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CPSC 430/530 Assignment 6 Sample Solution

1 Problem 1

See attached Prob1.v

2 Problem 2

1. 𝑒0 ∶ ∀𝑡, 𝑡 → 𝑡

𝑒0 = Λ𝑡, 𝜆(𝑥 ∶ 𝑡), 𝑥

2. 𝑒1 ∶ ∀𝑡1, ∀𝑡2, ∀𝑡3, (𝑡1 → 𝑡2) → (𝑡2 → 𝑡3) → (𝑡1 → 𝑡3)

𝑒1 = Λ𝑡1, Λ𝑡2, Λ𝑡3, 𝜆(𝑓1 ∶ 𝑡1 → 𝑡2), 𝜆(𝑓2 ∶ 𝑡2 → 𝑡3), 𝜆𝑥, 𝑓2(𝑓1𝑥)

3. 𝜆(𝑥 ∶ ∀𝑡, 𝑡 → 𝑡)𝑥[𝜏0](𝑥[𝜏1]) ∶ 𝜏2
𝜏0 = 𝗇𝖺𝗍 → 𝗇𝖺𝗍, 𝜏1 = 𝗇𝖺𝗍, 𝜏2 = (∀𝑡, 𝑡 → 𝑡) → 𝗇𝖺𝗍 → 𝗇𝖺𝗍

4. 𝜆(𝑥 ∶ ∀𝑡, 𝑡 → 𝑡)𝑥[𝜏3]𝑥 ∶ 𝜏4
𝜏3 = ∀𝑡, 𝑡 → 𝑡, 𝜏4 = (∀𝑡, 𝑡 → 𝑡) → (∀𝑡, 𝑡 → 𝑡)

5. 𝜆(𝑥 ∶ ∀𝑡, 𝑡 → 𝑡)Λ𝑡, 𝑥[𝜏5](𝑥[𝑡]) ∶ 𝜏6
𝜏5 = 𝑡 → 𝑡, 𝜏6 = (∀𝑡, 𝑡 → 𝑡) → ∀𝑡, 𝑡 → 𝑡

6. 𝜆(𝑚 ∶ 𝗇𝖺𝗍), 𝜆(𝑛 ∶ 𝗇𝖺𝗍), Λ𝑡, 𝑛[𝑡 → 𝑡](𝑚[𝑡]) ∶ 𝜏7
𝜏7 = 𝗇𝖺𝗍 → 𝗇𝖺𝗍 → 𝗇𝖺𝗍

3 Problem 3

See attached Prob3.v

4 Problem 4

4.1 The Formal Rules

For reader’s convenience, we first write down all formal rules of the relevant systems.
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Expressions
𝖳𝗒𝗉 𝜏 ≔ 𝗇𝖺𝗍

𝗉𝖺𝗋𝗋(𝜏1; 𝜏2)
𝖤𝗑𝗉 𝑒 ≔ 𝑥

𝚣
𝚜(𝑒)
𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝑒)
𝚕𝚊𝚖{𝜏}(𝑥.𝑒)
𝚊𝚙(𝑒1; 𝑒2)
𝚏𝚒𝚡{𝜏}(𝑥.𝑒)

𝖵𝖺𝗅 𝑣 ≔ 𝚣
𝚜(𝑣)
𝚕𝚊𝚖{𝜏}(𝑥.𝑒)

Typing

Γ, 𝑥 ∶ 𝜏 ⊢ 𝑥 ∶ 𝜏

Γ ⊢ 𝚣 ∶ 𝗇𝖺𝗍
Γ ⊢ 𝑒 ∶ 𝗇𝖺𝗍

Γ ⊢ 𝚜(𝑒) ∶ 𝗇𝖺𝗍
Γ ⊢ 𝑒 ∶ 𝗇𝖺𝗍 Γ ⊢ 𝑒0 ∶ 𝜏 Γ, 𝑥 ∶ 𝗇𝖺𝗍 ⊢ 𝑒1 ∶ 𝜏

Γ ⊢ 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝑒) ∶ 𝜏
Γ, 𝑥 ∶ 𝜏1 ⊢ 𝑒 ∶ 𝜏2

