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Abstract

In a MAX-rCSP problem with variables {1, 22, ...z,}, we are given Boolean functions
f1, f2, - .. fm each involving r of the n variables and are to find the maximum number of
these functions that can be made true by a truth assignment to the variables. We show
that for r fixed, there is an integer ¢ € O(log(1/€)/e*) such that if we choose g variables
(uniformly) at random, the answer to the sub-problem induced on the chosen variables
is, with high probability, within an additive error of eq” of Z—: times the answer to the
original n— variable problem. The previous best result for the case of r = 2 (which
includes many Graph problems) was that there is an algorithm which given the induced
sub-problem on ¢ = O(1/€%) variables, can find an approximation to the answer to the
whole problem within additive error en?. For r > 3, the conference version of this paper
[4] and independently [1] give the first results with sample complexity ¢ dependent only
polynomially upon 1/e. [1] has a sample complexity q of O(1/€”). They (as also the
earlier papers) however do not directly prove any relation between the answer to the
sub-problem and the whole problem as we do here.
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Our method also differs from other results in that it is Linear Algebraic, rather than
combinatorial in nature.

1 Introduction

Suppose 7 is a fixed integer. In the MAX-rSAT problem, we are given a Conjunctive Normal
Form Boolean formula on n variables, with each clause being the OR of precisely r literals.
The objective is to maximize the number of clauses satisfied by an assignment to the n
variables. The exact problem is NP-hard for each fixed r > 2. A special case of our result
is that for any ¢ > 0, there is a positive integer ¢ € O(log(1/e€)/€*) such that if we pick
at random a subset of ¢ variables (among the n) and solve the “induced” problem on the
g variables (maximize the number of clauses satisfied among those containing only those
variables and their negations), then the answer multiplied by n”/¢" is, with high probability,
within an additive factor en” of the optimal answer for the n variable problem. The ¢ needed
here will be called the “sample complexity” of the problem for obvious reasons.

In fact, we show the same result for all MAX-rCSP problems. (MAX-rCSP problems, also
called MAX-rFUNCTION-SAT, are equivalent to MAX-SNP [6]). Recall that the input
to a MAX-rCSP problem (for r fixed) consists of a set F' of m distinct Boolean functions
fi, f2,... fm of n Boolean variables z1, xo,...x,, where each f; is a function of only r of
the n variables. The answer Max(F') is the maximum number of functions which can be
simultaneously set to 1 by a truth assignment to the variables. For a subset @ of the
variables, we let F'® denote the subset of F' which are functions of only the variables in Q
(and their negations).

Theorem 1. (Main Theorem) Let r,n be positive integers, with r fized. Suppose € is a
positive real. There exists a positive integer ¢ € O(log(1/€)/€*) such that for any F (as
above), if Q is a random subset of {z1,T2,...zn} of cardinality q, then with probability at
least 9/10, we have

,
|n—TMaa:(FQ) — Maz(F)| <en.
q

We note that while, normally, sampling is used to estimate certain specific quantities, here
the result actually says that the sample estimates an optimal solution value well.

It is worth noting that one half of the Theorem - namely the assertion that

T
n—Max(FQ) — Max(F') > —en"
q’r
is relatively easy to prove. Indeed, if, the assignment of truth values to z1,zo, ...z, achiev-
ing Max(F') sets to 1 a set S of functions among f1, fo, ... fm, one can show that a sufficient
number of functions in S are in F¥ just from the fact that Q is random. This then says
that the same assignment restricted to () sets to 1 a sufficient number of functions. So,
a good solution to the whole problem provides also good solutions to random induced



sub-problems. (We will see this argument in Section 7.) The other half -

T
n—Max(FQ) — Max(F) < en”
qT
is much harder. Intuitively, for proving this part, we have to show that if there is no good
solution to the whole problem, then also, there are no good solutions to random induced
sub-problems.

The MAX-rSAT and other MAX-rCSP problems all admit fixed factor relative approxima-
tion algorithms which run in polynomial time. For some MAX-SNP problems, there have
been major breakthroughs in achieving better factors using semi-definite programming and
other techniques [12]. More relevant to our paper is the line of work started with the paper
of Arora, Karger and Karpinski [6] which introduced the technique of smooth programs,
and designed the first polynomial time algorithms for solving MAX-SNP problems (of ar-
ity ) to within additive error guarantee en’, for each fixed ¢ > 0. Frieze and Kannan
[10] proved an efficient version of Szémeredi’s Regularity Lemma and used it to get a uni-
form framework to solve all MAX-SNP and some other problems in polynomial time with
the same additive error. In [11], they introduced a new way of approximating matrices
and more generally r-dimensional arrays, called the “cut-decomposition” and using those,
proved a result somewhat similar to the main result here (for each fixed r), but with two
important differences - (i) the sample complexity was exponential in 1/e and (ii) their result
did not relate the optimal solution value of the whole problem to the optimal solution of
the random sub-problems in their original setting; instead it related it to a complicated
computational quantity associated with the random sub-problem. We will make central
use of cut-decompositions in this paper.

For the special case of r = 2, Goldreich, Goldwasser and Ron [13] designed algorithms,
where the sample complexity was polynomial in 1/¢; indeed, by exploiting the special
structure of individual problems like the MAX-CUT problem they improved the polynomial
dependence. Their results relate the optimal solution value of the whole problem to a
complicated function of the random sub-problems like [10], but, as a corollary, they also
obtain a less efficient version relating it to the optimal solution of the random sub-problems.
See also [10], [8] and [5] for higher dimensional cases, or for cases in which our only objective
is to decide if we can satisfy almost all constraints. Qur new method here is more uniform
and general.

Our result is derived by general arguments about approximating multi- (and 2-) dimensional
arrays by some simple arrays and then using Linear Programming arguments. Unlike
previous papers, we do not use problem-specific arguments which dwell into the special
structure of individual problems. The MAX-CUT problem (a special MAX-2CSP problem)
has received much attention in this context. Indeed, independently of the papers so far
cited, Fernandez de la Vega [9] developed a different algorithm for this problem which
within polynomial time, produced a solution with additive error en?. [13] used the special
structure of the problem to derive an algorithm with sample complexity O(1/€%) (best
known upto now).

An earlier version of this paper proving the main theorem with ¢ = O(log(1/€)/€*) for the



case 7 = 2 and g = O(log(1/€)/€e'2) for the case of general r appeared in [4]. Independently
of our work, Anderson and Engebretsen [1] (see also [2]) have obtained a constant time
approximation algorithm for MAX-rCSP. They state their results within the query model
of [13] and their algorithm makes O(log?(1/€)/€”) queries for accuracy en’.

Here is an outline of our method : In Section 2, we represent MAX-rCSP problems by
r-dimensional arrays. In Section 3, following the approach of [11], we show how to approx-
imate any r-dimensional arrays by the sum of a small number of “cut-arrays”. These cut
arrays are analogs of rank 1 matrices in the case of 2-dimensional arrays and so the approx-
imation itself is an analog of approximating a 2-dimensional matrix by the sum of a small
number of rank 1 matrices. As a warm-up to the main result, in Section 4, we show how to
solve the MAX-CSP problem approximately by explicitly finding the cut approximation.
[This is not a “constant” time algorithm.] In Section 5, we prove that cut approximation
for the full array also works for a random sub-array on a random subset of O(log(1/¢)/e*)
elements. This is technically perhaps the hardest part of the paper.

Then in Section 6, we show a result about Linear Programs to be used later; this is poten-
tially of independent interest. The result says that given a Linear Program on n variables,
all constrained to be between 0 and 1, if we pick (uniformly) at random a (small) subset of
variables and consider the Linear Program on these variables, the optimal value of this Lin-
ear Program gives us a good “estimate” of the optimal value of the whole Linear Program.
The proof is relatively simple; it uses Linear Programming Duality crucially.

Finally, Section 7 puts it all together - we argue as follows : If the n variable MAX-CSP
problem has optimal solution with value an’, it is easy to see that the induced sub-problem
on g randomly chosen variables has an optimal answer of at least ag” minus a small error
by just examining the solution to the sub-problem contained in the optimal solution to the
whole problem. The converse requires all the work. First we argue that a natural Linear
Programming relaxation of the whole optimization problem has a maximum solution value
of at most an” plus a small amount. Then we use the result on Linear Programs mentioned
above to assert that the corresponding Linear Program induced on the randomly chosen
variables also has its maximum solution value bounded above. We then use the result
of Section 5 to argue that this implies that the solution value of the MAX-CSP problem
induced on the chosen variable is small.

Thus, in order to approximate any problem from MAX-rCSP, it is enough to find a good
approximation to the optimum of an induced random subsystem. As a consequence, our

sample bound above gives, by a direct application of an approximation method of [6],
A1
a running time of 20(5_2) for approximating all MAX-rCSP problems, which is also an

improvement of the previous best known results which have higher powers of 1/e in the
exponent.



