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Abstract

It is w ell kno wn that the consensus problem cannot b e solv ed de-

terministically in an async hronous en vironmen t, but that randomized

solutions are p ossible. W e prop ose a new mo del, called noisy sche dul-

ing , in whic h an adv ersarial sc hedule is p erturb ed randomly , and sho w

that in this mo del randomness in the en vironmen t can substitute for

randomness in the algorithm. In particular, w e sho w that a simpli�ed,

deterministic v ersion of Chandra's w ait-free shared-memory consensus

algorithm (PODC, 1996, pp. 166{175) solv es consensus in time at most

logarithmic in the n um b er of active pro cesses. The pro of of termination

is based on sho wing that a race b et w een indep enden t dela y ed renew al

pro cesses pro duces a winner quic kly . In addition, w e sho w that the

proto col �nishes in constan t time using quan tum and priorit y-based

sc heduling on a unipro cessor, suggesting that it is robust against the

c hoice of mo del o v er a wide range.

1 In tro duction

P erhaps the single most dramatic result in the theory of distributed com-

puting is Fisc her, Lync h, and P aterson's pro of of the imp ossibilit y of deter-

ministic consensus in an async hronous en vironmen t with failures [22]. This

result and its extensions [20, 27] sho w that the consensus problem, in whic h

a group of pro cesses m ust collectiv ely agree on a bit, cannot b e solv ed deter-

ministically in an async hronous message-passing or shared-memory mo del
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if an unrestricted adv ersary con trols sc heduling. Solutions to the shared-

memory v ersion of this fundamen tal problem ha v e th us tak en the approac h

of restricting the adv ersary , either b y allo wing randomization that limits

the adv ersary's kno wledge [1, 6, 8, 10, 12, 13, 15{ 17, 30] or b y imp osing timing

constrain ts that limit the adv ersary's con trol [3, 20, 21]. As a corollary to

gran ting less p o w er to the adv ersary , these solutions often in v olv e gran ting

more p o w er to the algorithm, in the form of the abilit y to obtain random

bits or explicitly dela y steps. By using these additional p o w ers an algorithm

can escap e the FLP b ound and reac h agreemen t.

These additional p o w ers come at a cost. Randomization alone is not

p o w erful enough to allo w sublinear consensus proto cols [7], so e�cien t ran-

domized solutions ha v e required additional constrain ts on the abilit y of the

adv ersary to observ e the argumen ts to op erations and the con ten ts of unread

memory lo cations [12, 13, 16]. These algorithms carefully manage common

p o ols of unread random bits for future use, a clev er but o dd-lo oking prac-

tice that is justi�ed primarily b y the sp eci�c details of the mo del. The

dela y-based algorithm of [3] is less con v oluted, but still dep ends on using

explicit dela ys that at the minim um require that a pro cess has the p o w er to

in v ok e them and at w orst ma y add unnecessary dela y when few pro cesses

participate.

As an alternativ e to designing an algorithm sp eci�cally to exploit the

w eaknesses of a particular adv ersary mo del, w e consider the approac h of

using a simple algorithm that guaran tees agreemen t but relies on go o d luc k

to terminate. Our lean-consensus algorithm, describ ed in Section 4, is

obtained b y remo ving all of the randomized parts of a similar algorithm due

to Chandra [16]. The essen tial idea (whic h is the core of man y consensus

proto cols in the literature) is to stage a race b et w een those pro cesses that

prefer 0 and those that prefer 1, with the rule that if a slo w pro cess sees

that faster pro cesses are all in agreemen t it adopts their common preference.

The race is implemen ted using t w o arra ys of atomic read/write bits. The

algorithm terminates when the fastest pro cesses are all in agreemen t and

can decide on their preferred v alue safely , kno wing that other pro cesses will

adopt the same preference b efore they catc h up. As sho wn in Section 5,

this mec hanism is enough to ensure that if an y one pro cess decides then all

other pro cesses so on decide on the same v alue, no matter ho w the adv ersary

arranges the sc hedule.

In e�ect, the race framew ork allo ws the pro cesses to detect agreemen t

once it o ccurs. But unlik e other consensus algorithms, lean-consensus

mak es no attempt to ca jole the pro cesses in to reac hing agreemen t| it relies

en tirely on the hop e that some pro cess ev en tually pulls ahead of the others.

2



In order to dash this hop e, the adv ersary m ust exercise enough con trol to

ensure that the fastest pro cesses run in lo c kstep. W e b eliev e that in man y

natural system mo dels it will b e di�cult for the adv ersary to exercise this

m uc h con trol.

One suc h mo del is what w e call the noisy sche duling mo del, describ ed

in Section 3.1. In this mo del, the adv ersary prop oses a sc hedule that sp ec-

i�es the order in whic h read and write op erations o ccur, but this sc hedule

is p erturb ed b y random noise dra wn from some arbitrary non-constan t dis-

tribution. This noise corresp onds to random factors in a system that migh t

not b e strongly correlated with the algorithm's b eha vior, suc h as net w ork

dela ys, clo c k sk ew, or bus or memory con ten tion.

W e sho w in Section 6 that, in the noisy sc heduling mo del, lean-consensus

terminates with exp ected �(log n ) w ork p er pro cess, where n is the n um b er

of activ e pro cesses. This result is distribution-indep enden t, in the sense that

the algorithm's asymptotic p erformance do es not dep end on the noise dis-

tribution in the mo del (though the constan t factor do es), and it holds ev en

if pro cesses are sub ject to random halting failures. Because the algorithm's

p erformance dep ends only on the n um b er of pro cesses actually executing

the proto col and not on the total n um b er of pro cesses in the system, it is

adaptive in the sense of [11], whic h implies it is fast in the sense of [2, 26].

Th us it is w ell-suited to situations where only one or a few pro cesses attempt

to run the algorithm at the same time.

Our noisy sc heduling mo del is similar to the mo del used b y Gafni and

Mitzenmac her [23] in their analysis of m utual exclusion proto cols with ran-

dom timing, but is extended to include constan t dela ys inserted b y the

adv ersary in addition to random dela ys. Another source of inspiration is

Koutsoupias and P apadimitriou's di�use adversary [25], whic h c ho oses a dis-

tribution o v er executions in whic h no branc h at an y decision p oin t can o ccur

with probabilit y more than some �xed � . Our mo del is not the �rst in whic h

an adv ersary c ho oses parameters for a sto c hastic pro cess that then con-

trols sc heduling; a sophisticated mo del of this t yp e, based on async hronous

PRAMs, has b een prop osed b y Cole and Za jicek [19].

T o giv e supp ort to our in tuition that man y p ossible restrictions on the

adv ersary mak e lean-consensus w ork, w e also consider what happ ens with

a h ybrid quan tum and priorit y-based sc heduler on a unipro cessor, follo wing

the approac h of [5]. (The details of this mo del, whic h subsumes b oth quan-

tum sc heduling and priorit y-based sc heduling, are sk etc hed in Section 3.2.)

W e sho w in Section 7 that lean-consensus terminates in O (1) steps in

the h ybrid-sc heduling mo del, as long as the quan tum is at least 8. The

restriction to a unipro cessor is necessary b ecause [5] sho ws that no deter-
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ministic algorithm can solv e consensus with m ultiple pro cessors, ev en with

h ybrid sc heduling, without using stronger primitiv es than atomic read/write

registers.

Our basic consensus algorithm requires in�nitely long arra ys. Ob viously

this is undesirable in a real system. In order to b ound the required space,

w e adopt a tec hnique from [16] and cut o� the algorithm after consuming

O (log

2

n ) bits of space, using the preference eac h undecided pro cess has at

that p oin t as input to a more exp ensiv e, b ounded-memory consensus algo-

rithm satisfying the v alidit y prop ert y .