Γ ⊢ 𝚕𝚊𝚖{𝜏1}(𝑥.𝑒) ∶ 𝗉𝖺𝗋𝗋(𝜏1; 𝜏2)
Γ ⊢ 𝑒1 ∶ 𝗉𝖺𝗋𝗋(𝜏2; 𝜏) Γ ⊢ 𝑒2 ∶ 𝜏2

Γ ⊢ 𝚊𝚙(𝑒1; 𝑒2) ∶ 𝜏
Γ, 𝑥 ∶ 𝜏 ⊢ 𝑒 ∶ 𝜏

Γ ⊢ 𝚏𝚒𝚡{𝜏}(𝑥.𝑒) ∶ 𝜏

Control machine frames

𝚜(⋆) 𝖿𝗋𝖺𝗆𝖾

𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(⋆) 𝖿𝗋𝖺𝗆𝖾

𝚊𝚙(⋆; 𝑒2) 𝖿𝗋𝖺𝗆𝖾

Control machine stacks

𝜖 𝗌𝗍𝖺𝖼𝗄
𝑓 𝖿𝗋𝖺𝗆𝖾 𝑘 𝗌𝗍𝖺𝖼𝗄

𝑘; 𝑓 𝗌𝗍𝖺𝖼𝗄

Control machine semantics The state of the control machine is always represented by 𝑘 ▵ 𝑒where ▵ stands
for either ▹ or ◃. When ▵= ◃, we shall always assume that 𝑒 𝖵𝖺𝗅. We will not repeat this assumption every
time we need it.
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When the input expression is 𝑒, The initial state is 𝜖▹𝑒. States of the form 𝜖◃𝑒′ are final states.

𝑘▹𝚣 ↦ 𝑘◃𝚣

𝑘▹𝚜(𝑒) ↦ 𝑘; 𝚜(⋆)▹𝑒

𝑘; 𝚜(⋆)◃𝑒 ↦ 𝑘◃𝚜(𝑒)

𝑘▹𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝑒) ↦ 𝑘; 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(⋆)▹𝑒

𝑘; 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(⋆)◃𝚣 ↦ 𝑘▹𝑒0

𝑘; 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(⋆)◃𝚜(𝑒) ↦ 𝑘▹[𝑒/𝑥]𝑒1

𝑘▹𝚕𝚊𝚖{𝜏}(𝑥.𝑒) ↦ 𝑘◃𝚕𝚊𝚖{𝜏}(𝑥.𝑒)

𝑘▹𝚊𝚙(𝑒1; 𝑒2) ↦ 𝑘; 𝚊𝚙(⋆; 𝑒2)▹𝑒1

𝑘; 𝚊𝚙(⋆; 𝑒2)◃𝚕𝚊𝚖{𝜏}(𝑥.𝑒) ↦ 𝑘▹[𝑒2/𝑥]𝑒

𝑘▹𝚏𝚒𝚡{𝜏}(𝑥.𝑒) ↦ 𝑘▹[𝚏𝚒𝚡{𝜏}(𝑥.𝑒)/𝑥]𝑒

Contexts
ℰ ≔ ∘

𝚜(ℰ)
𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(ℰ)
𝚊𝚙(ℰ; 𝑒2)

Context application If ℰ1, ℰ2 are contexts and 𝑒 is an expression, we define ℰ1[ℰ2] and ℰ1[𝑒] as follows.

∘[𝑒] = 𝑒

∘[ℰ2] = ℰ2

𝚜(ℰ′)[𝑒] = 𝚜(ℰ′[𝑒])

𝚜(ℰ′)[ℰ2] = 𝚜(ℰ′[ℰ2])

𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(ℰ′)[𝑒] = 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(ℰ′[𝑒])

𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(ℰ′)[ℰ2] = 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(ℰ′[ℰ2])

𝚊𝚙(ℰ′; 𝑒2)[𝑒] = 𝚊𝚙(ℰ′[𝑒]; 𝑒2)

𝚊𝚙(ℰ′; 𝑒2)[ℰ2] = 𝚊𝚙(ℰ′[ℰ2]; 𝑒2)

Contextual evaluation semantics
𝑒 → 𝑒′

ℰ[𝑒] → ℰ[𝑒′]

𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝚣) → 𝑒0
𝑣 𝖵𝖺𝗅

𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝚜(𝑣)) → [𝑣/𝑥]𝑒1
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𝚊𝚙(𝚕𝚊𝚖{𝜏}(𝑥.𝑒); 𝑒′) → [𝑒′/𝑥]𝑒

𝚏𝚒𝚡{𝜏}(𝑥.𝑒) → [𝚏𝚒𝚡{𝜏}(𝑥.𝑒)/𝑥]𝑒

4.2 The Proofs

The statements we need to prove are:

• Completeness: If 𝑒 ↦∗ 𝑒′ and 𝑒′ 𝖵𝖺𝗅 then 𝜖▹𝑒 ↦∗ 𝜖◃𝑒′.

• Soundness: If 𝜖▹𝑒 ↦∗ 𝜖◃𝑒′, then 𝑒 ↦∗ 𝑒′ and 𝑒′ 𝖵𝖺𝗅.

Wenowgive an outline of the proof. Note that▵ is a placeholder for either◃ or▹. Also remember thatwhenever
the control machine state is 𝑘◃𝑒, we assume 𝑒 𝖵𝖺𝗅.

Lemma 1 (Control machine always returns values). If 𝑘 ▵ 𝑒 ↦∗ 𝑘′◃𝑒′, then 𝑒′ 𝖵𝖺𝗅.

Proof : by induction on control machine semantics.

Lemma 2 (Associativity of context application). If ℰ1, ℰ2, ℰ3 are contexts and 𝑒 is an expression then ℰ1[ℰ2[ℰ3]] =
ℰ1[ℰ2][ℰ3], and ℰ1[ℰ2[𝑒]] = ℰ1[ℰ2][𝑒].

Proof : by induction on the structure of ℰ1.

Converting stacks to contexts For each stack 𝑘 we define its corrsponding context 𝖢𝗍𝗑(𝑘) as follows:

𝖢𝗍𝗑(𝜖) = ∘
𝖢𝗍𝗑(𝑘; 𝚜(⋆)) = 𝖢𝗍𝗑(𝑘)[𝚜(∘)]

𝖢𝗍𝗑(𝑘; 𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(⋆)) = 𝖢𝗍𝗑(𝑘)[𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(∘)]
𝖢𝗍𝗑(𝑘; 𝚊𝚙(⋆; 𝑒2)) = 𝖢𝗍𝗑(𝑘)[𝚊𝚙(∘; 𝑒2)]

Lemma 3. If 𝑘 ▵ 𝑒 ↦ 𝑘′ ▵′ 𝑒′, then either 𝖢𝗍𝗑(𝑘′)[𝑒′] = 𝖢𝗍𝗑(𝑘)[𝑒], or 𝖢𝗍𝗑(𝑘)[𝑒] ↦ 𝖢𝗍𝗑(𝑘′)[𝑒′].

Proof : by case analysis on the control machine steps.

Thus if 𝜖▹𝑒 ↦∗ 𝜖◃𝑒′, then 𝑒 ↦∗ 𝑒′. Combining this with Lemma 1 above gives us soundness.

The remaining lemmas are for proving completeness. Some of them require non-trivial induction arguments
over expressions and contexts. To make things convenient, we first define the depth of an expression:

𝖽𝖾𝗉𝗍𝗁(𝑥) = 0
𝖽𝖾𝗉𝗍𝗁(𝚣) = 0

𝖽𝖾𝗉𝗍𝗁(𝚜(𝑒)) = 𝖽𝖾𝗉𝗍𝗁(𝑒) + 1
𝖽𝖾𝗉𝗍𝗁(𝚒𝚏𝚣{𝑒0; 𝑥.𝑒1}(𝑒)) = 𝖽𝖾𝗉𝗍𝗁(𝑒) + 1

𝖽𝖾𝗉𝗍𝗁(𝚕𝚊𝚖{𝜏}(𝑥.𝑒)) = 0
𝖽𝖾𝗉𝗍𝗁(𝚊𝚙(𝑒1; 𝑒2)) = 𝖽𝖾𝗉𝗍𝗁(𝑒1) + 1

𝖽𝖾𝗉𝗍𝗁(𝚏𝚒𝚡{𝜏}(𝑥.𝑒)) = 0

The depth of a context can be defined similarly, by setting 𝖽𝖾𝗉𝗍𝗁(∘) = 0.