2 Max-rCSP and r-dimensional arrays

A Max-rCSP (maximum-r-Constraint Satisfaction) Problem with variables z1,zs,. ..z,
consists of a given set of m Boolean Functions fi, fa,... fm, all distinct, where each f; is
a Boolean function of r of the variables. r is considered fixed, whereas n goes to infinity
in our asymptotic analysis. The objective is to maximize the number of Boolean functions
(among f1, fo,... fm) satisfied by assignment of truth values to the variables x1, xo, ... Ty,.
Max-2CSP includes many Graph problems like the maximum cut problem, and other graph
partitioning problems. Max-rCSP includes as a special case, the problem of maximizing
the number of satisfied clauses in a CNF Boolean formula with r literals per clause.

The first contribution of this paper is to give a Linear Algebra based algorithm which solves
the problem to relative error § in time which grows as 2°(/%m)Q(n7). Note that m/n"
is, up to a constant depending on r, the density of the problem, that is, the fraction of
functions that appear in the problem among all functions of r of the variables. Therefore,
this algorithm is better than the trivial 2" algorithms as long as m >> n"~'. In the case
r = 2 (graphs), this requirement just says that we have a super-linear (in n) number of
edges.

We may reduce a Max-rCSP problem to the problem of maximizing a polynomial of degree
r over the (vertices of the) unit Boolean cube - C = {0,1}" as follows :

Let V = {1,2,...n}. For each 0,1 sequence z of length r, z = (z1, 22, ...2;), we define
the r-dimensional array A®) on V" where A(®)(iy,...i,) is the number of functions among
{f1, f2,--- fm} which are made true by the assignment z;, = z1,...xz;, = 2,. (Obviously,
an f; must be a function of z; ,x;,,...x; to contribute to A®)(iy,iy,...4,).) Then the
polynomial

Ple)= > 3 A®9(d,..0) [ =, [I Q-a) (1)

ZE{O,].}T 11,02,...0p szzl ]ZJZO

over z of degree r gives us the number of satisfied clauses for the truth assignment z to
the variables. [This is because, in any truth assignment, each f; is counted at most once as
being satisfied.]

We will view each A®®) as an r-dimensional array on V", i.e., AR VT 5 R, [Note that
2-dimensional arrays are just matrices.] To maximize the polynomial P(z) over {0,1}",
we first approximate each A®) by what we call a “cut decomposition” and then solve the
corresponding maximization problem with A() replaced by its cut decomposition. We
presently describe this in more detail.

For ease of notation, let V1, Vs, ...V, be (not necessarily distinct) finite sets. An r-dimensional
array A on V1, Vs,...V, is a function A : Vi x Vo x ...V, — R.. [In our case, V; = V for
all 3.] For each iy € Vi,i9 € Va,...4, € V,, we call A(i1,i2,...4,) an entry of A. We let
||A||F be the square root of the sum of squares of all the entries. [This is sometimes called
the Frobenius norm, hence the subscript F'.]



For any S1 C V1,5, CV,... 5, CV, we let

A(S1,82,...8,) = > Aliy, i, . - -ir)-

(il,’i2,...i7-)651 XS2%...Sr

Define another norm ||A||¢ (called the cut norm) :

AT = max A(S1,82,...5;)
SIQVI;S2QV2;---Srer

and ||A||c = max(AT, (-A)").
The cut norm was defined and studied in [11].

For any S1,So9,...S;, and real value d we define the Cut Array C = CUT(S1,Se,...Sr;d)

d if (il,ig,...ir) € 51 x SQ...Sqﬂ,
0 otherwise.

Clir,in, ... 1) = {

The real number d is called the coefficient of the cut array.

There is another way of looking at arrays which may be useful : we may view A as (the
coefficient array of) a multi-linear form. To this end, let = be a vector of |V;| (real valued)
variables, y a set of |V5| variables, z a set of | V3| variables etc., where the |Vi|+|Va|+...|V;|
variables are all considered distinct. Then we may associate A with the multi-linear form

Z A(ilaiZa---ir)xilyi22i3
(1,82,...57 )EVI X Vo X...Vy

Note that for solving the MAX-r-CSP problem, what we had was not a multi-linear form,
but a polynomial; there the variables were not all distinct. Viewing the arrays A(%) as multi-
linear forms is conceptually useful; it is not literally how we will solve the MAX—r—CSP
problem.

By definition, A(S1, S2,...Sy) is the value of the multi-linear form when we set the variable
corresponding to S; U So U ... S, to 1 and the other variables to 0. Also, the cut array
CUT(S1,852,...8Sr;d) corresponds to the multi-linear form :

d-x(S1)y(S2)z(S3) ... where we use the notation z(S) = Z zj.
JES

Thus cut arrays correspond to simple multi-linear forms which are just products of r linear
forms (each of the special form z(S)). This representation lets us interpret the cut norm
in a natural way - suppose B is another array on V; X V5...V, which approximates A well
in cut norm, i.e., say

[[A - Bllc <A.

Then, we claim that the multi-linear forms corresponding to A and B differ by at most
A for any setting of the variables z,y, z... in the range - [0,1]. This is because, once all
variables except the z ’s are fixed, we have a linear form in the z ’s and so, the maximum
difference between A and B is attained at a point with each z; equal to 0 or 1. Applying



this argument r times, we get that the maximum and minimum of the multi-linear form
corresponding to A — B are both attained at 0-1 points and so the claim follows. Thus, we
have

Claim Suppose we have arrays B¥),z € {0,1}" such that ||A®) — B¥)||c < A for all z,
then the mazimum value of the function P(x) in (1) over {0,1}" and the mazimum value
of the function obtained by replacing each A®) by the corresponding B (over {0,1}) differ
by at most 2"A.

We use one other piece of notation : for any Q C Vo x V3...V,, we define

Pos(Q) = {z € Vi : A({z},Q) > 0}.

Note that Pos is with reference to an array A. If it is not clear from the context which
array Pos is in reference to, we indicate the array as a subscript on Pos. If Q C V7 x ... X
Vici X Vi1 ... X Vp, then Pos(Q) C V; is defined analogously.

If the m functions f1, fo, ... fm of our MAX-rCSP instance are all distinct, then since there
are at most 22" functions of  variables, we have for all z,

|A®) (i1, . ..0,)| <22 |AD|[Z < m2? . 2)

3 An Explicit Algorithm for Approximation by Cut Arrays

Throughout this section, A is an array on Vi X Vo x ... V.. We let N = |V1||Va|...|V;|.

The aim of this section is to develop an algorithm which approximates A by the sum D of
a small number of cut arrays; so that ||A — D||¢ is smaller than a certain threshold. [In
other words, the multi-linear functions represented by A, D are close on the unit cube.] To
this end, we first want to check whether ||A||¢ is already smaller than the threshold. [if
so, we may stop, because then the all-zero array is a good approximation.] The problem of
finding ||A||¢c is reducible to that of finding A" (and then (—A)™.) This is NP-hard to do
exactly. But, we will first describe an algorithm to find A* within additive error ev/N||A||r
in time 20(1/€)O(N) which will suffice for us. The algorithm is a direct consequence of the
following lemma.

Lemma 2. Let p > 4r2/(5%€%). Fori=1,2,...7, let Q; be a random subset of Vi x Vo x
.- Viei X Vi1 ...V, of cardinality p. ' Then with probability at least 1 — & (over the choice

of Q1,Q2,-..,Qr), we have :
3Q} € Q1,3Q, C Q2,..-3Q. C Q,,

such that
eV N
2

A(Pos(Q}),Pos(Q5),...Pos(Ql)) > AT — ||A||F-

'S0, each of the (|V2|‘Vﬂ"'|VT|) subsets is equally likely to be picked to be @i, and similarly for
sz QS: ce Q’I‘-



To prove the lemma, we first prove the following.

Lemma 3. Suppose S1 C V1,82 C V5,... 8, C V, are some fized subsets. Let p be a
positive integer. Suppose Q1 is a random subset of Vo X V3 X ...V, of cardinality p. Then,
we have :

VN

Eg, (A(Pos(Q1 N (S2 x S3...5;)),S2,83,...,5)) > A(S1,S2,...5r) — %HA”F
Proof Let S3 x S3...x S, = S. We have,
A(Pos(@1 N S),S) = A(Pos(S), S) — A(B1,S) + A(B2, S), (3)

where

By = {zeVi: A(%,8) >0 and A(z,S N Q1) < 0},
By, = {zeVi: A(z,8) <0and A(z,SN Q1) > 0},

Consider one fixed z € V5. Let X, = A(z,SNQ1). We may write the random variable X, as
the sum X+ X5 +... X, where X1, Xs,... X, is a sample of size p drawn uniformly without
replacement from the set of [ = |Va| x |V3] x ... |V;| reals - {A(2,y)yes}. For analysis, we
also introduce the random variables Y1,Y5,...Y), - a sample of size p drawn independently,

each uniformly distributed over the same set of reals, but now with replacement. We have
p

and
Var(X; + Xo+... Xp) < Var(Y1 + Y2 +...Y))
<

p
7 Z A(zau)Za
u€S u€eVex Vs x...Vy

where the second line is a standard inequality (for example, it follows from Theorem 4 of
[14]). Hence, for any £ > 0,

A 2
Pr(|X. - 146, 5)| 2 ¢) < E“EV”VE;VT o) (4)
If z € B; then, by the definition of X,, X, < 0 and hence X, —(p/l)A(z, S) < —(p/l)A(z, S)
and so applying (4) with £ = pA(z,S)/l we get that for each fixed z,

lEuevszg,x...w A(Zau)2
pA(z,S)?