1

Since the more exp ensiv e algorithm

is only run with lo w probabilit y , its higher costs do not increase the ex-

p ected time for the algorithm as a whole b y more than a small constan t

factor. Details are giv en in Section 8.

Section 9 describ es some sim ulation results that sho w that the constan t

factors in the noisy sc heduling analysis are in fact quite small for plausi-

ble noise distributions, suggesting that the go o d theoretical p erformance

of lean-consensus migh t actually translate in to fast execution in a real

system.

In Section 10, w e suggest a n um b er of directions in whic h the curren t

w ork could b e extended, including extensions to the noisy sc heduling mo del.

One in teresting p ossibilit y is the inclusion of adaptiv e crash failures. W e

argue brie
y that b ecause lean-consensus reco v ers quic kly from suc h fail-

ures, it terminates in at most O ( f log n ) w ork p er pro cess ev en if up to f

pro cesses fail. Ho w ev er, there remains an in teresting op en question whether

noisy sc heduling is enough to get O (log n ) p erformance ev en with �( n ) crash

failures.

2 The Consensus Problem

In the binary c onsensus pr oblem , a group of n pro cesses, p ossibly sub ject to

halting failures, m ust agree on a bit.

2

A c onsensus pr oto c ol is a distributed

algorithm in whic h eac h non-fault y pro cess starts with an input bit and

ev en tually terminates b y deciding on an output bit. It m ust satisfy the

follo wing three conditions with probabilit y 1:

1

An early example of this approac h is found in the b ounded-rounds randomized Byzan-

tine agreemen t proto col of Goldreic h and P etrank [24], whic h switc hes from a randomized

to a deterministic proto col if the randomized proto col do es not terminate quic kly enough.

2

Some authors consider the stronger problem of id c onsensus , in whic h the decision

v alue is the id of some activ e pro cess. In man y cases, id consensus can b e solv ed in

a natural w a y using a (lg n )-depth tree of binary consensus proto cols; examples of this

approac h can b e found in [12, 16].

4



� A gr e ement. All non-fault y pro cesses decide on the same bit.

� T ermination. All non-fault y pro cesses �nish the proto col in a �nite

n um b er of steps.

� V alidity. If all pro cesses start with the same input bit, all non-fault y

pro cesses decide on that bit.

3

3 Mo del

W e assume a shared-memory system consisting of an un b ounded n um b er of

pro cesses that comm unicate only through shared atomic read/write regis-

ters. W e use the usual in terlea ving mo del, in whic h op erations are assumed

to o ccur in a sequence �

1

; �

2

; : : : , and in whic h eac h read op eration returns

the v alue of the last previous write to the same lo cation. The order in whic h

op erations o ccur is determined b y a sto c hastic pro cess that is partially un-

der the con trol of an adv ersary (Section 3.1), or directly b y the adv ersary

sub ject to certain regularit y constrain ts (Section 3.2).

3.1 Noisy Sc heduling

In the noisy sche duling mo del, w e assume that the adv ersary sp eci�es when

op erations o ccur (sub ject to an upp er b ound on the time b et w een successiv e

op erations b y the same pro cess), but that this sp eci�cation is p erturb ed b y

random noise.

F ormally , the adv ersary c ho oses:

1. An arbitrary starting time �

i 0

for eac h pro cess p

i

,

2. A non-negativ e dela y �

ij

b et w een pro cess p

i

's ( j � 1)-th and j -th

op erations, b ounded b y some �xed constan t M , and

3. A �xed common distribution F

�

of the random dela y added to eac h

t yp e of op eration � (e.g., read or write). If pro cess p

i

's j -th op eration

is of t yp e � , it su�ers an additional dela y X

ij

whose distribution is F

�

.

There is no restriction on the c hoice of the F

�

, except that they m ust

3

Some de�nitions of consensus replace the v alidit y condition with a w eak er non-

triviality condition that sa ys that there m ust exist executions in whic h di�eren t decision

v alues o ccur.
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not b e concen trated on a p oin t and m ust pro duce only non-negativ e

v alues X

ij

.

4

The time of pro cess p

i

's j -th op eration is giv en b y

S

ij

= �

i 0

+

j

X

k =1

( �

ik

+ X

ik

) :

Since w e are using in terlea ving seman tics, the e�ect of executing t w o

op erations at exactly the same time is not w ell-de�ned. T o a v oid ill-de�ned

executions, w e imp ose the additional tec hnical constrain t on the adv ersary's

c hoices that the probabilit y that an y t w o op erations o ccur sim ultaneously

m ust b e zero. This is automatic if, for example, the noise distributions F

�

are con tin uous. Alternativ ely , it can b e arranged b y dithering the starting

times of eac h pro cess b y some small epsilon. This tec hnical constrain t do es

not qualitativ ely c hange our results.

Belo w w e discuss the unfairness of noisy sc heduling and extensions to

allo w random failures.

3.1.1 Unfairness

The upp er b ound on the �

ij

and the common distribution on the X

ij

migh t

suggest that the noisy sc heduling mo del pro duces fair sc hedules. This is not

en tirely true for su�cien tly pathological distributions.

Theorem 1 Ther e exists a choic e of F

�

and �

ij

such that for any distinct

pr o c esses p

i

and p

i

0

, and any op er ation j , the exp e cte d numb er of op er ations

p

i

0

c ompletes b etwe en p

i

's j -th and ( j + 1) -th op er ations is in�nite.

Pro of: Set eac h F

�

so that X

ij

tak es on the v alue 2

k

2

with probabilit y

2

� k

for k = 1 ; 2 ; : : : . F or simplicit y , let us supp ose that �

ij

= 0 for j > 0.

W e will also assume that A and B execute no op erations b efore time 0.

Let X b e the n um b er of op erations completed b y p

i

0

b et w een S

ij

and

S

i;j +1

. W e will sho w that the exp ectation of X is in�nite conditioned on the

v alue of t = d S

ij

e (the ceiling is so that w e ha v e coun tably man y cases).

The idea is this: for eac h k w e ha v e probabilit y 2

� k

that S

i;j +1

�

X

i;j +1

= 2

k

2

. Condition on this ev en t o ccurring for some particular k and

consider ho w man y op erations p

i

0

m ust execute to reac h time 2

k

2

. Either

(a) one of these op erations tak es time 2

k

2

or more (with probabilit y 2

� k +1

4

In fact, the F

�

distributions can b e quite bizarre; it is not required, for example, that

the X

ij

ha v e �nite exp ectation.
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p er op eration); or (b) a total of at least 2

2 k � 1

faster op erations, eac h of

whic h tak es at most 2

( k � 1)

2

time, m ust o ccur. If w e w ait only for ev en t (a),

w e exp ect to see 2

k � 1

op erations; to get the actual exp ected n um b er, w e

m ust subtract o� the exp ected n um b er of op erations un til (a) o ccurs after

(b) o ccurs (2

k � 1

again) m ultiplied b y the probabilit y that (b) o ccurs. This

latter probabilit y is at most (1 �

1

2

k � 1

)

2 k � 1

, whic h go es to e

� 2

in the limit

as k gro ws; it follo ws that p

i

0

executes 
(2

k

) op erations on a v erage b efore

time 2

k

2

. Of these, at most t= 2 can o ccur b efore time S

ij

, so if k � lg t , w e

ha v e 
(2

k

) op erations on a v erage b et w een t and 2

k

2

, and th us also b et w een

S

ij

and S

i;j +1

, since S

ij

� t < 2

k

2

� S

i;j +1

.

