—s—, (wlxs) ~ h

< @D Xip — X
h h

C ol = B [ x5 = xy,
h h

+ x; |: —w;i — h) — "-’1(1')]

a 2
352 (wyxys)

U

[wx( + Mxs(i + B) — 2002()x,(0)
+ @i — hxg(i — B)] + 2

L @i +h) |:xi+2h — Wi + xi:|
h2 h2
_ 20,())  Xiwn — 2% + X,y
hZ h2
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Thus,

David and Zucker

= X-2n [%‘@}

tr, [ —2w,() — 2 w,(i — h):|

w0 + h) + 4w,(@) + w,(i — h)

h?

+xi[ W

oo [ —2wy(i + h) — 2w,(0)

h*

w(i + h)

+ X ,: 7

d 0?
- g (wlxs) + w (wzxss)

]

}

}

is numerically approximated by

Xi-2n |: 8}"2(*17;1_-2 :I

fr, [ —2}::42@ _ 2«&(2 —h_ wl(ihz— h)}

|:w2(i + h) N 4a(i) 4 w,i — h)

+x,~

h* h* h*

w1 (i) wi(i — h)
wm T T e

o [ =2w,(i + h)  2w,(i) (i = h)]

-+

h# h? h?

i+ h
+xi+2h[%}