Pr(z € By) < Pr( |X, — (p/D)A(2,5)| > (p/DA(2,5) ) <

i 13, Alz,u)?
So, B (Z At s>> < ¥ mm{A<z, ). ZZ:?T(S))}
z€B1 {zeV1: A(2,S)>0} ’
lZu 2 eV A(Z,’U,)Z
< Z eV XV3pV (5)

{zeVi: A(2,5)>0}

8



By an identical argument we obtain

E(Z A(z,S)) > — Z M’
{zeVa:

2€B; A(2,5)<0} p

where u runs over Vo x V3 x ... x V,.. Hence, (using the Cauchy-Schwartz inequality),

E(A(Pos(Q1 N S),S)) > A(Pos(S5),$) — > W
zeWn
VN
> A(Pos(S), S) — %HA”F,

completing the proof of Lemma 3.

O

By repeatedly applying the last lemma r times, we conclude that if we define Q) = Q1N(S2x
S3...57), Q5 = Q2N (Pos(Q)) x S3x Sy...S;), Q% = Q3N (Pos(Q)) X Pos(Qh) x Sq...5Sy)

and so on, then the expected value (over the choice of the sets @;) of

A(Pos(Q7),Pos(Q5), - . ., Pos(Q;))
is at least A(S1, 55, ..., S;) — 12| Al|.

In particular, if we let S1,S52,...,S, be the sets that attain A', then A(S1,S2,...,S5,) —
A((Pos(@Q}),Pos(Q5), ..., Pos(Q))) is a nonnegative random variable whose expectation is

at most r‘/—\gHAH r. The assertion of Lemma 2 thus follows from Markov’s Inequality.

O

Now we will apply Lemma 2 repeatedly to find an approximation of any array as a sum of
cut arrays.

Theorem 4. [t is possible to find, in time 20(1/62)O(N) and with probability at least, say,
9/10, a set of at most 4/¢* cut arrays whose sum, denoted D, satisfies the following in-
equalities :

|4 = Dl|c < eVN||Al|r (6)
14 = Dllr < |4l (7)

AAle

VN
This upper estimate on the number of cut arrays is tight up to the dependence on the
dimension r.

The sum of the absolute values of the coefficients of the cut arrays <

Proof We are going to find cut arrays DM D@ . D® one by one. We start with
t = 0. At a general stage, suppose we already have DM, ... D®_ Let W = A — (DM +



D@ 4 ... 4 D). We assume for induction that ||W||r < ||A||r, which we will prove will
hold at the next step.

We will use Lemma 2 with, say, § = 1/2 on W. Le., we pick , log(80/€?) times, random
sets Q1,Q,...Q, of cardinality p = O(1/€?) each, try all subsets @}, Q5,... Q" of these
sets and check if for some choice of the sets Q;, Q;

W (Posw (Q}), Posw (Q5), - - - Posw (Q})) > eV'N||A|| /2. (9)

If (9) holds for some such choice, then we let S; = Pos(Q); So = Pos(Q5) ... S, = Pos(Q!)
and

g1 = [S1][Sa] .. | S| (10)

dir1 = W(S1,82,...5;)/ni41 ie., the average of the entries of W in S; x Sg X S;.

D(t+1) = CUT(51752""S"';dt+1)’ (11)

and we go on to the next ¢. Noting that subtracting the cut array D**1) from W just
corresponds to subtracting the average from a set of real numbers, we have:

W = DUV |15 — [[W] 3
= Y ((W(iryig,-..ip) — dig1)® = (W(in, iz, ... 5p))?) = —npsrdiy ). (12)
11 E€851,i2€S2,...

Since |dit1|nu1 > eV/N||Al|r/2, we have |dy1|?n?,; > €2N||Al|%/4 and so |dit1|?ngs1 >
€?||A||% /4, proving that this process will not be repeated more than 4/¢? times as claimed
in the Theorem.

Suppose (9) does not hold for any subsets Q}, @5, ... Q. in all the choices of the sets Q;.
If at this point in the algorithm W+ > ev/N||A||F, then by Lemma 2, the probability that
we fail to find any @,... Q" is at most €2/80. Thus, over all steps in the algorithm the
probability that this ever happens is at most 1/20. We now repeat the process on —W and
if we find Q1,... Q. satisfying

~W (Pos_w(QY), Pos_w (%), - .. Pos_w(QL)) > eV'N||A|||r/2,

we again define a cut matrix and proceed as above. Otherwise, if (~W)* > «v/N||A||F,
then by Lemma 2, the probability that we fail to find any @, ... Q. is at most 1/20. Thus
when we terminate, (6) holds with probability at least 9/10 as claimed.

(7) holds because we see that in subtracting each cut array, we are subtracting the average
of some entries from the entries, so the sum of squares only decreases.

To prove (8), we proceed as follows :

dent < ||A|% from (12).
t

10



As we have shown previously

|de|ns > eV'N||Al|F/2

and hence 2 N1 Al12
€
S dgn, > AR (51 my.

t t

\Y

Therefore,

Z(l/’ﬂt) < 4/e’N

t
and by Cauchy-Schwartz

2

1/2 1/2
;|dt| < (;df"t> (Z(l/nt)) / < ||A||Fﬁ-

The proof of the tightness of the upper estimate is included in Section 8. O

4 Explicit Algorithm for MAX-rCSP

In this section, we prove the following Theorem :

Theorem 5. Given an instance of a MAX-r CSP problem with n variables and m functions,
each of r variables, and a § > 0, there is an algorithm running in time 20(”T/(52m))0(n")
which with probability at least 9/10, outputs an assignment satisfying at least the mazimum
number of satisfiable functions minus dm.

We remark that in the case of r = 2, this starts giving us sub-exponential algorithms as
soon as the number m of edges is super-linear in n. [Clearly we may assume that m € Q(n);
otherwise we may usually split into connected components and solve the problem on each
component. Thus for all § € Q(1), our algorithm will be at least as good as the trivial 2"
algorithm.]

Throughout this section, we let

_0ym
€= 4nr/292""
Recall from (1) that we wish to maximize the polynomial P over {0,1}" :

Pla)= > 3 A®(i,h0,..d) [] = [ Q- ).

26{0,1}”‘ 21,82,...0p z;j=1 2;=0

Each A®) is an array on V'. Recall that n = |V/|. We find the cut decomposition B() of
each of the arrays A(®), as in Theorem 4. Each B(®) is the sum of at most 4/€* cut arrays
and we have (using (2))

149~ BO||o < en | APl < bm/a. V.

11



By the claim at the end of Section 2 it suffices to maximize the function g(z) below to
additive error ém/2 :

Z Z B(z)(ilai27 - H -sz H ]- — .'E«L] (13)
2€{0,1}7 11,82,...0¢ zj=1 2;=0
Let
S1,89,... 5

be all subsets of V defining the cut arrays we get in the decompositions of all the A®).
Note that s < 4 - 27 /e2. Now suppose a particular cut array, say, CUT(S1, Sa,. .. Sy;d) 2
occurs in the decomposition of a particular A(®), then we note that

Z CUT(S1,852,-.-S;d) H Ty, H — zi;)

£1,82,.--p zj=1 z;=0
=d [] =(Sy) T (ISt = =(Sk)). (14)
z=1 2¢=0

where here, as before, z(S;) = > ;cq, zi- Thus g(z) is a function of just {z(S;) : t =
1,2,...s}. Indeed, we have g(z) = f(x(S1),z(S2),...x(Ss)), where f is a polynomial of
degree at most 7. We will need the fact that this f does not vary much as z changes (so
that to evaluate the polynomials approximately, it will suffice to have the z approximately).
To this end, (noting that both z(S;) and |S;| — z(S;) are between 0 and n for all ¢), we
get that when we replace one of the quantities z(S;) by a quantity y(S;), the value of the
product changes by at most n"~!|z(S;) — y(S;)|. Making these replacements one by one it
follows that

IT =(S) T (8el = =(S0)) — I w(Se) T (18:] — 9(Se)| < rn~"Maxi_;|2(S:) — y(Sy)|-

zt=1 2¢=0 2e=1 2:¢=0

By (8) of Theorem 4, we have that the sum of the absolute values of the coefficients of the
cut arrays used in approximating one A®) is at most 2||A®)||r/(en™/?). So, it follows that
if z,y are two n—vectors satisfying

|z(St) — y(St)| < vn fort=1,2,...s, (15)
where 0 < v < 1 will be specified later, we get (using (2)) that :
l9(z) — g(y)| < 2727 ' 2y/mrvn'/?Je < 2% /mun'? [e. (16)
Choosing
v=é, (17)
we get
(15) = lg(z) —g(y)| < dm/4. (18)

Thus it suffices to enumerate all possible {z(S;) : t = 1,2,... s}, where each coordinate is
within vn of the correct value. This can be done by Linear Programming in the required
time, by associating each cell of the Venn diagram of the sets S; with a variable, and by
checking feasibility of each possible vector {z(S;) : t = 1,2, ... s}, where the value of each
coordinate is specified up to vn by writing down the appropriate inequalities.