T o get the full result, w e m ust remo v e t w o la y ers of conditioning. First

compute the exp ectation conditioned only on t b y summing 2

� k


(2

k

) for

eac h of the in�nitely man y su�cien tly large k . It is not di�cult to see that

this sum div erges and the exp ectation is in�nite. Summing o v er all v alues

of t do esn't mak e it an y less in�nite, and w e are done.

3.1.2 F ailures

W e can extend the noisy sc heduling mo del to allo w halting failures. F or eac h

i and eac h j > 0 let H

ij

= 1 if pro cess p

i

halts b efore its j -th op eration

and 0 otherwise. De�ne

S

0

ij

= �

i 0

+

j

X

k =1

(�

ik

+ X

ik

+ H

ik

) ;

with the usual con v en tion for the extended real line that x + 1 = 1 + x = 1

for an y �nite x . If S

0

ij

= 1 , p

i

's j -th op eration do es not o ccur.

W e do not include failures in the noise distributions F

�

b ecause these

distributions do not dep end on n , and a constan t probabilit y of failure w ould

mean that all pro cesses die after O (log n ) steps. Instead, w e assume that

failures o ccur indep enden tly with probabilit y h ( n ) p er op eration, where h is

some function c hosen b y the adv ersary . The e�ect of stronger failure mo dels

is discussed in Section 10.

3.2 Quan tum and Priorit y-Based Sc heduling

Our in tuition is that lean-consensus should p erform w ell in an y setting

that prev en ts lo c kstep executions. One suc h setting is the h ybrid-sc heduled

unipro cessor mo del of [5], whic h com bines the priorit y-based sc heduling

mo del of [29] with the quan tum-based sc heduling mo del of [4]. In this mo del,
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pro cesses are assumed to b e time-sharing a unipro cessor under the con trol

of a pre-emptiv e sc heduler. Eac h pro cess has a priorit y , and a pro cess ma y

b e pre-empted at an y time b y a pro cess of higher priorit y . A pro cess ma y

only b e pre-empted b y a pro cess of the same priorit y if it has exhausted

its quantum , a minim um n um b er of op erations it m ust complete b et w een

the time it w ak es up and the time at whic h it b ecomes vulnerable to pre-

emption. There is no requiremen t that a pro cess start the proto col at the

b eginning of a quan tum; it ma y ha v e used up some or all of its quan tum

p erforming other w ork b efore starting the proto col. W e do not consider fail-

ures in the h ybrid-sc heduling mo del; instead, a pro cess ma y b e arbitrarily

dela y ed sub ject to the constrain ts on the sc heduler.

4 The lean-consensus Algorithm

In this section, w e describ e the lean-consensus algorithm. The algorithm

is v ery simple, b ecause w e are relying on randomness in the en vironmen t

to guaran tee termination and th us the algorithm itself m ust only guaran tee

correctness and pro vide the opp ortunit y for the underlying system to quic kly

jostle it in to a decision state. Structurally , it is essen tially iden tical to the

m ulti-writer register consensus proto col of Chandra [16] with the shared

coins remo v ed, lea ving only the implemen tation from m ulti-writer bits of

the \racing coun ters" tec hnique that has b een used in man y shared-memory

consensus proto cols. It also b ears some similarities to the Time-Adaptiv e

Consensus algorithm of Alur et al. [3] with the dela ys remo v ed.

A t eac h step of the algorithm, eac h pro cess pr efers either 0 or 1 as its

decision v alue. The con
ict b et w een the 0-preferring pro cesses and the 1-

preferring pro cesses is settled b y a race implemen ted using t w o arra ys a

0

and

a

1

of atomic read/write bits, eac h initialized to zero. Eac h pro cess carries

out a sequence of rounds, eac h consisting of a �xed sequence of op erations.

During round r , a pro cess that prefers b marks lo cation a

b

[ r ] with a one and

lo oks to see if either (a) it has fallen b ehind its riv als who prefer (1 � b ),

in whic h case it abandons its former preference and joins the winning team,

or (b) it and its fello ws ha v e sp ed far enough ahead of an y riv al pro cesses

that they can safely decide b kno wing that those riv als will giv e up and join

the b team b efore they catc h up. The algorithm �nishes fastest when the

pac k of pro cesses disp erses quic kly , so that a clear winner emerges as early

as p ossible.

Let us lo ok more closely at the details of the algorithm. A pro cess with

input b sets its preference p to b and its round n um b er r to 1. (W e sa y that
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a pro cess is at r ound r if its round n um b er is set to r ; pro cesses th us start

at round 1.) It then rep eatedly executes the follo wing sequence of steps. T o

simplify the description of the algorithm, w e assume that while a

0

and a

1

are

initialized to zero es, they are pre�xed with (e�ectiv ely read-only) lo cations

a

0

[0] and a

1

[0], b oth set to 1.

1. Read a

0

[ r ] and a

1

[ r ]. If for some b , a

b

[ r ] is 1 and a

1 � b

[ r ] is 0, set p to

b .

2. W rite 1 to a

p

[ r ].

3. Read a

1 � p

[ r � 1]. If this v alue is 0, decide p and exit.

4. Otherwise, set r to r + 1 and rep eat.

Note that in eac h round the pro cess carries out exactly four op erations

in the same sequence: t w o reads, a write, and another read. It is tempting

to optimize the algorithm b y eliminating the write when it is already eviden t

from the previous step that a

p

[ r ] is set or eliminating the last read when it

can b e deduced from the v alue of a

1 � p

[ r ] that a

1 � p

[ r � 1] is set. Ho w ev er,

this optimization reduces the w ork done b y slo w pro cesses (whom w e'd lik e

to ha v e fall still further b ehind) while main taining the same p er-round cost

for fast pro cesses (whom w e'd lik e to ha v e pull ahead). So w e m ust para-

do xically carry out op erations that migh t app ear to b e sup er
uous in order

to minimize the actual total cost.

5 Agreemen t and V alidit y

If w e ignore the termination requiremen t, the correctness of the algorithm

do es not dep end on the b eha vior of the sc heduler. The follo wing t w o lemmas

sho w that the v alidit y and agreemen t prop erties hold whenev er the algorithm

terminates. The pro ofs are v ery similar in spirit to those of Lemmas 1-4

in [16].

Lemma 2 No pr o c ess sets a

b

[ r ] unless (a) r = 1 and b is an input value,

or (b) r > 1 and a

b

[ r � 1] has alr e ady b e en set.

Pro of: Consider the �rst pro cess P that sets a

b

[ r ]. Then P do es not

read 1 from a

b

[ r ] at round r and do es not c hange its preference during round

r . If r = 1, P 's preference equals its input, establishing case (a); if r > 1, P

m ust ha v e set a

b

[ r � 1] at round r � 1, establishing case (b).
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Lemma 3 If every pr o c ess starts with the same input bit b , every pr o c ess

de cides b after exe cuting 8 op er ations.

Pro of: F rom Lemma 2, if no pro cess has input 1 � b , no pro cess ev er

sets a

1 � b

[1]. It follo ws that ev ery pro cess sees a zero in a

1 � b

[1] at round 2

and decides b .

Lemma 4 If some pr o c ess de cides b at r ound r , then (a) no pr o c ess ever

writes a

1 � b

[ r ] , and (b) every pr o c ess de cides b at or b efor e r ound r + 1 .

Pro of: Let P decide b at round r . W e will sho w that this implies that

no pro cess ev er sets a

1 � b

[ r ].