Lemma 4. If ℰ[𝑒] 𝖵𝖺𝗅, then 𝑒 𝖵𝖺𝗅.

Proof : by induction on the structure of ℰ.

Lemma 5. If ℰ1[𝑒1] = ℰ2[𝑒2], then there exists ℰ′ such that either 𝑒1 = ℰ′[𝑒2], or 𝑒2 = ℰ′[𝑒1].
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Proof : if either one of ℰ1, ℰ2 is ∘ then the statement is trivial. Otherwise, ℰ1, ℰ2 must have the same constructor,
i.e. there exists ℰ3, ℰ4 such that ℰ1 = 𝚜(ℰ3) and ℰ2 = 𝚜(ℰ4), or some other constructor. Now ℰ3, ℰ4 have smaller
depth than ℰ1, ℰ2, so an induction on the depth of contexts proves the statement.

Lemma 6. If 𝑒′ = ℰ[𝑒] then 𝖽𝖾𝗉𝗍𝗁(𝑒′) = 𝖽𝖾𝗉𝗍𝗁(ℰ) + 𝖽𝖾𝗉𝗍𝗁(𝑒). Similarly, if ℰ′ = ℰ1[ℰ2] then 𝖽𝖾𝗉𝗍𝗁(ℰ′) =
𝖽𝖾𝗉𝗍𝗁(ℰ1) + 𝖽𝖾𝗉𝗍𝗁(ℰ2).

Proof : by induction on the structure of ℰ1.

From Lemma 6 we can easily prove that whenever ℰ1[𝑒] = ℰ2[𝑒], we have ℰ1 = ℰ2. Note that ℰ1, ℰ2 must have
the same depth, so an induction on the depth of ℰ1 suffices.

Lemma 7 (Contextual evaluation step is deterministic). If 𝑒 ↦ 𝑒′ and 𝑒 ↦ 𝑒″, then 𝑒′ = 𝑒″.

Proof : When proving this lemma it is convenient to work with the followingmodified contextual dynamics. We
restrict the induction rule to

𝑒 ↦ 𝑒′
ℰ[𝑒] ↦ ℰ[𝑒′] (ℰ ≠ ∘).

The base rules remain unchanged. It is easy to see that 𝑒 ↦ 𝑒′ under the modified dynamics iff 𝑒 ↦ 𝑒′ under
the original dynamics.

Now suppose that 𝑒 ↦ 𝑒′ and 𝑒 ↦ 𝑒″. If both reductions follow base rules, it is easy to see that 𝑒′ = 𝑒″. It is also
easy to see that we cannot have the case where one reduction follows the induction rule and the other follows
a base rule, by case analysis on expression structure.

The remaining case is where both reductions follow the induction rule. We prove this by induction on the
depth of 𝑒. Here we have 𝑒 = ℰ1[𝑒1] = ℰ2[𝑒2], and ℰ1 ≠ ∘, ℰ2 ≠ ∘, hence 𝖽𝖾𝗉𝗍𝗁(𝑒1) < 𝖽𝖾𝗉𝗍𝗁(𝑒) and 𝖽𝖾𝗉𝗍𝗁(𝑒2) <
𝖽𝖾𝗉𝗍𝗁(𝑒). By Lemma 5 above we may assume (without loss of generality) that there exists ℰ′ with 𝑒1 = ℰ′[𝑒2].
Hence by Lemma 2 and 6 above we have

ℰ1[𝑒1] = ℰ1[ℰ′[𝑒2]] = ℰ1[ℰ′][𝑒2] = ℰ2[𝑒2], ℰ1[ℰ′] = ℰ2.

Suppose that 𝑒1 ↦ 𝑒′1 and 𝑒2 ↦ 𝑒′2. Since 𝑒1 = ℰ′[𝑒2], we see that 𝑒1 ↦ ℰ′[𝑒′2]. By induction hypothesis we get
𝑒′1 = ℰ′[𝑒′2]. Hence

ℰ1[𝑒′1] = ℰ1[ℰ′[𝑒′2]] = ℰ1[ℰ′][𝑒′2] = ℰ2[𝑒′2].