2The cut array need not involve the first r of the S; ’s; we just use S1, Sz, ... S; for notational convenience.
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5 Cut Norm of Random Sub-arrays

Let A(®) be the arrays on V" defined in Section 2. We assume that the functions f1, fa, ... fim
comprising the input to the MAX-CSP problem are all distinct. Thus, as in (2), we get the
first inequality below from which the second follows :

1AD) (31,49, 0)| <22 ||AB)|% < 22 (19)

From Theorem (4), we know that there is an approximation B(¥) (which is the sum of a
small number of cut arrays) to each A®)_ We do not need these approximations in detail
here. The main purpose of this section is to show that for a random subset J of V of
cardinality Q(log(1/€)/€*), the sub-array of B(*) induced by J, (namely B(%) restricted to
J") is a good approximation to A®) restricted to J”. To simplify notation, we will let G
stand for A(®) — B(*). We will assume in this section that G satisfies the following conditions.

1 o
1Glle < en” |G|l < =22
€

IGllp < 2% n /2. (20)
These are obtained from Theorem (4) with e there replaced by €/22". These are the only
properties of G we will use in this section. Here is the main theorem of this section.

Theorem 6. Suppose G is an r-dimensional array on V" satisfying (20). Let §,e > 0.
Assume n = |V| > %610/52. Let J be a random subset of V' of cardinality q, where,

1 4
6,.12
Let H be the r-dimensional array obtained by restricting G to J". Then, we have with

probability at least 1 — 0 :
€

\/Sq

Before starting the formal proof, we give an intuitive description of it. In essence, what we
want to prove is that if G has cut norm at most en”, (and also some bounds on its Frobenius
and infinity norm), then, a random induced sub-array of G on ¢ elements has cut norm at
most O(eq”). Note that the reverse assertion that that if ||G||¢ is high, then so is ||H||¢ is
much easier to prove - indeed, for this, we may just take the S1,S5s,...5, C V achieving
||G||c and argue just by the usual sampling theorems that H(S; NJ,SoNJ,... S, NJ) =~
|i|: ||G||c. Such a simple proof does not work for what we want here, since here we want to
argue that the non-existence of a S1,S9, ... S, achieving high |G(S1, Sa, ... Sy)| implies the
same for H. The general method of attack we use is to show that the number of candidate
S1,89,... 5 we need to consider is not too high.

| H|c < 22+

r

In more detail, the outline of the proof is as follows : Assume that J has already been
picked. Suppose we pick in addition, » random subsets of J"~! - Q1,Q2,...Q,- each of
cardinality €(1/€?). Then, lemma 2 asserts that with high probability, there are subsets

Q) CQ1,Q5CQ2...Q C Q, such that
H(Pos(Q}),Pos(Q3), ... Pos(Q))) =~ H™. (21)

13



In other words, we need to consider only 201/ ) candidate subsets of J to find the
S1,8s,...8, C J approximately maximizing H(S1,Sa, ... S,) (not all 29(71) of them.) Now
consider one fixed candidate - @}, @5, ... Q.. If now we could fix this candidate and assume
that J was picked independently of this, (obviously we cannot), then we would have that
Pos(Q') N J is a random subset of Pos(Q}) (note that Pos(Q) is viewed as a subset of the
whole V'), Pos(@%) N J is a random subset of Pos(Q5), . .. Pos(Q%)NJ is a random subset of
Pos(Q!.) and so by standard sampling theorems, we should have that with high probability
the following holds :

VI

G(Pos(@}). Pos(Q})... Pos(Q) = 17

G(Pos(Q))NJ, Pos(Q4)NJ, ... Pos(QL)NJ). (22)

We will derive a quantitative version of this by applying the lemma 8 (to come) with G
of that lemma defined from our G by zeroing out the entries outside Pos(Q]) x Pos(Q5) x

... Pos(Q~).

Multiplying the failure probability in (22) with the number of possible subsets of the Q;
(which is 2001/ 62)), we also get that with high probability, (22) holds for every subset Q) of
Q1, Q% of Q2 etc. If this holds rigorously, we would then clearly be able to infer from (21)
and (22) that

Gt > v

Z T H' — error .

A similar inequality also will follow (along the same lines) for (—G)* and this would finish
the proof.

The major problem is that J is not independent of Q1,Qo,...Q,; if it were (21) will not
hold. ((21) needs Q1, Qo,...Q, to be random subsets of J"~!.) To tackle this, we adopt a
method of proof reminiscent of the argument of Vapnik and Chervonenkis [18]. We consider
a set J' which is J minus all the end points of (r — 1) tuples in @1, Qo, ... Q.. Noting that
|J| —|J'| € O(1/€?), we argue that we get roughly the same probability distributions if we
pick, as we described already, J first and then Q1,Qo,...Q, as random subsets of J" 1,
whence (21) holds as if we first pick J' and then Q1, Qo, ... Q, as random subsets of V"1,
whence we have that (22) holds. Thus, we will see that we may actually use both (21) and
(22) to get our result.

5.1 Two technical sampling lemmas

We start with two technical lemmas we need. The first lemma is a particular “large-
deviations” result. While the proof is standard, it differs from the usual ones in its hypoth-
esis which upper bound each real as well as the sum of squares. [We note that if we did
not have the upper bound on the sum of squares, the upper bound one usually gets on the
probability in the lemma depends on 72 rather than ~.]

Lemma 7. Suppose a1,as9,...ay are any reals with |a;| < M for all i and Zfil a% < a.
Let X1, X5,... X, be a sample of size q picked by sampling uniformly without replacement

14



rom the set {a1,a9,...an}. Then, for any real v > 22 we have :
» 82, ’ Y Y NM2»
(Z&——Z%

t=1
Proof Let A be a positive real to be chosen later. Let a = % Efil a; and b, = a; —a
and let Y1,Y5,...Y, be a sample of size ¢ drawn with replacement from the same set of
reals - {a1,as,...an}. (To be used just in the proof.) Let A = yMgq.

> fqu) < 2e /4,

q

Pr (ZXt > qa +A> <E (e)\ZtXt) oM, —AA <E (eAZth) oM g—AA
t=1

the last inequality holds since e” is a convex function - from Theorem 4 of [14]

- (E (6,\(Yl—a)))q641&_ _ 1 (i 6)\b¢>q oM
N1 =1

The b; satisfy the constraints 3,67 < 3", a? < « and |b;| < 2M. The maximum of the last
expression subject to these two constralnts is attained when Ny =Min(N, ;77 M 25) of the b; ’s
are 2M each and the rest are zero. Thus, we have, by choosing A = 1/(2M) in the above,

q
a 1 —A/(2M @ —A/(2M —yg/4
Pr (t:ZIXt > CIa+A> < ﬁ[NOe + N — Nol%e™/CM) < (1 + 2NM2)qe /@M) < o=va/4

using (1 + (a/4ANM?)) < ¢®/ANM? This bounds the probability of 3" X; being too large.
To bound the probability of this sum being too negative, we just use the same argument
with the set of a; replaced by the set of —a;. This then yields the lemma. O

The next lemma says that a “induced” sub-array estimates the sum of all elements of a
large array well.

Lemma 8. Lett be a positive integer multiple of v satisfying t > 2"+t8log(1/€)/e?. Let I be
a random subset of V' of cardinality t. With probability at least 1 — Be~tc"/16r the following
holds :

T

G(V") - ?—TG(IT) < enm2¥ A,

Proof Let

1 o
y=€/2 M=-2".
€

Note that ||G||lcc < M. Let X denote a set of t/r elements of V" picked in i.i.d. trials,
each uniformly. (X is an auxiliary set which is only used for the proof.) With probability
at least 1 — % , the set end(X) of end points of elements of X is of cardinality ¢; we will
henceforth assume this happens after paying the failure probability. Let

Bad:{

> Gw) - —G(VT)

weX

> fyMt/r} .