Supp ose some pro cess sets a

1 � b

[ r ]; let Q b e the �rst suc h pro cess. Be-

cause Q is the �rst pro cess to set a

1 � b

[ r ], it m ust read a 0 from a

1 � b

[ r ] at

the start of round r . Th us Q can only set a

1 � b

[ r ] if it already prefers 1 � b at

the start of round r , implying that it set a

1 � b

[ r � 1] during round r � 1; and

if it reads a 0 from a

b

[ r ] at the start of round r , prev en ting it from c hanging

its preference after seeing a 0 in a

1 � b

[ r ]. But Q 's read of a

b

[ r ] o ccurs after

Q 's write to a

1 � b

[ r � 1], whic h o ccurs after P 's read of a

1 � b

[ r � 1] at round

r (b ecause P reads 0), whic h in turn o ccurs after P 's write to a

b

[ r ]. Th us

Q reads 1 from a

b

[ r ], and c hanges its preference to b at round r . This con-

tradicts our assumption that Q is the �rst to set a

1 � b

[ r ]. It follo ws that if

an y pro cess decides b in round r , no pro cess sets a

1 � b

[ r ].

Since no pro cess sets a

1 � b

[ r ], an y pro cess that reac hes round r + 1 m ust

set a

b

[ r + 1] (b y Lemma 2), and will decide b after reading 0 from a

1 � b

[ r ].

Th us no pro cess runs past round r + 1 without deciding b .

T o sho w agreemen t in earlier rounds, let P

0

decide b

0

at round r

0

� r .

By the preceding argumen t, if P

0

decides b

0

at round r

0

, then no pro cess sets

a

1 � b

0

[ r

0

] and th us (b y Lemma 2 again) no pro cess sets a

1 � b

0

[ r ]. But since P

sets a

b

[ r ], w e m ust ha v e b

0

= b .

6 T ermination with Noisy Sc heduling

In this section, w e sho w that lean-consensus terminates in �(log n ) rounds

with noisy sc heduling and random failures. (This analysis includes the core

mo del without random failures as w ell, since the adv ersary can alw a ys c ho ose

h ( n ) = 0.) W e sho w that either all pro cesses die (in whic h case w e treat the

algorithm as terminating in the last round in whic h some pro cess tak es a

step), or some group of pro cesses with a common preference ev en tually gets

10



t w o rounds ahead of the other pro cesses. T o a v oid analyzing the details of

ho w pro cesses shift preferences, w e will sho w the ev en stronger result that

unless all pro cesses die, a single pro cess ev en tually gets t w o rounds ahead

of the other pro cesses.

T o simplify the argumen t, w e abstract a w a y from the individual sequence

of op erations in eac h round and lo ok only at the times at whic h rounds are

completed. W e can th us assume that the adv ersary pro vides a single noise

distribution F (corresp onding to the distribution of the sum of the dela ys on

three reads and one write) and that the v alues �

ij

, X

ij

, and H

ij

pro vide the

dela y not on the j -th op er ation but on the j -th r ound . Since this abstraction

merely in v olv es summing together the underlying v ariables on op erations, it

do es not reduce the adv ersary's con trol o v er the proto col. W e will scale M

appropriately so that it is still the case that 0 � �

ij

� M when j > 0.

Using this approac h, the incremen t �

ij

+ X

ij

+ H

ij

is the time tak en

for pro cess i to mo v e from the end of round j � 1 to the end round j .

The constan t �

i 0

represen ts the pro cess's starting time, and S

0

ir

= �

i 0

+

P

r

j =1

(�

ij

+ X

ij

+ H

ij

) giv es the time at whic h the pro cess �nishes round r .

A pro cess i wins the race with a lead of c rounds at round r + c if it �nishes

round r + c b efore an y other pro cess �nishes round r , i.e., if S

0

i;r + c

� S

0

i

0

;r

for all i

0

6= i .

W e w ould lik e to sho w a b ound on ho w the exp ected round at whic h some

pro cess wins b y c scales as a function of the n um b er of pro cesses n , k eeping c ,

M , and F �xed. This b ound is giv en in Corollary 11 b elo w. W e will assume

that h ( n ) = o (1), as otherwise all pro cesses die after O (log n ) rounds on

a v erage. The pro of pro ceeds in t w o steps: �rst w e sho w that for any r

whic h some pro cess �nishes with at least constan t probabilit y , there exists

a critical time t that giv es at least a constan t probabilit y that S

0

ir

� t for

exactly one i . W e then sho w that if r is large enough, Pr[ S

0

i;r + c

� t j S

0

ir

� t ]

is also at least a constan t. It then follo ws that the probabilit y that S

0

i;r + c

� t

while S

0

i

0

r

> t for an y i

0

6= i is at least the pro duct of these t w o constan ts

and the constan t probabilit y that p

i

is not killed b et w een rounds r and r + c .

Th us after a constan t n um b er of phases eac h consisting of r + c rounds w e

exp ect some pro cess to win.

6.1 Existence of a winner

In this section, w e build up the to ols needed to sho w that for eac h round

there exists a �xed time at whic h there is lik ely to b e a unique winner.
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Lemma 5 L et A

1

; : : : ; A

n

b e indep endent events. If the pr ob ability that no

A

i

o c curs is x , wher e x is not zer o, then the pr ob ability that exactly one A

i

o c curs is at le ast � x ln x .

Pro of: Let q

i

b e the probabilit y that A

i

do es not o ccur. The probabil-

it y x that no A

i

o ccurs is the pro duct of the q

i

. Since x is nonzero, eac h q

i

m ust also b e nonzero. The probabilit y that exactly one A

i

o ccurs is giv en

b y

 

n

Y

i =1

q

i

!

n

X

i =1

1 � q

i

q

i

= x

n

X

i =1

�

1

q

i

� 1

�

= x

 

� n +

n

X

i =1

1

q

i

!

: (1)

Let G b e the geometric mean of the q

i

and let H b e their harmonic

mean. By the theorem of the means, G > H . Observ e that G = x

1 =n

and

n

X

i =1

1

q

i

= n=H > n=G = nx

� 1 =n

= n exp

�

�

ln x

n

�

� n

�

1 �

ln x

n

�

= n � ln x:

Plugging this inequalit y in to (1) giv es the result.

Supp ose X

1

; : : : ; X

n

are random times. The follo wing lemma sho ws that

under certain conditions there exists a constan t time t

0

, suc h that, with

constan t probabilit y , at most one of the X

i

is less than t

0

:

Lemma 6 L et X

1

; : : : ; X

n

b e indep endent r andom variables such that for

al l �nite values t and al l distinct i; j , the pr ob ability that X

i

= X

j

= t is

zer o. Then either Pr[ 8 iX

i

= 1 ] is gr e ater than e

� 1

or ther e exists t

0

such

that the pr ob ability that exactly one of the X

i

is less than or e qual to t

0

is

at le ast 1 = 5 .

Pro of: F or eac h t , let q

i

( t ) b e the probabilit y that X

i

is not less than

or equal to t . Let q ( t ) =

Q

n

i =1

q

i

( t ) b e the probabilit y that none of the

X

i

are less than or equal to t . Note that eac h q

i

( t ) is a decreasing righ t-

con tin uous left-limited function with lim

t !�1

q

i

( t ) = 1 and lim

t !1

q

i

( t ) =

Pr[ X

i

= 1 ]. Similarly , q ( t ) =

Q

i

q

i

( t ) is righ t-con tin uous, left-limited, and

has lim

t !�1

q ( t ) = 1 and lim

t !1

q ( t ) = Pr[ 8 iX

i

= 1 ].

Supp ose that this latter quan tit y is less than or equal to e

� 1

. (If not,

the �rst case of the lemma holds.) Then for some �nite t , q ( t ) � e

� 1

. Let

t

0

b e the least suc h t .