Lemma 8. We say an expression 𝑒 is stuck if 𝑒 is not a value and there does not exist any 𝑒′ such that 𝑒 ↦ 𝑒′. If 𝑒
is stuck then ℰ[𝑒] is also stuck for any context ℰ.

Proof : by induction on the depth of ℰ.

Lemma 9 (Weak Liveness of control machine). For any given 𝑘, 𝑒, there exists 𝑘′, 𝑒′ such that 𝑘▹𝑒 ↦∗ 𝑘′ ▵ 𝑒′,
and one of the following is true:

1. There exists a step 𝑘′ ▵ 𝑒′ ↦ 𝑘″ ▵ 𝑒″, such that 𝖢𝗍𝗑(𝑘′)[𝑒′] ↦ 𝖢𝗍𝗑(𝑘″)[𝑒″], meaning the control machine
will perform one step of contextual evaluation (instead of staying at the same expression, see Lemma 3);

2. 𝑘 = 𝑘′ and ▵= ◃, meaning the control machine has finished evaluating the current stack-top expression;

3. 𝖢𝗍𝗑(𝑘′)[𝑒′] is stuck.

Proof : by induction on the depth of 𝑒. If 𝖽𝖾𝗉𝗍𝗁(𝑒) = 0 then 𝑒 = 𝑥 or 𝑒 = 𝚣 or 𝑒 = 𝚕𝚊𝚖{𝜏}(𝑥.𝑒) or 𝚏𝚒𝚡{𝜏}(𝑥.𝑒).
The first case is stuck. The fourth case is a recursive expression. In the other two cases, the expression can be
returned immediately. The inductive case is easy.

Lemma 10 (Liveness of control machine). For any control machine state 𝑘 ▵ 𝑒, there exists 𝑘′, 𝑒′ such that
𝑘 ▵ 𝑒 ↦∗ 𝑘′ ▵ 𝑒′, and one of the following is true:
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1. There exists a step 𝑘′ ▵ 𝑒′ ↦ 𝑘″ ▵ 𝑒″, such that 𝖢𝗍𝗑(𝑘′)[𝑒′] ↦ 𝖢𝗍𝗑(𝑘″)[𝑒″], meaning the control machine
will perform one step of contextual evaluation, instead of staying at the same expression;

2. 𝑘′ = 𝜖 and ▵= ◃, meaning the control machine has terminated;

3. 𝖢𝗍𝗑(𝑘′)[𝑒′] is stuck.

Proof : by induction on the number of frames in 𝑘. Apply Lemma 9 above.

Lemma 11 (Completeness). For any control machine state 𝑘 ▵ 𝑒, if 𝑒1 = 𝖢𝗍𝗑(𝑘)[𝑒], 𝑒1 ↦∗ 𝑒2, and 𝑒2 𝖵𝖺𝗅, then
𝑘 ▵ 𝑒 ↦∗ 𝜖◃𝑒2.

Proof : We combine Lemma 7 and 10, and perform induction on the number of steps in the evaluation 𝑒1 ↦∗ 𝑒2.

We start from the controlmachine state 𝑘 ▵ 𝑒, and execute it until we encounter one of the three cases in Lemma
10. At this point, suppose that the control machine state is 𝑘′ ▵ 𝑒′. Then by Lemma 3 we have 𝑒1 ↦∗ 𝖢𝗍𝗑(𝑘′)[𝑒′].
Since contextual evaluation is deterministic, we have 𝖢𝗍𝗑(𝑘′)[𝑒′] ↦ 𝑒2. Thus we cannot encounter case 3 of
Lemma 10.

If we encounter case 2 then we are done. Otherwise, we can execute the control machine by one more step,
which corresponds to one step of contextual evaluation. By Lemma 7 this must be one of the steps in 𝑒 ↦∗ 𝑒′.
Thus by induction hypothesis, the new controlmachine state 𝑘″ ▵ 𝑒″ should eventually reach a final state. Again
by Lemma 7, this final state must be the same as 𝜖◃𝑒2.