15



From Lemma 7, (with o there equal to 22" n") we get that

o
|Bad| < 2e™7H/4"
t/r)

For an I C V with |I| = t, let f(I) denote the set of X with end(X) = I. Let I; be the set of
w € I" with r distinct end points. Since each w € I belongs to precisely (t—7)!/((t/r) —1)!
X ’sin f(I), we have that

Y Y@ ?; Y Glw) = ((f ?; (G(I") + A), where, |A| € Mr2¢™ 1.
Xef(I)weX r twelh r ’
(23)
Each X with |end(X)| = t clearly belongs to f(I) for precisely one I. Noting that
(f/;)(t/r)' < 2t!(7}), we have that the event defined below has the claimed probability
bound :

!
Ey(I) : |Badn f(I)| < 2e77Y/8 (t;r)' satisfies
Pr(Eo(I)) > 1 —2e /%

Now, we have

S Gw) - 6| <y for X ¢ Bad
weX rn’ r
Y Gw) - 6| <M for X € Bad.
rn’ T
weX
ot Mt #! Mt
> 3 Gl - 6 < T D=
Xef(I)wex : :
tl Mt 1 Mt
< —t/8ry < = 1.1y.
Under Ey(I) S @l ('y + 2e ) o 0%

(The last inequality also uses the lower bound on ¢ in the hypothesis of the Lemma.) Thus,
using (23), we get :

t! 1

By(I) = G(I') = (i

G(V™) — A+ A, where, |A'| < 1.1¢£"yM.

So, we have

T t’f'
TG — G| < | = 1] 1607 + 1A+ 14
From this, the lemma follows. |
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5.2 Proof of Theorem 6

First we have that E(||H||%) = g—:”GH%, so using Markov inequality, we have that event
2 q/
NG
Let p = 100r*/(6%€%). Let Q1,Qo,... Q. be r randomly picked subsets of J"~!, (indepen-
dently, each uniformly picked), each of cardinality p. We apply Lemma 2 to H (not to G.
So, now N = ¢"). So, with probability at least 1 — (6/5) (using (24))
ElQll c QlaElQIQ - Q27' .. HQ; - Qra
G(Pos(Q}) N J,Pos(Q4) N J,...Pos(QL) N J)
>HY - Sl H|p > HN — ¢ /2, 2
> 54 CIH||F 2 75 |G| /n (25)

HIH| P < —= 75 |Gl|r has Pr(Er) > 1 - (5/4). (24)

Here, we mean by Pos(@}) the set {z € V : G(z,Q}) > 0}; so, Pos(Q}) is a subset of V,
not just J. Let J' be obtained from J by removing the at most 7(r — 1)p end points of the
elements of Q1 UQ2U...Q,.

We will make crucial use of the fact that the following two different methods of picking
J,Q1,Q2,...Q, produce nearly the same joint probability distribution on them :

(i) As above, pick J to be a random subset of V' of cardinality ¢ and then pick Q1, Qo, ... Q;
to be independent random subsets of J"~! each of cardinality p. Let P(Z)(J, Q1,Q2,-.-Qy)
be the probability that we pick J, Q1,Qo,- .. Q, in this experiment. Then, clearly, for each

Ja QhQ?a'"QT with |J| =4q, QlaQQa"'QT c Jr_la |QZ| = p, we have

pvananor(()(7))

(ii) Pick independently (of each other) r random subsets Q1,...Q, of V'~ of cardinality p
each. Then, pick J' to be a random subset of V' of cardinality ¢ — r(r — 1)p (independently
of Q; ’s). Let J = J'U (the set of all end points of elements of Q1 U Qs...Q,). Let
P)(J,Q1,...Q,) be the probabilities here.

Define E5 to be the event that all pr(r — 1) end points of the elements in Q1,Q2,...Q;
are distinct and let E5 be the event that all the end points of Q1,Qs,...Q, are distinct
and none of them is in J'. It is easy to see by direct calculation that conditioned on the
events Es, B3, P® and P are exactly equal. We wish to show that P(i)(Eg) is close to 1.
To this end, in (i), having picked J, we pick pr(r — 1) independent identically distributed
samples, each uniformly from J. The probability that some pair of them is equal is at most

. 2,.4
(p?"(r 1)>1<pr <8
2 g~ q ~— 8
Thus, 1 — P%(E,) < §/8. Also,

1— P (Fs) < (pr(rz— 1)> ! + pr(r — 1) < d/4.
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So we have that the following inequality which we will use shortly :
1P — P py < 36/8, (26)

(where ||P®) — P(ii)HTV denotes the usual “total variation” distance between the two
probability distributions, namely, the maximum over all subsets X of the sample space of
the quantity |P®)(X) — POV (X)|.)

Pick Q1,Qo, ... Q, as in P9 For now, fix a particular collection of subsets Q} C Q1, Qb C
Q2,...Q!. C Q. Define an array G’ by :

G'(i1,42,---4r) = Gli1,d2,---4r) (i1,42,---iy) € Pos(Q}) x Pos(Q%) x ...Pos(Q))
G'(i1,i2,...4») = 0 otherwise .

Note that ||G'||r < ||G||r. Now, we pick J' CV of cardinality ¢ — r(r — 1)p independently
of Q1,Qs,...Q, as in P Applying the Lemma 8 to G’ (not to G), with ¢ of that lemma
set to ¢ — r(r — 1)p and I of that lemma set to J', we get the claimed bounds for the
probabilities of the events defined below :

Let Es(J',Q1,Q5,... Q) :

n’l‘

(g —r(r—1)p)

< 6nr22r+1+4

G(POS(QII)’ POS(QI2)3 s POS(Q;)) -

~G(Pos(Q}) N J',Pos(Q5) N J',...,Pos(Q;) N J')

Then, P (By(J', Q},Qb,... QL) > 1 —8e74/32r > 1 26_51”".

Now using the fact that for one choice of Q1, Q2, . .. Qy, there are 2P choices of @}, @b, ... Q",
we get :

E9(JI,Q11Q25'“Q7‘) : VQII g QlanIQ g QQ,VQ;« g QN ES(Jlﬂ Il’QIQ’Q;')
PO)(Ey(J',Q1,Qs,...Qr)) > 1 - L.

Now, let J be the union of J' and the end points of elements of Q; ’s. Noting that
¢ <(1+e)(g—r(r—1)p)” and

|G(Pos(Q))NJ", Pos(Q4)NJ’, ..., Pos(QL)NJ")—G(Pos(Q’ )NJ, Pos(Q5)NJ, . .., Pos(Q.)NJ)|

< €q"|Gloo,

we get (using also (26)) :

Let ElO(Ja Ql, QZa s Qv‘) : VQII - QlanIQ - QQ, s VQ;« - Qr
(G(Pos(@4), Pos(@4), - Pos(@))) — sy G(Pos(@)) N, Pos(@5) N ..., Pos(@)) N J)|
< en™92" T +5

PO(Eio(J,Q1,Qo,-.-Qr)) >1— 1. (27)
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Under E1o(J, Q1,Q2,...Qr), we have from (25) that

Q) C Q1,3Q4 C Q2 ... G(Pos(Q}), Pos(@5), ... Pos(QL))

'n/r 26 7+1
2 eyt g NGl e
>Vt gt

- T

q Vo

Thus, we get that with probability at least 1 — %, the following holds:

Gt >Vt \i[n"22’““+8.
> -

By an exactly identical argument applied to —G, we get also that with probability at least
1-4/2,

(<G > T (H) = g,
q"'

V6

From the last two statements, the Theorem follows.

6 Random sub-programs of Linear Programs

In this section, we prove a result about Linear Programs which we will use later. The result
may be of independent interest. It says that for a Linear Program on n variables, each
constrained to be between 0 and 1, we can make some assertion about the optimal value
based on the optimal value of a small sub-program obtained by picking at random a small
number of variables. We first state a simple theorem which illustrates the essential proof
technique. Then we prove a more complicated (technical) theorem which is the one we will
use.

We remark that having the variables bounded between 0 and 1 is crucial; if the “scales” of
the variables were different, it is intuitively clear that uniform random sampling will not
yield a good approximation.

Theorem 9. Suppose 3

n
o> Maa:z CjT;
Jj=1

n
ZijjSU ; 0<z; <1,
j=1

3We write the line below as shorthand for “ the optimal value of the linear program is less than o”. If
the linear program is infeasible, we let the optimal value be —oo.