12



No w supp ose q ( t

0

) � e

� 2

. Then, b y Lemma 5, the probabilit y that

exactly one X

i

is less than or equal to t

0

is at least 2 e

� 2

� 0 : 27 : : : .

Otherwise, w e ha v e q ( t

0

) < e

� 2

but q ( t

0

� ) = lim

t ! t

0

�

q ( t ) > e

� 1

. (W e

are using the usual con v en tion that f ( x � ) denotes the left limit of f at

x .) This discon tin uit y m ust corresp ond to a discon tin uit y in q

i

for some

i . A t most one q

i

has a discon tin uit y at t

0

, b y the assumption that the

probabilit y that distinct X

i

, X

j

b oth equal t

0

is zero. Hence, for all j 6= i

w e ha v e q

j

( t

0

� ) = q

j

( t

0

) and th us q

i

( t

0

� ) =q

i

( t

0

) = q ( t

0

� ) =q ( t

0

) � e

� 1

.

Since q

i

( t

0

� ) � 1, it follo ws immediately that q

i

( t

0

) � e

� 1

and th us

the probabilit y that X

i

is less than or equal to t

0

is at least 1 � e

� 1

.

No w the probabilit y that no other X

j

is less than or equal to t

0

is at

least q ( t

0

) =q

i

( t

0

) � q ( t

0

� ) > e

� 1

. Since the v ariables are indep enden t,

the probabilit y that only X

i

is less than or equal to t

0

is th us at least

(1 � e

� 1

) e

� 1

� 0 : 23 : : : .

6.2 Size of the lead

In this section, w e sho w that if enough rounds ha v e passed, a pro cess that is

lik ely to b e ahead of the others is in fact lik ely to b e sev eral rounds ahead.

The pro of is somewhat complicated b y the lac k of restrictions on the noise

distribution, but the follo wing lemma sho ws ho w the Strong La w of Large

Num b ers can b e used to smo oth the noise terms out a bit.

Lemma 7 L et X

1

; X

2

; : : : b e �nite non-ne gative indep endent identic al ly dis-

tribute d r andom variables whose c ommon distribution is not c onc entr ate d

on a p oint. De�ne S

n

=

P

n

i =1

X

i

. F or any c , ther e exist n; t such that

Pr[ S

n

< t ] <

1

2

but Pr[ S

n

< t � c ] > 0 .

Pro of: Let us �rst consider the case where X

i

has a �nite exp ectation

m . Then the Strong La w of Large Num b ers sa ys that S

n

=n con v erges to m

in the limit with probabilit y 1. So for an y � > 0, the probabilit y that S

n

is

less than m � � go es to zero and th us drops b elo w 1 = 2 for all n greater than

some n

0

.

Let t

n

= n ( m � � ). As long as n > n

0

, w e ha v e Pr [ S

n

< t ] <

1

2

. No w

supp ose that Pr[ S

n

< t

n

� c ] = 0 whenev er n > n

0

. Since the X

i

are

indep enden t, this ev en t can only o ccur if for eac h X

i

, X

i

<

t

n

� c

n

= m � � �

c

n

with probabilit y 0. T aking the union of coun tably man y suc h bad ev en ts

for eac h rational � and eac h n > n

0

sho ws that the ev en t X

i

< m , also

has probabilit y 0. It follo ws that X

i

� E [ X

i

] almost surely and th us the

distribution of X

i

is concen trated on E [ X

i

], a con tradiction.
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If X

i

do es not ha v e a �nite exp ectation, then S

n

=n gro ws without b ound

with probabilit y 1 (see the corollary to Theorem 22.1 in [14]). So for an y

x , there exists n

0

, suc h that Pr [ S

n

=n < x ] <

1

2

for n > n

0

. W e rep eat

the ab o v e analysis for t = nx ; if Pr[ S

n

< t � c ] = 0 for all suc h t , w e get

X

i

� x �

c

n

almost surely , implying X

i

exceeds an y �nite b ound x . Again,

a con tradiction.

Once the noise terms ha v e b een smo othed, it is not hard to sho w that

they ev en tually accum ulate enough to push a winner ahead:

Lemma 8 Fix c > 0 . L et X

1

; X

2

; : : : b e �nite indep endent identic al ly dis-

tribute d r andom variables such that ther e exists a thr eshold t

0

for which

Pr[ X < t

0

] <

1

2

but Pr [ X < t

0

� c ] = �

0

> 0 . De�ne S

n

=

P

n

i =1

X

i

.

Then for any � > 0 , ther e exists an n = O (log (1 =� )) , such that for any

t , Pr [ S

n

< t ] > � implies Pr[ S

n

< t � c j S

n

< t ] >

1

7

�

0

.

Pro of: Set n = 8(ln(1 =� ) + 1). Eac h X

i

has probabilit y at most 1 = 2 of

b eing less than t

0

, so a simple application of Cherno� b ounds sho ws that the

probabilit y that 3/4 or more of the X

i

are less than t

0

is at most e

� n= 8

= �=e .

W e will use this fact to argue that ev en when conditioning on S

n

< t ,

there is nearly one c hance in four that X

n

in particular is greater than t

0

.

In this case, S

n � 1

is less than t � t

0

and w e can use indep endence to replace

X

n

with a new v alue less than t

0

� c , giving a sum S

n

less than t � c , all

without reducing the probabilit y b y m uc h.

F ormally , w e ha v e the follo wing sequence of inequalities, eac h of whic h

is implied b y the previous one. Let Pr[ S

n

< t ] = p and supp ose p > � . Then

w e ha v e:

Pr [ S

n

< t ] = p

Pr[ S

n

< t ^ at least

1

4

of X

i

are greater than t

0

] > p � �=e

Pr[ S

n

< t ^ X

n

> t

0

] >

1

4

( p � �=e )

Pr[ S

n � 1

< t � t

0

] >

1

4

( p � �=e )

Pr[ S

n � 1

< t � t

0

^ X

n

< t

0

� c ] >

1

4

( p � �=e ) �

0

Pr[ S

n

< t � c ] >

1

4

( p � �=e ) �

0

Pr[ S

n

< t � c j S

n

< t ] >

1

4

( p � �=e ) �

0

=p

14



Since p > � , this last quan tit y is at least

1

4

(1 � 1 =e ) �

0

, whic h is in turn

greater than

1

7

�

0

.

W e can no w com bine Lemmas 7 and 8 in to the follo wing:

Lemma 9 L et X

1

; X

2

; : : : b e �nite non-ne gative indep endent identic al ly dis-

tribute d r andom variables whose c ommon distribution is not c onc entr ate d

on a p oint. De�ne S

n

=

P

n

i =1

X

i

. Fix c > 0 . Then ther e is a c on-

stant � , such that for any � > 0 , ther e exists n = O (log (1 =� )) , such that

Pr[ S

n

< t � c j S

n

< t ] > � whenever Pr[ S

n

< t ] > � .

Pro of: Use Lemma 7 to group the X

i

together in to partial sums

Y

i

=

P

in

0

+ n

0

j = in

0

+1

X

j

with the prop ert y that for some t Pr[ Y

i

< t ] <

1

2

but

Pr[ Y

i

< t � c ] = �

0

> 0. (Note that n

0

do es not dep end on � , so it disapp ears

in to the constan t factor.) Then apply Lemma 8 to sums of these Y

i

v ariables

to get the full result.

6.3 When the Race Ends

In this section, w e sho w that a race b et w een n indep enden t dela y ed renew al

pro cesses with b ounded added dela ys ends in O (log n ) rounds with at least

constan t probabilit y . In the follo wing section, w e translate this result, whic h

app ears as Corollary 11, bac k in to terms of the lean-consensus algorithm

to get Theorem 12.

