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Online K-Means
Edo Liberty, Maxim Sviridenko, Ram Sriharsha
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K-Means definition

We are given a set of points v1, . . . , vt, . . . , vn in Euclidean space.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

K-Means definition

For each point we assign a cluster identifier from the set {1, . . . , k}.
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K-Means definition

All input points who share the same identifier are called a cluster.
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K-Means definition

The assignment cost is the minimal sum of squared distances to cluster centers.
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K-Means definition

More accurately ci =
1

|Si|
∑

v∈Si
v and W =

∑k
i=1

∑
v∈Si
||v− ci||22.
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Prior work (very partial list)
Batch Setting

■ Lloyd provides a popular and powerful heuristic [20]
■ Ostrovsky, Rabani, Schulman and Swamy prove Lloyds for “well clusterable” inputs [23]
■ Arthur and Vassilvitskii, k-means++ provides an expected O(log(k)) approximation [5]
■ Kanungo, Mount, Netanyahu, Piatko, Silverman and Wu give a constant approximation ratio

with local search [18]
■ Bahmani, Moseley, Vattani, Kumar and Vassilvitskii parallelize k-means++ [8]

Streaming setting
■ Guha, Meyerson, Mishra, Motwani and O’Callaghan, divide-and-conquer techniques [17].
■ Ailon, Jaiswal and Monteleoni [3] build on both [17] and [5].
■ Meyerson, Shindler and Wong use techniques similar to facility location [22]

Online
■ Charikar, Chekuri, Feder, and Motwani, Online k-centers [9]
■ Choromanska and Monteleoni analyze online k-means with experts advise [10]
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Online K-Means definition

In online k-means we receive one point at a time.
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Online K-Means definition

We then immediately assign it a cluster identifier.
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Online K-Means definition

We then receive the next point.
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Online K-Means definition

And so on...



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Motivation for online k-means

Yahoo show news stories, which are “clusters” of articles. These evolve over time.
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Motivation for online k-means

Online learning needs online k-means for feature engineering.
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Online k-means Algorithm

input: V, k
C← first k + 1 distinct vectors in V; and n = k + 1
(For each of these yield itself as its center)
w∗ ← minv,v′∈C ∥v− v′∥2/2
r← 1; q1 ← 0; f1 = w∗/k
for v ∈ the remainder of V do

n← n + 1
with probability p = min(D2(v,C)/fr, 1)

C← C ∪ {v}; qr ← qr + 1
if qr ≥ 3k(1 + log(n)) then

r← r + 1; qr ← 0; fr ← 2 · fr−1

end if
yield: c = arg minc∈C ∥v− c∥2

end for



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Online k-means algorithm

The first k + 1 points are assigned to different clusters
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Online k-means algorithm

f · k gives a lower bound on the cost of any k-means solution.
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Online k-means algorithm

If the cost of assigning a point to an existing cluster is more than f, a new cluster is created
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Online k-means algorithm

Otherwise, a new cluster is created with probability p
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Online k-means algorithm

Every time 3k(1 + log(n)) clusters are added, the value of f is doubled.
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Online K-Means immediate observation

We must prove two things about this algorithm

Number of clusters
The algorithm does not create too many clusters.

Cost of clustering
The cost of the clustering is not much worse than optimal
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Number of clusters: immediate observation

To be competitive with k-means, online k-means must use more than k clusters!
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Number of clusters: immediate observation

Let γ = maxv,v′ ∥v− v′∥/minv,v′ ∥v− v′∥, than log(γ) are needed regardless of k.
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Number of clusters

Theorem
Let C be the set of clusters defined by the algorithm. Then

E[|C|] = O (k log n log γn) .

Where γ =
maxv,v′ ∥v−v′∥
minv,v′ ∥v−v′∥ is the dataset “aspect ratio”.

Proof idea: there are two phases:
1. While f is too small: adding clusters is “too easy”. But, f doubles every time 3k(1 + log(n))

clusters are added.
2. When f is large enough: creating new clusters is hard enough such that at most

O (k log n log γn) are created in expectation.
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Cost of clustering
Theorem
Let W be the cost of the online assignments of the algorithm and W∗ the optimal k-means
clustering cost. Then

E[W] = O(W∗ log n) .

Proof idea: sum expected cost on rings around centers

1. After we pick a center from the ring, the cost is at most 16 times optimal.
2. The expected cost before that (or if no center is chosen) is not expected to be high.
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Experimental results

Dataset nnz n d
Classification
accuracy with
raw features

Classification
accuracy with
k-means features

20news-binary 2.44E+6 1.88E+4 6.12E+4 0.9532 0.9510
adult 5.86E+5 4.88E+4 1.04E+2 0.8527 0.8721
ijcnn1 3.22E+5 2.50E+4 2.10E+1 0.9167 0.9405
letter 2.94E+5 2.00E+4 1.50E+1 0.7581 0.7485

maptaskcoref 6.41E+6 1.59E+5 5.94E+3 0.8894 0.8955
nomao 2.84E+6 3.45E+4 1.73E+2 0.5846 0.5893
poker 8.52E+6 9.47E+5 9.00E+0 0.5436 0.6209
shuttle 2.90E+5 4.35E+4 8.00E+0 0.9247 0.9973
skin 4.84E+5 2.45E+5 2.00E+0 0.9247 0.9988

vehv2binary 1.45E+7 2.99E+5 1.04E+2 0.9666 0.9645
w8all 7.54E+5 5.92E+4 2.99E+2 0.9638 0.9635

Online k-means gives a boost for online learning, especially in low dimensions.
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Online k-means algorithm
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The number of retuned clusters is well concentrated.
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Online k-means algorithm
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The total error goes reduces with k (as expected)
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Online k-means algorithm
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Interestingly, uniformly selecting centers improve at the same rate.
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Online k-means algorithm
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In comparison to k-means++, this algorithm is consistently worse.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Online k-means algorithm
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Nevertheless, in most scenarios it performs as well (even though it’s online!)
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Thank you
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