19



where each Uj is an m— vector. Suppose q is a positive integer and @ is a random subset of
{1,2,...n} of cardinality q. Then, for any positive real number X\, with probability at least
1-— 467)‘2/4, we have :

%a + A/4lle||o > Maxz C;T;
Jjeq
q .
}:Uﬂjgﬁu—aﬁmmw : 0<z;<1,j€Q.
JeQ

Remark Before we start the proof of the Theorem, we give the reader an intuitive idea of
the reasoning. First note that a “reverse” of the Theorem which asserts that if the whole
LP has a high optimal value, then the induced LP on @ has a high optimal value is much
easier to prove - we could just take the optimal solution to the whole LP and argue just by
random sampling that the induced solution on @) provides a reasonable solution to the LP
induced on (). Here however, we want to show that the non-existence of a good solution to
the whole LP implies the same for the random induced LP on (). Luckily, this is also not
too hard for LP’s, because LP duality says that the non-existence of a good solution to the
whole LP is equivalent to the existence of a certain solution to the dual LP. We can then
take this solution and it induces a solution to the corresponding induced problem on Q.

Proof By Linear Programming Duality, there exist a non-negative m—vector v and a
non-negative real number S such that

n

P2 Y (ulj = Pej)uy <uv—Pa 5 0< a5 <1
j=1

=3 i(uU — ,Bc)j_ > uv — fa,
j=1

the last since one linear inequality has a solution over z,0 < z; < 1 iff setting to 1 the
variables with a negative coefficient in the inequality and setting the rest to 0 satisfies it.
Noting that
@l — Be)j| < 3 wal|Ulleo + Bllelloc¥i:
7

we get that the event below has the claimed probability :

FEq;: Z(UU — ,BC); > %(UU - ,60() - )\\/Z] ((Z uZ)”U”OO +IB||C||OO>
= i
Pr(Ey) > 1—4e /4,

Now, it is easy to see that event F1; implies the conclusion of the theorem. [If not, taking the
solution z attaining the optimal value in the linear program and adding up the inequalities
after multiplying by the same u, produces a contradiction to F1;.] This completes the
proof of the theorem. The next theorem is stronger in the case when }_; c? < ||, i-e.,
when a few of the |c;| are much larger than the average.
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Theorem 10. Suppose

j=1

n

ZijjS'u ; 0<z; <1,

i=1

as before and, in addition,

m
ZC? < az lle]|oo < M.
i=1

Suppose q is a positive integer and @ is a random subset of {1,2,...n} of cardinality q.
Then, for any positive real number

4042
— , 100
’y E |:'n,M22 7 :| 7

we have that with probability at least 1 — de~74/* :

4 .
Eoz + 2vqMsy > Mazx Z CjT;j
Jjeq
q .
Zijjfﬁv_QﬁanHoo ; 0<z; <1,j€Q.
JjeQ

Proof Arguing as in the last theorem, we again get that 37 (uU — Bc); > uv — Ba.
Let V! = {j : (uU — fBc); < 0}. The random variable

X = > (uU-Bec)j = > (uU - Be)jx(j € V')

JEQ jEQ
= S (WU)x(G € V') + Y (~Bej)x(j € V')
JEQ jEQ

= X + X5 say, respectively .

Now X; can be written as the sum of ¢ independent random variables, each at most
(32; 4i)||U||oo in absolute value. So, we have by standard Hoeffding inequality,

E12 : X1 — % Z (’UIU)]

jeV!

< V(S ) U]lo has

PI‘(Elg) Z 1—2e774,

To X5, we will apply our sampling Lemma 7 with M of that lemma equal to M and « of
that lemma equal to asy to get that

Eq3: < 2BvqM> has

Xz—%ﬂzcj

JeV’!
PI‘(Elg) Z 1—2e 79,
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It is easy to see that under F15 and Fi3, we have the conclusion of the theorem.

7 Proof of Main Theorem (Theorem 1)

Recall that we are given a set F' of m distinct functions fi, fa,... fm, each of r variables
among {1, Z2,...Ty}. We are also given € > 0 and we wish to find the maximum number of
satisfiable functions to additive error en”. In this section, we will use O(:) to hide constant
factors independent of € (and of course n). These factors will depend only upon r. [It would
obscure the main points if we put in all the constants, so we have not done that.] We will
actually only achieve an error of O(en”). [By suitably adjusting €, we can then achieve an
error of actually en’.]

As in Section 2, define A®®), A and P(z). Note that since the fi, fa,... fy are distinct, we
have (see (2)),
1A (i1, 49,...4,) € O(1)  ||A|[% € O(n"). (28)

Now we use Theorem 4 to assert that for each z, there exist B(¥), which is the sum of
s € O(1/€?) cut arrays and which satisfies

||IB®) — A®)||o < en. (29)

We do not find the B(%) here; all we need in this section is the fact that they exist. Recall
the definition of P(z) from (1); for convenience, we change the definition slightly here and
normalize by dividing by n”. The new definition (which will cause no confusion) of P(z)
and a similar polynomial g which we use here are as follows :

1 .
P(z) = v Z Z A(z)(zl’z%' H Lij H (1= zy).
n ZE{O 1}"' ’il,’iz,...ir ] ,Z]—l .] Z]—
1
g@) == Y Y BO(ig...i) [[ = [[ (1)
" z€{0,1}7 11,82,...%r Jizj=1 J:2j=0
(29) = max |P(z) — g(z)| € O(e). (30)
ze{0,1}n

Suppose that the sets involved in defining all the cut arrays in the approximations of all
B®) are S1,8,,...S,. (We still have s € O(1/€?) .)

Let now @ be a random subset of V of cardinality ¢ as in the statement of the Theorem.

We will denote by A(®) the sub-array of A®) on Q7. Similarly for B(*). From, Theorem 6,
(with ¢ = ¢ log(1/€) for a high enough constant c), we see that the following event has
the claimed probability :

99

16 : ||A® — BR)||¢ € O(eq") satisfies Pr(E:s) > 100" (31)
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Define

ir S A®(de,.d) [ oz [ Q-
q { }T 11,8250 €Q ]'ZJ:]' ]'Z]:O
ir o Y B@9(in,.d) I m; [ 1) (32)
q 2€{0,1}7 i1,82,...ir EQ Jizj=1 Jizj=0
Eyy = max |P(z) — §(z)| € O(e). (33)

{ij{O,l},jeQ}
Recall that Max(F) denotes the maximum number of functions among F which can be

simultaneously set to 1. Also recall that F'©@ denotes the subset of the functions involving
only the variables in (). We have

1 1 ~
WMax(F) = Max,e(o,1}» P() q—rMax(FQ) = Max,; c{0,1},jeq@ P(2)-
So from (30) and (33), to prove the Theorem, it suffices to show that

‘Maxmje{o,l},jev g9(z) — Maxy c(0.1},eq §(~’5)‘ € O(e)- (34)
To prove this, we will exploit the special structure of g, g.

We first need a simple technical fact :

Claim 1

1 1
Ei5: =[S —=|S:nQ|| <€ for t=1,2,...5 Pr(E;)>1- dse~c"a/4,
n q

Proof The random variable |2[S| — 1 ;/St N Q|| has expectation 0 and changes by at
most 1/¢q when only one of the ¢ random ch01ces to select @ (each choice picks one element
of Q) is changed. So, the claim follows by standard Martingale inequality.

O

Arguing as in Section 4, we see that g(z) is the sum of O(1/€?) terms, each of the form
g1(z) below and similarly, g(z) is the sum of corresponding terms - g;(z) :

=d [ (s TI =08 - ()

tizi= 1 t:z;=0

= J] ;a(5:0@) T] 2(8i0Ql- (5.1 Q)

t:zg=1 q t:24=0

(g91(z) does not have to involve the first » S; ’s. It is only for notational convenience
that we have used this here.) Thus, z(S1),z(S2),...2(Ss) determine g(z) and similarly
z(S1NQ),z(S2NQ),...x(Ss N Q) determine g(x).

Denote by h(z) the s— vector (2z(S1), 22(S2), ... +2(S,)) (for an n— vector z) and simi-
larly by h(x) the s— vector ( z(S1N Q) z(Ss OQ), e %x(Ss NQ)) (for a g— vector = with
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components for each j € Q). We will approximate g(z) by a piece-wise linear function,
where, each piece will comprise of all the = ’s for which the h(x) are close. More precisely,
we will use a parameter 7 - which will be ©(¢). Let A be the set of integer multiples of 7
in the range (0,1). For each b € A®, define

I(b,n) = {z: |h(z) —blec <20}  I(bn) ={z: |h(E) — bleo < n}.

[Note that I(b,n) is defined with 27, whereas I(b,7) is defined with only 7, a difference
we will make use of later.] The lemma below asserts the existence of the piece-wise linear
approximation; we do not need to find it. Note that the “same” approximation works on
V as well as on Q. Its proof will take up most of this section.

Lemma 11. For a suitable choice of n € ©(e), for each fived b € A°, there exist two linear
functions l(z) = lo + 35— ljzj and l(z) = lo + X ;cq ljzj such that

l9(z) —U(z)| € O(e) Ve € I(b,n)  |g(z) —(z)| € O(e), Yz € I(b,7).