Theorem 10 L et f X

ij

g , wher e i; j � 1 , b e a two-dimensional arr ay of �-

nite non-ne gative indep endent identic al ly distribute d r andom variables with

a c ommon distribution function F that is not c onc entr ate d on a p oint. L et

f �

ij

g , wher e i � 1 ; j � 0 , b e a two-dimensional arr ay of c onstants with

0 � �

ij

� M when j � 1 . L et f H

ij

g , wher e i; j � 1 , b e a two-dimensional

arr ay of indep endent r andom variables, e ach of which is e qual to 1 with

pr ob ability h ( n ) and 0 otherwise. De�ne

S

0

ir

= �

i 0

+

r

X

j =1

( �

ij

+ X

ij

+ H

ij

) :

Assume that for any �nite t , inte ger r , and i 6= j , Pr [ S

0

ir

= S

0

j r

= t ] = 0 .

L et c b e any inte ger c onstant gr e ater than 0 .

Then ther e exists a c onstant � > 0 , such that for any n , ther e exists

r = O (log n ) and t , such that

Pr

h

8 i S

0

ir

= 1 _

�

9 i � n : S

0

i;r + c

< t ^ 8 i

0

6= i; i

0

� n : S

0

i

0

r

> t

� i

> � :
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The c onstant factor in r = O (log n ) and the c onstant � may dep end on

c , F , M , and h ; but neither c onstant dep ends on n .

Pro of: Since eac h X

ij

is �nite with probabilit y 1, there exists some

constan t c

1

suc h that Pr [

P

r + c

j = r +1

X

ij

< c

1

] >

1

2

. Let T

ir

=

P

r

j =1

X

ij

and

let S

ir

= T

ir

+

P

r

j =0

�

ir

. Apply Lemma 9 to the sequence X

ij

with c =

cM + c

1

and � = n

� 2

to obtain r = O (log n ) and a constan t �

0

for whic h

Pr[ T

ir

< t � cM � c

1

j T

ir

< t ] > �

0

whenev er Pr [ T

ir

< t ] > n

� 2

. Adding the

missing constan t terms

P

r

j =0

�

ij

to T

ir

to get S

ir

is equiv alen t to subtracting

these same terms from eac h o ccurrence of t , so w e in fact ha v e Pr [ S

ir

<

t � cM � c

1

j S

ir

< t ] > �

0

whenev er Pr[ S

ir

< t ] > n

� 2

. This giv es us our

target round r .

No w apply Lemma 6 to S

0

ir

, for all i � n , to sho w that with probabilit y

at least 1 = 5 either 8 iS

0

ir

= 1 or there exists a time t

0

, suc h that there is a

unique winner i � n for whic h S

0

ir

is less than t

0

. Let us assume without loss

of generalit y that n is at least 6. Thro w out all cases where i has Pr[ S

0

ir

<

t

0

] � n

� 2

; this lea v es a probabilit y of at least 1 = 5 � 1 =n � 1 = 30 that (a) there

is a unique winner i , and (b) i satis�es the condition Pr[ S

0

ir

< t

0

] > n

� 2

,

implying Pr[ S

ir

= S

0

ir

< t

0

] > n

� 2

and th us Pr[ S

ir

< t

0

� cM � c

1

j S

ir

<

t

0

] > �

0

. So with probabilit y at least

1

30

�

0

, w e ha v e S

ir

< t

0

� cM � c

1

,

and th us with probabilit y at least

1

60

�

0

w e ha v e S

i;r + c

< S

ir

+ cM + c

1

=

S

0

ir

+ cM + c

1

< t

0

.

Supp ose that this ev en t holds. It is still p ossible for S

0

i;r + c

to b e in�nite

if

P

r + c

j = r +1

H

ij

= 1 . Call this ev en t I ; if Pr [ I ] = 1 � (1 � h ( n ))

c

>

1

120

�

0

,

then h ( n ) is b ounded b elo w b y a constan t and there exists r

0

= O (log n )

suc h that Pr [ 8 iS

0

ir

0

= 1 ] is at least a constan t. Alternativ ely , w e ha v e

Pr[ S

0

i;r + c

= S

i;r + c

< S

0

ir

+ cM + c

1

] > � =

1

120

�

0

: In either case, the theorem

holds.

Corollary 11 L et R b e the �rst r ound for which either

� Ther e exists i , such that S

0

i;R + c

< S

0

i

0

R

for al l i

0

6= i , or

� F or al l i , S

0

i;R + c

= 1 .

Under the c onditions of the pr e c e ding the or em,

E

[ R ] = O (log n ) , and, for

any k � 0 , Pr [ R > k ] � e

�b k =O (log n ) c

.

Pro of: Theorem 10 sa ys that the desired ev en t o ccurs with constan t

probabilit y � after a phase consisting of r = O (log n ) rounds. If it do es not

o ccur, w e can apply the theorem again to the subset of the i 's for whic h
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S

0

i;r + c

is �nite, starting with round r + c + 1 and setting the initial dela y �

i 0

to the v alue of S

0

i;r + c

from the previous phase.

On a v erage, at most 1 =� = O (1) suc h phases are needed, giving

E

[ R ] �

(1 =� ) r = O (log n ). F or the exp onen tial tail b ound, observ e that the proba-

bilit y that the algorithm runs for more than c phases of r rounds eac h is at

most (1 � � )

c

=

�

(1 � � )

1 =�

�

c�

�

�

e

� 1

�

c�

= e

� c�

. So the probabilit y that the

algorithm runs for more than k rounds is at most e

�b k =r c �

� e

�b k =O (log n ) c

.

6.4 When lean-consensus Ends

T ranslating Corollary 11 bac k in to terms of the lean-consensus algorithm

giv es:

Theorem 12 Under the noisy sche duling mo del with r andom failur es, start-

ing fr om any r e achable state in the lean-consensus algorithm in which the

lar gest r ound numb er of any pr o c ess is r , the algorithm running with n active

pr o c esses terminates by r ound r + r

0

, wher e r

0

has exp e cte d value O (log n )

and Pr [ r

0

> k ] � e

�b k =O (log n ) c

for any k � 0 .

Pro of: Apply Corollary 11 with c = 2 and the initial dela ys �

i 0

set to

the times at whic h eac h pro cess completes round r . This sho ws that after

R additional rounds, where

E

[ R ] = O (log n ) and Pr[ R > k ] � e

�b k =O (log n ) c

,

either some pro cess P �nishes some round s b efore an y other pro cess �nishes

round s � 2, or all pro cesses fail. In the �rst case, if P prefers b , it is the

only pro cess to ha v e written to a

b

[ s � 1] or a

1 � b

[ s � 1] b y the time it reads

a

1 � b

[ s � 1] as part of round s . Th us it reads a zero from a

1 � b

[ s � 1] and

decides. All other pro cesses decide at most one round later b y Lemma 4. W e

th us get r

0

� R + 1, and the single extra round disapp ears in to the constan t

factors.

It is not hard to see that an O (log n ) b ound is the b est p ossible, up to

constan t factors.

Theorem 13 Ther e exists a noise distribution F and a set of delays � such

that the lean-consensus algorithm r e quir es exp e cte d 
(log n ) r ounds in the

noisy sche duling mo del, even without failur es.

Pro of: Let all �

ij

= 0 for j > 0, and let F ha v e eac h op eration tak e

either 1 or 2 time units with equal probabilit y . Then an y single pro cessor

completes its �rst log n op erations in 1 time unit eac h with probabilit y 1 =n .
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T o a v oid sim ultaneous op erations, let �

i 0

b e some small distinct epsilon

v alue for eac h i .

