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1 Motivation

From the nice result in [1], we see the selfish routing behavior may be very bad
given nonlinear latency functions in a network. The aim of our project isto inves-
tigate how bad the selfish routing effect in the typical network assumptions with
non linear latency functions.

2 Somedefinitions

The network model of the analysis based on the following concepts:

A directed graph G = (V,E);

k origin-destination pairs (s,t1), ..., (S, t) among al possible pairs in the
graph;

e Arater; trafficfroms totj, i =1,2,....k;
e A sat R of pathsfrom s tot;;

e For each edge g € E, alatency function lg; (x), X istraffic on that edge. Here
le, (X) is continuous and nondecreasing;

e Flow f, =amount of traffic routed for an OD pair § —t; dong path p, p € R;

e Feasibleflow fp, flowsthat satisfy Y peR fp = ri, which are nonnegative, we
aways consider the feasible flows;

e Routing traffic <> flow vector f.

e Path latency Ip(f) = sum of latencies of edges on path p (w.r.t the flow f).

3 Model descriptions

Here we can model both Selfish Routing behavior and system optimal routing as
optimization problem.
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3.1 Sdfish Routing

Assumptions:
e traffic unit are small relative to network scale (like carsin high way system);
e we consider the traffic distribution in the network at steady state.

e A flowisat Nash Equilibrium (or isa Nash Flow) if all the flowsin network.
are routed on min-latency paths (which means any flow changing path will
result in an increase of latency). For example:
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¢ Nash flow(formal specification): for any two paths p, and p; € R;, (where
R isthe set of potential paths from g totj). Werequire that y pcg fp =i, if
fo > O0thenl, (f) <Ip,(f). This means either an path has traffic O for this
traffic or it has nonzero traffic and has smaller latency than any other paths
with zero traffic. And al paths which has traffic will have equa latency,
define this latency as Li(f) (f is flow vector, when we write f we aways
mean the flow vector in the future) for OD pair § to t;.

e S0 here we can define the Cost C(f) of aflow in G as the total latency
incurred by f, which isC(f) =¥ peplp(f)fp. By summing over the edges
in apath P and reversing the order of summation, we may also writeC(f) =
Yeck le(fe) fe

According to the result of Beckman et a [2], let hy(x) = [5le(t)dt, the selfish
routing behavior can be formalized as the following convex optimization problem:

Min'S he(fe) (1)
ee; elle
subject to:
ER fo=ri,Vie{l,.. Kk} 2
PER
pePecp
fo>0,VpeP 4

Because l¢(x) is nondecreasing, the he(X) is a convex function. We can use some
result of convex programming to solve the above optimization problem.
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3.2 System Optimal Routing

The system optimal routing should minimizestotal latency in the network (not like
the selfish user — each OD pair, they only optimize their own latency). Recall the
expression of C(f), we can easily see, the system optimal result should be the
solution to the following non-linear program:

ec
subject to:
ER fo=ri,Vie{l,.. Kk} (6)
pER
fo= Z fp, Ve € E (7)
peP:ecp
fp>0VpeP (8)

4 Flow assignment solver

Given above formulation, | implemented an flow assignment solver for system
optimal solution and selfish user nash equilibrium solution. Thisis adriver for a
matlab program pdco. mfrom SOL at Stanford University [3], which can solve a
convex programming problem :

Miani(xi) Viel ..,n 9)

Subject to:

Axx=Db, bl <x<hu (10)

My program read the topology description of a graph, then generate the corre-
sponding matrix A and vector b for above problem. We also assume the latency
functionis U%X (x < u, aconvex function), where u is the bandwidth (in description
of the graph), and x is current traffic. The solver will generate the corresponding
function f;(x;) for each edge. The topologies | used as test cases are from [4] and

(5]

5 Numerical Result

For the 4 node topology example in paper [5] as below:
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6 FURTHER DISCUSSION

In this graph, the number on each edge is called “link count” in the [5], which is
fe in above formulation. We assume the bandwidth for each edge is two times of
the link count and use the latency function k(x) = ue%x (Ue is the bandwidth of

edge e) for each edge. Because there are 4 nodes in this graph, there are 3x4 = 12
possible OD pairs. We test the distribution of traffic within these pairs are Possion
or Gaussian. In above formulation, we have 24 variables (7 for the edges, and 17
for al possible paths), the Axx = b has 19 equations. We have the following result:

Edges(from-to) | LinkCount | Bandwidth Possion Gaussian

Seffish | System | Seifish | System
AB: 318 636 | 2593 | 2846 | 2714 | 3023
AC: 601 1202 | 679.9 | 6438 | 7202 | 667.0
BA: 882 1764 | 9022 | 8914 | 10127 | 9903
BC: 559 1118 | 5515 | 5539 | 644.8 | 6708
CB: 1154 2308 | 12254 | 11917 | 1319.1| 12918
CD: 903 1806 | 9030 | 9030 | 8850 | 8850
DC 851 1702 | 8510 | 8510 | 9230 | 9230

If we define a = 5. We have tposion = 1.0154 and Ggaussian = 1.0096 in

this example. To visualize the results, we can draw the following graph for Possion
and Gaussian distribution respectively to seethe effects of selfish and the difference
between link count, system optimal and Nash equilibrium resullt:
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6 Further discussion
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From the above numerical results, we can tell that the real traffic distribution is
closer to the system optimal result. Inthis small topology and the assumption of the
latency function of each link, the effect of selfish routing isnot severe(aisverysmall).

e From these results, my conjecture is that if we can use some non-linear pro-
gramming model (corresponding to the system optimization formulation of
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network traffic distribution) instead of the linear programming model de-
scribed in [5], we may get a better method to estimate traffic matrix.

e The simple formulation above is not scalable. This formulation has expo-
nential O(n?) number of variables. For example, the 14 nodes topology in
[5] in this formulation will have 64768 variables and 234 equations, which
means A will be 234 by 65768 matrix. It will take along time for the matlab
program to converge under a good initial guess. | think we may need to use
an equivalent compact formulation (with decision variables only on edges
and explicit conservation constraints) to do further experiment, that would
only have polynomia many variables and constraints as pointed out by [1].

e All the source code and readme file describing the solver can be found at
http:// ww. cs. yal e. edu/ ~zhengma/ cs690.
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