Erg and Eys = |l + Z ijj —ly— L Z lizj| € O(e)Va € I(b,7).
j€Q ?jeq

Also, |l;] € O(1/ne) Vj and 35, ljz- € 0O(1/n).

Proof

On each I(b,n), b € A, we will approximate g(z) by a linear function by approximating
each term g; (z) by a linear function g(z) and then adding up over all terms. To this end,
we may write, (with p(z) = (—1){7:2=1}).

gue)=d TT a(s) TT (S~ =(50)

tizg=1 tizg=0
/1 1
= w@A ] (18H = 20) = b+ (01 = 2(50)) = ga(a) + Ala),
t=1

where, expanding the above product,

1 ! 1 1
g2(x) = p(2)d [T (=186 (1 = 20) = be) + dpa(2) Y (b — = () ] (= 18w [(1 — zr) — bw)

=1 " t=1 " T

|A(2)| < 4|dn*2" Vo € 1(b,7),

the last because A(z) is the sum of 2" — r — 1 terms, namely the quadratic and higher
degree terms in the expansion of the above expression; each term is the product of at least
2 factors of the form b; — %x(St), which is at most 27 in absolute value and other terms
are of the form 1|S;|(1 — 2;) — b, which is at most 1 in absolute value. We may rewrite the
linear function go(z) as :

02(2) = u()dleo + Y (S))  where,
t=1
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r

COZH(_|St|(1_Zt)_bt +thH E|St' (1 —2u) —by)

t=1 t=1 t'#t

Ct = —— H <_‘St’|(1 — Ztl) — btl) .
nt,# n

Proceeding exactly similarly, we get that

T

§1(2) = du() [ (qlSle(l —z) by (b — aac(st Q) = gale) + Aa),

t=1
where
go(z) =
w(2a [T 1SN QI - 20) — br) + du(2) (b — 250 1 Q) [ IS0 N QUL = 20) — by)
=1 4 =1 q izt 9

|A(z)| < |d|n*2" Yz € 1(b,n).

We may again rewrite go(z) as :

§2(e) = (G0 + Y 6n(5:1Q)  where,

t=1
T
50—1_[( 1S: N QI(L = 2) — br) +th1'[ L8, N QI = 20) = by)
t=1 t=1 4t q
:——H( |Stan| 1_Zt’)_bt’) fort:1’2’___7~_

9 12y
We will now prove some bounds between ¢, ¢;.

Lemma 12. Under Ei5, we have :

. . n
lco — 0| € O(€?) |é: — Ect| € O()q) fort=1,2,...r.

Proof For t =1,2,...7, note that under E5,
1 1
E'Sﬂ'(l — Ztl) — btl — E|Stl N Q|(1 — Ztl) —+ btl S €

Also, each of |1]|Sy|(1 — 2zy) — byl \%|Stf N Q|1 — zy) — by| is at most 1. Now, we can
write nc; as the product of r — 1 reals - call them a1, ao,...a,_1, each of absolute value at
most 1; and similarly, ¢¢ is the product of r — 1 reals - call them by, bs,...b._1, each of
absolute value at most 1 and we have |a; — b;| < ¢2. Consider for the moment, the function

FA) =1T=1(Aat + (1 — A)by) and write f(0) — f(1 ) as fol 4 g\; from this it follows that
nc — q&| = |f(1) - f(0)] € O(é?).
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The difference between cy and ¢y is bounded similarly.

Lemma 12 implies that under F15, we have

T T

Vz € I(b,n), |d(co + g > (SN Q) —d@ + Y &x(S N Q))| € O(*|d)).
t=1 t=1

Adding up over all terms and noting that the sum of |d| over all cut arrays used in the

decomposition for one B is O(1/e), we get the first part of Lemma 11.

Now, we prove the upper bounds on [l;],3; lJQ-. First note that each [; € O(1/ne), since
the sum of the |d| corresponding to all the cut arrays is O(1/¢). If I(b,n) = (), then we
may set all [; = 0. So, assume Jy € I(b,n). We claim that in fact |I(z) — P(z)| € O(e)
for z € I(b,2n). This is because, the error A(z) = g1(z) — g2(z) was bounded by 2"*2|d|n?
for z € I(b,n); now for x € I(b,2n), A(z) may be bounded above by 2"*|d|n?. Thus,
lg1(z) — g2(z)| < 27F%|d|n? for all z € I(b,2n). Now again, adding up over all terms and
noting that n € O(e), we get that |I(z) — P(z)| € O(e) as claimed.

Let L = {j : y; < 1/2;1; > 0}. Let ng = min(|L|,nn) and denote by Jy the set of ng j ’s
with the largest values of [;. Obtain y' from y by making the coordinates in Jy equal to
1, leaving the other coordinates as in y. This changes each z(S;) by at most nn; so 3’ is
still in I(b,2n). Now, this changes P(-) by at most O(1/n) min(|L|,nn)) € O(€); so we have
that
1(y") —l(y) = P(y") = P(y) + ((y") — P(y)) + (P(y) — I(y) € Ofe).

But I(y') — I(y) is at least (1/2) the sum of the min(|L|,nn) largest positive /; among
j € L. Thus the sum of the largest min(|L|,nn) I; is O(e). Similarly, we may define
L' = {j :y; > 1/2;1; > 0} and then modify y to 3 by setting to 0 the y; for the
Min(|L'|,nn) j € L'; from this, we get that the sum of the largest min(|L'|,nn) I;, j € L'
is at most O(e). Adding, we get that the sum of the largest nn positive /; is at most O(e).
By similar argument, we get that the sum of the least nn [; is at least —O(e). So the sum
of the nn largest absolute value /; is at most O(e). The largest value of > 132- subject to
this condition and the condition that each |I;| is at most O(1/ne) is obtained when the top
O(e?n) of the |l;| are O(1/ne) each and the rest O(1/n).

This completes the proof of Lemma 11.

O

Now we are ready to prove Theorem 1. Let Max(F) = an”. Then for each b, the maximum
value of the following Integer Program is at most o + O(e) :

Max lg+ liz1 + lozo + ... Iy
by —2n < %:v(St) <b+2nfort=1,2,...s ; 0<z; <1 integer.

This implies that
a+ O(e) > Max lg + lyz1 + loxo + .. . lnxy

1
bi— 2+ < —2(S) <b+2n——fort=12...5 ; 0<z;<1
n n n
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because, for the linear program, there is a basic optimal solution which has at most s
fractional variables and setting them to 0 gives us an integer solution whose objective value
is at least the linear program value minus O(s/en) which is O(e).

Now we wish to apply Theorem 10. To this end, we note that ||U|| < 1/n; and we may
use My = O(1/en) and az = O(1/n) in that theorem. Also, we will use v = O(e?); note
that this satisfies the required lower bound on v in that theorem. We will also use the fact
that s/n is at most /2 and ¢ > 2, /yn||U||« (the last requires us to choose 7 not too small;
indeed 7 equal to a large constant times e will do). Thus, we get for the following event
Es(b) (for one fixed b) the claimed probability bound (for a suitable choice of v € O(e?))

Eoo(b) : %(a —ly+0(e) > Max Y I
JER

1
bt—ngax(stﬂQ)gbt—i—n fort=1,2,...5 ; 0<z; <1,
Pr(EQQ) 2 1 _ e—lOlog(l/e)/62
Applying Lemma 11, we see that Es9(b), E15, Fag together imply

Egs(b) : a4 O(e) > Max [y + Z l~jwj
JjeQ

1
by—n<-z(SiNQ)<b+n fort=12,...5 ; 0<gz; <1
q

The upper bound on objective function of the above Linear Programming also applies to
the corresponding Integer Program. Now appealing again to Lemma 11, we get that

Egs(b) = §(z) < a+O(e) Vz : z; € {0,1},5 € Q,z € I(b,n).

Letting,
Fos - E25(b) holds for all b € .As,

we then see that since the (b, 7) together cover all of {0,1}9, under Ey5, we have that
g(r) <a+0(e) VYV : z; € {0,1},5 € Q,
and also we have that
Pr(Es;) > 1 — ( number of b ’s)e_lolog(l/e)/62 > 99/100.

To complete the proof of (34) (and hence the Theorem), we only need to prove now that
with high probability,

Maxy c(0,1},jev  9(%) < Maxy cq01}),5e@ 9(z) + O(e)-

This is the easy part and we will only sketch the routine proof. Suppose z attains

Maxg,e(0,1},jev9(Z)-
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Then, under E;5, arguing as in Lemma 12, we see that

191(2) = §1(2)| € O(e?).
Now adding up over all cut arrays in the decomposition and noting again that the sum of
the |d| ’s is O(1/e), it follows that §(z) > g(z) — O(€) proving this part.