Start n= 2 pro cesses with input 0 and n= 2 with input 1. The probabilit y

that there exists at least one 0-input pro cess and at least one 1-input pro cess

that b oth complete their �rst log n op erations in 1 time unit eac h is giv en

b y

 

1 �

�

1 �

1

n

�

n= 2

!

2

whic h go es to (1 � e

� 1 = 2

)

2

= �(1) in the limit as n gro ws. So there is

a constan t probabilit y that at least one pro cess with eac h input runs for

log n op erations without ev er c hanging its preference to that of a faster

pro cess with the opp osite preference, and w e get exp ected 
(log n ) rounds

of disagreemen t.

7 T ermination with Quan tum and Priorit y-Based

Sc heduling

In this section, w e consider the question of termination sub ject to h ybrid

quan tum and priorit y-based sc heduling on a unipro cessor. The required

quan tum size is 8 op erations; curiously , this is the same size required for

the sp ecialized algorithm giv en in [5]. W e see this coincidence as hin ting at

the p ossibilit y that all shared-memory consensus algorithms ma y ultimately

con v erge to a single ideal algorithm (though suc h an ideal algorithm, if it

exists, is probably not iden tical to lean-consensus ).

Theorem 14 When running lean-consensus in a hybrid-sche dule d sys-

tem with a quantum of at le ast 8 op er ations, every pr o c ess de cides after

exe cuting at most 12 op er ations.

Pro of: W e will sho w that at most one of a

0

[1] and a

1

[1] is set b efore

some pro cess �nishes round 2 and decides. Consider an execution in whic h

a

0

[1] and a

1

[1] are eac h set at some p oin t. Let P

0

and P

1

b e the �rst pro cesses

to set a

0

[1] and a

1

[1], resp ectiv ely . Neither P

0

nor P

1

can ha v e observ ed the

round-1 write of the other, or it w ould ha v e c hanged its preference. Th us

b oth pro cesses' round-1 reads of a

0

[1] and a

1

[1] m ust ha v e o ccurred b efore

either p erformed its round-1 write. Since w e are on a unipro cessor, this can

only o ccur if one of the pro cesses w as pre-empted b efore its write o ccurred.
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Assume without loss of generalit y that P

0

is this unluc ky pro cess. Since

P

0

is the �rst pro cess to write to a

0

[1], if w e can sho w that P

0

is not resc hed-

uled b efore some pro cess completes round 2, then that pro cess decides 1 (and

b y Lemma 4, all pro cesses ev en tually decide 1) as so on as it observ es a zero

in a

0

[1]. So w e need only sho w that P

0

is not resc heduled un til some other

pro cess completes eigh t op erations.

Let Q

1

b e the pro cess that pre-empts P

0

. A t the time of pre-emption,

Q

1

is at the start of a quan tum; it either �nishes eigh t op erations without

b eing pre-empted or is pre-empted b y a higher-priorit y pro cess Q

2

. But

Q

2

in turn can only b e pre-empted b efore completing its quan tum b y some

higher-priorit y pro cess Q

3

. After at most n suc h pre-emptions, w e run out of

higher-priorit y pro cesses, and the last pro cess runs to the end of its quan tum

and decides. Note that all of the pro cesses in this c hain (except p ossibly Q

1

)

ha v e a higher priorit y than P

0

and th us cannot b e equal to P

0

. It follo ws

that some pro cess �nishes round 2 b efore P

0

is resc heduled, and th us ev ery

pro cess decides 1 b y the end of round 3.

8 Bounded space lean-consensus

The lean-consensus algorithm as describ ed in Section 4 requires in�nite

space. In this section, w e describ e ho w to mo dify the algorithm to use

b ounded space. W e assume that w e ha v e a v ailable a b ackup pr oto c ol , whic h

is a b ounded-space consensus proto col that requires p olynomial w ork p er

pro cess (for example, the O ( n

4

) proto col in [6] w orks). W e will build a

proto col that com bines lean-consensus with the bac kup proto col in a

w a y that only uses the bac kup proto col rarely , so that its high cost adds

only a constan t to the O (log n ) cost of the com bined proto col.

Note that suc h a com bined proto col is not necessary in the mo del of Sec-

tion 7, as in that mo del w e only need space for 3 rounds of lean-consensus .

The com bined proto col op erates as follo ws:

1. Run lean-consensus through round r

max

.

2. A t round r

max

+ 1, switc h to the bac kup proto col, using the preference

at the end of round r

max

of lean-consensus as input to the bac kup

proto col.

If r

max

is large enough, most of the time w e will exp ect that lean-

consensus terminates b efore reac hing r

max

and the bac kup algorithm will

19



not b e used. But in the case where r

max

is reac hed (sa y , b ecause the sc hed-

uler is nastier than w e ha v e assumed), the bac kup algorithm guaran tees

termination using b ounded space and b ounded (but p ossibly v ery large)

exp ected time.

Theorem 15 F or any p olynomial-work c onsensus pr oto c ol chosen as a b ackup

algorithm and any noise distribution, ther e is a choic e of r

max

= O (log

2

n )

such that the c ombine d algorithm describ e d ab ove is a c onsensus pr oto c ol

that r e quir es O (log n ) exp e cte d op er ations p er pr o c ess and O (log

2

n ) bits in

the a

0

and a

1

arr ays.

Pro of: First let us sho w that the com bined algorithm solv es consensus.

V alidit y is immediate from Lemma 3; when all inputs are equal, w e nev er

get past round 2 and the com bined algorithm b eha v es iden tically to lean-

consensus . F or agreemen t, the only tric ky case is when some pro cesses

decide during lean-consensus and others decide during the bac kup proto-

col. But if some pro cess P decides b at or b efore round r , then b y Lemmas 2

and 4 no pro cess writes a

1 � b

[ r ] and ev ery pro cess that executes the bac kup

proto col has b as input. Th us the v alidit y condition for the bac kup proto col

implies that all pro cesses decide b .

No w let us sho w that there is a c hoice of r

max

that giv es the desired

p erformance b ound. Supp ose eac h pro cess �nishes the bac kup proto col in

O ( n

c

) exp ected op erations. By Theorem 12, there is a v alue T = O (log n )

suc h that the probabilit y that lean-consensus do es not �nish b y round k is

at most e

�b k =T c

. Setting r

max

= T � c � log n = O (log

2

n ), the bac kup proto col

is run with probabilit y at most e

� c log n

= n

� c

, and th us it con tributes at

most n

� c

O ( n

c

) = O (1) to the exp ected cost.

Finally , the size of the a

0

and a

1

arra ys is clearly equal to r

max

=

O (log

2

n ).

9 Sim ulation Results

Figure 1 giv es the results of sim ulating lean-consensus with v arious in-

terarriv al distributions. These sim ulations are of the mo del as describ ed in

Section 3.1; in particular it is assumed that all op erations tak e zero time

and that there are no con ten tion e�ects or sync hronization issues.

The X axis is plotted on a logarithmic scale and represen ts the n um b er

of pro cesses. The Y axis is plotted on a linear scale and represen ts the round

at whic h the �rst pro cess terminates (whic h ma y b e one less than the round
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Figure 1: Results of sim ulating lean-consensus with v arious in terarriv al

distributions.

at whic h the last pro cess terminates). Eac h p oin t in the graph represen ts an

a v erage termination round in 10,000 trials with the giv en distribution and

n um b er of pro cesses. The starting times for all pro cesses are the same except

for a small random epsilon, generated uniformly in the range (0 ; 10

� 8

). In

eac h case, half the pro cesses are started with input 0 and half with input 1.

There are no failures.

