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In [1]: using LinearAlgebra
using Statistics
using Plots
using SparseArrays
using FileIO
using JLD2
using Random
using Arpack
using Laplacians
using PyPlot

1 The following command overwrites Base.show so that all numbers
only print to their low precision (around 3 digits).

In [2]: function Base.show(io::I0, x::Union{Float64,Float32})
Base.Grisu._show(io, round(x, sigdigits=3), Base.Grisu.SHORTEST, 0, get
end

2 A random graph

In [3]: Random.seed! (1)
M = triu(rand(5,5),1)
M=M+ M

Out [3]: 5E5 Array{Float64,2}:
0.0 0.211 0.556 0.209 0.077
0.211 0.0 0.437 0.251 0.64



0.556 0.437 0.0 0.0204 0.874
0.209 0.251 0.0204 0.0 0.279
0.07r7 0.64 0.874 0.279 0.0

In [4]: eigvals(M)

Out[4]: 5-element Array{Float64,1}:
-1.07
-0.487
-0.0104
0.00268
1.56

In [5]: p = randperm(5)
Mp = M[p,p]

Out[5]: BE5 Array{Float64,2}:
0.0 0.64 0.211 0.251 0.437
0.64 0.0 0.077 0.279 0.874
0.211 0.077 0.0 0.209 0.556
0.251 0.279 0.209 0.0 0.0204
0.437 0.874 0.556 0.0204 0.0

In [6]: eigvals(Mp)

Out[6]: 5-element Array{Float64,1}:
-1.07
-0.487
-0.0104
0.00268
1.56

In [7]: P = zeros(5,5)
for i in 1:5
P[i,p[i]l] =1
end
PxMxP' - Mp

Out[7]: 5E5 Array{Float64,2}:
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
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3 A useful eigenvector

In [8]: eigl = eigen(M)
eig2 = eigen(Mp)
eigl



Out [8]: Eigen{Float64,Float64,Array{Float64,2},Array{Float64,1}}

eigenvalues:
5-element Array{Float64,1}:
-1.07
-0.487
-0.0104
0.00268
1.56
eigenvectors:
5E5 Array{Float64,2}:

0.354 -0.201 0.812 0.267 -0.32
-0.144 -0.807 -0.247 -0.224  -0.466
-0.643 0.324 0.00455 0.409 -0.561
-0.189 0.292 0.343 -0.843 -0.225

0.636 0.344 -0.402 -0.0374 -0.561

In [9]: eig2.vectorsl[:,1]

Out[9]: 5-element Array{Float64,1}:
0.144
-0.636
-0.354
0.189
0.643

In [10]: pl = sortperm(-eigl.vectors[:,1])
p2 = sortperm(eig2.vectors[:,1])
[eigl.vectors([pl,1] eig2.vectors([p2,1]]

Out[10]: 5E2 Array{Float64,2}:
0.636 -0.636
0.354 -0.354
-0.144 0.144
-0.189 0.189
-0.643 0.643

In [11]: pll[invperm(p2)]

Out[11]: 5-element Array{Int64,1}:
2
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In [12]: p

Out[12]: 5-element Array{Int64,1}:
2



W P = O,

4 Cospectral graphs

In [13]: edges = [

“e

[

W oW, WN
O O O b WwN

]
fish = Matrix(sparse(edges[:,1],edges[:,2],1,6,6))
fish = fish + fish'

Out[13]: 6E6 Array{Int64,2}:
01 0 1 0 O

O O » O -
O oo r o
R B RO
O O O = O
= O O - O
O = O = O

In [14]: edges = [

W o N =, WN -
O WD

]
fish2 = Matrix(sparse(edges[:,1],edges[:,2],1,6,6))
fish2 fish2 + fish2'

Out[14]: 6E6 Array{Int64,2}:
01 0 1 0 O

O O = O =
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O O = O
O O O = O
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In [15]: x1 [0; 1; 2; 1; 3; 3]
yl = [0; 1; 0; -1; 1; -1]
plot_graph(sparse(fish),x1,y1)

Out[15]: 1-element Array{PyCall.PyObject,1}:
PyObject <matplotlib.lines.Line2D object at 0x1437c6e48>

In [16]: x1 = [0; 1; 2; 1; 0.7; 3]
y1 = [0; 1; 0; -1; 0; 0]
plot_graph(sparse(fish2) ,x1,y1)




Out[16]: 1-element Array{PyCall.PyObject,1}:
PyObject <matplotlib.lines.Line2D object at 0x14381b898>

In [17]: eigvals(lap(fish))

Out[17]: 6-element Array{Float64,1}:
.14e-16
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In [18]: eigvals(lap(fish2))

Out[18]: 6-element Array{Float64,1}:
.65e-16
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5 A motivating graph

In [19]: edges
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[

OB WN R, OO, WM R
W ~N NN WN

[

Out[19]: 11E2 Array{Int64,2}:

In [20]:

Out [20] :

In [21]:

1
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=
Il

8E8

O OO, =, O - O

X =

y:

for i in 1:8

end

00 NN OO NP WN

sparse(edges[:,1],edges[:,2],1,8,8)
Mo+ M

Matrix(M)

Array{Int64,2}:
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1 0
1 0
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11
0 0
0 0
-1; 0; 1; 0]

[1; -1; -1; 1; 0 ; 0; 0; 0.5]
plot_graph(sparse(M),x,y,dots=false)

PyPlot.annotate(i, xy = [x[i]; y[i]], fontsize=30.0)



In [22]: L

Out [22] : 8E8 Array{Float64,2}:

= lap(M)
3.0 -1.
-1.0 3.
0.0 -1.
-1.0 O.
-1.0 -1.
0.0 0.
0.0 0.
0.0 0.

In [23]: eigvals(L)
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Out [23]: 8-element Array{Float64,1}:
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In [27]: V = round. (eigen(L) .vectors,digits=3)

Out[27]: 8E8 Array{Float64,2}:

0.354 -0.237 0.354 -0.228 0.5 0.354 0.13
0.354 -0.237 0.354 -0.228 -0.5 0.354 0.13
0.354 -0.237 -0.354 -0.228 -0.5 -0.354 0.13
0.354 -0.237 -0.354 -0.228 0.5 -0.354 0.13
0.354 -0.081 0.5 0.349 -0.0 -0.5 -0.497
0.354 0.283 -0.0 0.62 0.0 -0.0 0.64
0.354 -0.081 -0.5 0.349 0.0 0.5 -0.497
0.354 0.826 0.0 -0.405 0.0 0.0 -0.168
In [28]: p1l = [2; 1; 4; 3; 5; 6; 7; 8]
Vipl,:1 ./ V
Out [28]: 8E8 Array{Float64,2}:
1.0 1.0 1.0 1.0 -1.0 1.0 1.0 -1.0
1.0 1.0 1.0 1.0 -1.0 1.0 1.0 -1.0
1.0 1.0 1.0 1.0 -1.0 1.0 1.0 -1.0
1.0 1.0 1.0 1.0 -1.0 1.0 1.0 -1.0
1.0 1.0 1.0 1.0 NaN 1.0 1.0 NaN
1.0 1.0 NaN 1.0 NaN NaN 1.0 NaN
1.0 1.0 1.0 1.0 NaN 1.0 1.0 NaN
1.0 1.0 NaN 1.0 NaN NaN 1.0 NaN
In [29]: p2 = [4; 3; 2; 1; 7; 6; 5; 8]
Vip2,:1 ./ V
Out[29]: 8E8 Array{Float64,2}:
1.0 1.0 -1.0 1.0 1.0 -1.0 1.0 -1.0
1.0 1.0 -1.0 1.0 1.0 -1.0 1.0 -1.0
1.0 1.0 -1.0 1.0 1.0 -1.0 1.0 -1.0
1.0 1.0 -1.0 1.0 1.0 -1.0 1.0 -1.0
1.0 1.0 -1.0 1.0 NaN -1.0 1.0 NaN
1.0 1.0 NaN 1.0 NaN NaN 1.0 NaN
1.0 1.0 -1.0 1.0 NaN -1.0 1.0 NaN
1.0 1.0 NaN 1.0 NaN NaN 1.0 NaN

6 Another motivating example

In [31]: edges = [

i N N VR R SIS
N o oo W W

O O O O uororvorw»



5 6
57

= sparse(edges[:,1],edges[:,2],1,7,7)
M+ M';
= Matrix(M)

=R =Y
I

Out [31]: 7E7 Array{Int64,2}:
1 0 0 O

OO0 ORr OO
O O O O r OO
OO R L, O
B B =, O = O
= = O P, B, O
O O = O O
OO, Bk O O O

In [33]: x = [-1; -1; -1; 0; 0; 1; 1]
y=1[0; -1; 0; 1; -1 ; -1; 1; -1]
plot_graph(sparse(M),x,y,dots=false)
for i in 1:7
PyPlot.annotate(i, xy = [x[i]; y[il], fontsize=30.0)

1 4

end
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In [35]: L = Matrix(lap(M))
V = round. (eigen(L) .vectors,digits=3)

Out[35]: 7E7 Array{Float64,2}:

-0.378 -0.534 0.707 -0.0 -0.225 0.0 0.147
-0.378 -0.534 -0.707 -0.0 -0.225 0.0 0.147
-0.378 -0.173 0.0 0.0 0.594 -0.0 -0.688
-0.378 0.247 0.0 0.0 0.331 0.707 0.432
-0.378 0.247 0.0 0.0 0.331 -0.707 0.432
-0.378 0.373 0.0 -0.707 -0.404 0.0 -0.235
-0.378 0.373 0.0 0.707 -0.404 0.0 -0.235
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