O

8 Lower Bound on Number of Cut Arrays Needed

In this section we show that the c(r)/e? upper estimate for the number of cut arrays
in Theorem 4 is tight (up to the dependence on r), even if we restrict our attention to
{—1,1}-arrays A, and even if we only require that the sum of the cut arrays D will satisfy
(6). Throughout the subsection we assume, whenever this is needed, that € is sufficiently
small as a function of r. We also omit all floor and ceiling signs whenever these are not
crucial, to simplify the presentation. Note that if we only wish to satisfy (6) in Theorem
4, then its proof implies that 1/€% cut arrays suffice, as the extra 4 term appears because
of the need to get an efficient algorithm.

The Li-norm of an array A: Vi x V.- x V. = R is given by

14|l = > | A1, 82, - - 4 ir)]-

(71,82,ee0s8r ) EVI X Voo XV
The following lemma supplies a lower bound for the cut-norm of an array in terms of its
Li-norm. The proof is based on the method of [3].
Lemma 13. Let A: Vi x Vo--- x V. — R be an array. Then its cut norm satisfies
|1 A]l1

14][c > - :

280D [T5, [V;]'/2
The proof (following the ideas of [3]) uses a result of Szarek. Let cj,co,...,c, be a set
of n reals, let 1,...,d, be independent, identically distributed random variables, each

distributed uniformly on {—1,1}, and define X =}, d;c;.

Lemma 14. (Szarek [17]) In the above notation,

+ ...+ el

— C
BXD 22 2 4 ) (z Lt

Corollary 15. Let c1,...,c, be reals, and let S be a random subset of {1,2,...,n} taken
uniformly among all 2" subsets. Let Y be the random variable Y = > ;csc;. Then
- Yscqi,.n} | Xiescil

B(Y) = 3 > il

28



Proof For every vector § = (d1,...,0,) € {—1,1}" define S; = {i : ; = 1} and
S5 = {i: 6; = —1}. Then, by the triangle inequality

1€Ss iES(’; 7

As § ranges over all 2" members of {—1,1}", S5, as well as Sj§ range over all 2" subsets of
{1,2,...,n} implying that 2E(]Y'|) > E(|X|), where X is as above. The result now follows
from Lemma 14. O

Proof of Lemma 13. We prove, by induction on %, that for every 0 < ¢ < r there are
subsets Sy—_¢+1 C Viegtr1 ... Sy C V, such that

. . |l A[l1
E E Ay, 09, ..., 00)] > . 35
| 2 2, Alinyiz ) 82 [Tj—ygq1 V51M/2 (3)

11EVY tr—t€EVr_t tr—t4+1€ESr—¢41 i €Sy

For t = 0 there is nothing to prove. Assuming the assertion holds for t — 1 < r, we prove
it for ¢. For each (r — t)-tuple iy,49,...,%,—¢ and each ¢ € V;._;;1 define

G = Ci(ilai%"',i’r‘—t) = z Z A(ilaiZa"'77;t—7"7i,it—7‘+2""aZ.T')a

tp—t4+2E€ESr_t42 i, €Sy

and apply Corollary 15 with n = |V;_4y1|- Summing the resulting inequalities for all
(41,--.,ip—t) € V1 x -+ x V. we conclude that the average (over Sy_;+1 C Vi_ty1) of the

S X S S Al i)

11€VI tr—t€Vr_t tr—t41E€ESr—t41 i €Sy

is at least
1 || A1 _ || A1

VBIVi—i1 [ 8D Ty 4 p [ViIV2 82T pya (V32

Therefore, there is a set S, 411 C V41 for which (35) holds, showing that it indeed holds
for all ¢t < r.

In particular, for ¢ = r — 1 there are sets S C V5,...,5, C V, such that

. . |1A]lx
Z | Z s Z A(Zl,’LQ,...,ZT-)‘ Z 8(T71)/2H§:2|I/j|1/2- (36)

11EVL 12€S2 ir€EVy

Fixing such sets S;, either the contribution of the positive terms 3=, cg, *** >2; ey, A(i1, 42, . ..

gives at least half of (36), or the contribution of the absolute values of the negative terms
gives at least half the sum. In each case we can define S; as the set of those i; € V7 that
correspond to those contributing terms and conclude that

Alle >1 D" -+ > Alir,---,ir)]
11E€S51 1r €Sy

[
= 9. 8(7"71)/2 H;:Z |V’]‘1/2
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This completes the proof. O

From now on we restrict our attention in this subsection to arrays A: Vi x Vo x--- XV, —
{=1,1} where |V;| = n for all i. We need the following simple fact.

Lemma 16. There exists a family F of r-dimensional arrays, each mapping Vi3 X Vo X -+ X
Vi, where |V;| = n for each i, into {—1,1} such that |F| > 2""/? and for each two distinct
members A,B € F, ||A— B||; > %.

Proof Let H(x) = —xzlogyx — (1 — z)logy(l — z) be the binary entropy function.
By the Gilbert-Varshamov bound (see, e.g., [16]), for every (large) m there are at least
2(I=H(1/10))m (. 9m/2) vectors of length m over {—1,1}, where the Hamming distance
between each pair exceeds m/10. Taking m = n" and viewing these vectors as arrays
mapping Vi x --- X V;. to {—1, 1}, the desired result follows, as the difference between any
two distinct arrays in the collection will have more than n"/10 nonzero entries, each of
which is either 2 or —2. O

We can now prove the main result of this subsection.

Theorem 17. For every fized dimension r > 2 there exists some c(r) > 0 so that for every
€ > 0 there are n, N = n" and an r-dimensional array A : Vi x --- x V, — {—=1,1}, where
\Vi| = n for all i, such that for every array D which is the sum of less than c(r)/€* cut

arrays,
|4 = Dllc > en” ( = eVN||Allr)

Proof We prove the theorem for all € which is sufficiently small as a function of r,
and with ¢(r) = m%_sTf. Clearly this implies the result for all e (with a possibly smaller
¢ = ¢(r)). Define
1
=3 (40)2/r D 2/(r—1)

and note that N = n” < 1/(2¢*). By Lemma 16 there is a family F of 2"/ arrays
A:VixVyx---xV, — {—1,1} such that for every two distinct members A, B € F,
||A — B||; > N/5. By Lemma 13 this implies that for every such A, B,

|IA = Bl nrt02
HA - BHC > 9. 8(771)/277,(7”71)/2 > 10 - 8(7”71)/2 = 4en ) (37)

where the last equality follows from the definition of n.

Therefore, F is a large set of arrays, so that the cut-distance between any pair of them is
large. To complete the proof we show that at least one member of F cannot be approximated
well (in the cut metric) by a sum of a small number of cut arrays. To do so, suppose that for
each member A of F there is an array D which is a sum of at most ¢ cut arrays, such that
||A—Dl|c < en”. Call a cut-array e-nice if it is an array of the form CUT(S1, Sa, ..., Sr;d)
where d is an integral multiple of €/¢. An obvious rounding procedure implies that for each
member of F there is an array D which is the sum of at most ¢ e-nice cut arrays, such that
||A— Dl|c < 2en’.
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We next prove an upper bound for the total possible number of such arrays D. Note, first,
that as n” < 1/(2¢*), the absolute value of no entry of such a D can exceed 1+ 1/€3 < 2/¢?
(since otherwise the cut-norm of A — D would exceed 2en” simply by considering a single
entry). As each entry of D is also an integral multiple of €/t it follows that there are at most
4t/e* possibilities for each such entry. There are at most 2" possibilities for choosing the
sets Si,...,Sy in each cut array CUT(S1,...,Sy;d), and as D is the sum of ¢ such arrays
there are at most 2" possibilities for choosing the defining sets of all of them. Once these
are chosen, we have to choose the densities d of these arrays. Each of those is an integral
multiple of €/t, but the trouble is that its absolute value may be large (as there may be
cancellations between them, while forming D). It is thus better to bound the number of
possibilities of all these densities as follows. Let di,...,d; be the densities. Since we have
already chosen all sets S; in all the cut arrays whose sum is D, we can express each entry of
D as a sum of a subset of the densities d;. At most ¢t of the characteristic vectors of these
subsets span all the characteristic vectors of all other subsets we have, and thus if we are
given the values of D in these entries, we can solve for all other entries of D. There are at
most n"* ways to choose t entries of D, and then there are at most (4¢/¢)? possibilities for
the values of D in these entries (as each entry is an integral multiple of €/t whose absolute
value does not exceed 2/e3.) Therefore, the total number of possible arrays D is at most
Tt 4t tonrt

Each member of F is within cut-distance smaller than 2en” from at least one of these arrays
D, and the cut-distance between any two distinct members of F exceeds 4en”, by (37). It
thus follows that the number of arrays D is at least as large as F, implying that

,
log | F| = % < rtlogn + tlog(4t/e) + nrt < 2trn,

where here we used the fact that n is much bigger than logn+log(4t/¢). The last inequality
implies that
n1 1
dr  4r-402 .87 12’
completing the proof. O

t>
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