The random n um b er generator used w as drand48 . The distributions

used w ere:

1. Normal distribution with mean 1 and standard deviation 0.2 (v ariance

0.04), rejecting p oin ts outside (0 ; 2).

2. 2 = 3 or 4 = 3 with equal probabilit y .

3. 0 : 5 plus an exp onen tial random v ariable with mean 0 : 5. This corre-

sp onds to a dela y ed P oisson pro cess.

4. Geometric with p = 0 : 5.

5. Uniform in (0 ; 2).
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6. Exp onen tial with mean 1. This corresp onds to a P oisson pro cess with

no initial dela y; it is also equiv alen t to generating a sc hedule b y c ho os-

ing one pro cess uniformly at random for eac h time unit.

It is w orth noting that while the exp ected n um b er of rounds gro ws log-

arithmically for most distributions, b oth the rate of gro wth and the initial

v alue are small. These small constan t factors ma y b e the result of most

pro cesses adopting the v alues of early leaders, so that termination can b e

reac hed b y agreemen t among leaders rather than the emergence of a single

leader.

The in v erted b eha vior with a normal distribution is in triguing; it sug-

gests that with large n um b ers of pro cesses there are more c hances for one

particularly sp eedy pro cess to leap ahead of its comp etitors, and that for

some distributions this e�ect o v ershado ws the e�ect of ha ving more com-

p etitors to leap ahead of. It is not clear from the data whether this curv e

ev en tually turns around and starts rising again, or whether it con v erges to

some constan t asymptote.

10 Conclusions, Extensions, and F uture W ork

W e see this pap er as making t w o main con tributions. The �rst is the ex-

traction of the adaptiv e �(log n ) time lean-consensus proto col from its

more sophisticated predecessors and the demonstration that this simpli�ed

algorithm can solv e consensus in mo dels that are less extreme than those

predecessors w ere designed to surviv e but that are p erhaps closer to captur-

ing the sc heduling b eha vior an algorithm is lik ely to exp erience in practice.

Although lean-consensus do es not really con tain an y new ideas, w e b e-

liev e that ripping out features that practitioners migh t balk at implemen ting

is a v aluable task in its o wn righ t.

The second is the noisy sc heduling mo del. This mo del limits the adv er-

sary not b y co v ering its ey es but b y making its hands shak e. It allo ws us

to express the understanding that in the real w orld failures and timing are

usually not fully under the con trol of in telligen t demons, while still retain-

ing a health y resp ect for the subtlet y and unpredictabilit y of the w orld. W e

b eliev e that this \p erturb ed w orst-case analysis" approac h is lik ely to ha v e

applications in man y areas b oth in and outside of distributed computing.

There are still man y questions left unansw ered and man y w a ys in whic h

the noisy sc heduling mo del could b e extended. W e discuss some of these

issues b elo w.
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Non-random failures. It w ould b e nice to understand ho w lean-consensus

fares with failures that are not random. W e can get an upp er b ound in this

situation b y restarting Theorem 12 whenev er a pro cess dies. Since the ad-

v ersary m ust kill at least one pro cess ev ery exp ected O (log n ) rounds, the

algorithm terminates in exp ected O ( f log n ) rounds where f is the n um b er of

failures. This b ound compares fa v orably with the O ( n log

2

n ) w ork p er pro-

cessor needed b y the b est kno wn randomized algorithm that solv es consensus

with a fully-adaptiv e adv ersary and up to n � 1 failures [9], but the fully-

adaptiv e adv ersary is m uc h stronger than one limited to noisy sc heduling.

It seems lik ely that a b etter upp er b ound than O ( f log n ) could b e obtained

b y a more careful analysis that includes ho w pro cesses c hange preferences.

W e conjecture that the real b ound is in fact O (log n ).

Statistical adv ersaries. W e w ould also lik e to do a w a y with the �xed

b ound M on the dela y b et w een op erations under the con trol of the adv er-

sary . The tec hnical reason for including this b ound in the mo del is that

it pro vides a scale for the noise in tro duced b y the X

ij

v ariables; if the ad-

v ersary can increase �

ij

without limit, it can construct a steadily slo w er

and slo w er execution in whic h the noise, relativ e to the gap b et w een rounds,

nev er accum ulates enough to a�ect the sc hedule. But a w eak er statistical

constrain t, suc h as requiring

P

r

j =1

�

ij

� r M , migh t a v oid suc h Zeno-lik e

pathologies while allo wing more v ariation in the gaps b et w een op erations.

5

The presen t pro of do es not w ork with just this statistical constrain t (the

particular step that breaks do wn is the use of Lemma 9 to sho w that b eing

ahead at round r often means b eing ahead b y c at round r ), but w e conjec-

ture that the statistical constrain t is in fact enough to get termination in

O (log n ) rounds.

Sync hronization and con ten tion. Though the presen t w ork w as moti-

v ated b y a desire to mo v e a w a y from p o w erful theoretical adv ersaries to w ard

a mo del more closely re
ecting the non-maliciousness of misb eha vior in real

systems, w e cannot claim that the mo del accurately describ es the b eha vior of

an y real shared-memory system. One di�cult y is that real shared-memory

systems generally do not guaran tee full serializabilit y of memory op erations

in the absence of additional sync hronization op erations (see [28, Section

8.6]). W e can o v ercome this di�cult y b y adding sync hronization barriers to

eac h round of lean-consensus ; in principle this do es not a�ect the analysis

since the structure of eac h round is still the same as all other rounds. A

5

This is a bit lik e using the statistic al adversary of [18].
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second problem is memory con ten tion, whic h w e ha v e not analyzed. The

di�cult y with b oth explicit sync hronization and memory con ten tion is that

their e�ects are unlik ely to b e consisten t with the assumption that the tim-

ing of di�eren t pro cesses' op erations are indep enden t. T o the exten t that

this lac k of indep endence disp erses pro cesses (sa y , b y slo wing do wn laggards

�gh ting o v er congested early-round registers while allo wing the sp eedy to

sail through relativ ely clear late-round registers), it helps the algorithm.

Whether suc h an e�ect w ould o ccur in practice cannot easily b e predicted

without exp erimen tation.

Lo w er b ounds. The noisy sc heduling mo del is friendly enough that an

O (log n ) running time for consensus migh t not b e the b est p ossible. A

coun terexample lik e the one giv en in the pro of of Theorem 13 migh t b e

able to sho w that no deterministic algorithm with certain strong symmetry

prop erties (suc h as no dep endence on pro cess iden tit y and a mirror-image

handling of the di�eren t inputs) can do b etter, but it not ob vious where to

lo ok for a more general lo w er b ound. It is not out of the question that a

clev er algorithm could solv e consensus with noisy sc heduling in as little as

O (1) time.

Message passing. All of our results are set in a shared-memory mo del.

It w ould b e in teresting to see whether a noisy sc heduling assumption can b e

used to solv e consensus quic kly in an async hronous message-passing mo del.

Other problems. Finally , though w e ha v e concen trated on a particularly

simpli�ed proto col for solving a single fundamen tal problem, it w ould b e

in teresting to see ho w other algorithms fare in the noisy sc heduling mo del.

It seems lik ely , for example, that algorithms designed for unkno wn-dela y

mo dels suc h as Alur et al.'s [3] should con tin ue to w ork in the noisy sc hedul-

ing mo del, p erhaps with some constrain t on the noise distribution to ex-

clude random dela ys with un b ounded exp ectations. Similarly the line of

inquiry started b y Gafni and Mitzenmac her [23], on analyzing the b eha vior

of timing-based algorithms for m utual exclusion and related problems with

random sc heduling, could naturally extend to the more general mo del of

noisy sc heduling.
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