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Mixing Time of the Proximal Sampler in Relative
Fisher Information via Strong
Data Processing Inequality

Andre Wibisono

Abstract—We study the mixing time guarantee for sampling in
relative Fisher information via the Proximal Sampler algorithm,
which is an approximate proximal discretization of the Langevin
dynamics. We show that when the target probability distribution
is strongly log-concave, the relative Fisher information converges
exponentially fast along the Proximal Sampler; this matches the
exponential convergence rate of the relative Fisher information
along the continuous-time Langevin dynamics for strongly log-
concave target. When combined with a standard implementation
of the Proximal Sampler via rejection sampling, this exponential
convergence rate provides a high-accuracy iteration complexity
guarantee for the Proximal Sampler in relative Fisher infor-
mation when the target distribution is strongly log-concave
and log-smooth. Our proof proceeds by establishing a strong
data processing inequality for relative Fisher information along
the Gaussian channel under strong log-concavity, and a data
processing inequality along the reverse Gaussian channel for a
special distribution. The forward and reverse Gaussian channels
compose to form the Proximal Sampler, and these data processing
inequalities imply the exponential convergence rate of the relative
Fisher information along the Proximal Sampler.

Index Terms—Mixing time, Fisher information, Langevin
dynamics, data processing inequality.

I. INTRODUCTION

N THIS paper we establish the mixing time guarantee

of the Proximal Sampler algorithm for sampling from a
strongly log-concave target distribution with error guarantee in
relative Fisher information. We describe the background from
sampling and the analogy with optimization in Section I-A.
Our technical contribution is to establish a strong data pro-
cessing inequality in relative Fisher information under strong
log-concavity, which we describe in Section I-B.

A. Mixing Time of the Proximal Sampler in Relative Fisher
Information

Sampling from a probability distribution is a fundamental
algorithmic task in many applications, including in computer
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science, machine learning, and Bayesian statistics. Sampling
algorithms typically take the form of random walks or
Markov chains which have the target probability distribu-
tion as their stationary distribution. The mixing time of the
Markov chain, i.e., how fast the Markov chain converges to
its stationary distribution, determines the iteration complex-
ity of the sampling algorithm. For many applications, we
need mixing time guarantees where the error is measured
in a certain metric or statistical divergence, such as in the
total variation (TV) distance, Wasserstein distance, Kullback-
Leibler (KL) divergence, chi-square (y?) divergence, Rényi
divergence, or even in the general ®-divergence [1], which
broadly generalizes the TV distance, KL divergence, and
x>-divergence. Thus, there have been great interests in devel-
oping Markov chains with fast mixing time guarantees in
various divergences which can be implemented efficiently in
practice.

For target distributions supported on a continuous domain
such as the Euclidean space, many sampling algorithms can
be derived as discretizations of continuous-time stochastic
processes such as the Langevin dynamics; these include the
Unadjusted Langevin Algorithm (ULA) [2] and the Proximal
Sampler algorithm [3], which we also study in this paper.
The Langevin dynamics for sampling has a natural optimiza-
tion interpretation as the gradient flow for minimizing KL
divergence in the space of probability distributions [4]. This
perspective of sampling as optimization is useful to translate
the tools and techniques from optimization to sampling, to
derive and analyze sampling algorithms in discrete time, and
to suggest sampling guarantees one may hope to obtain by
drawing parallels from optimization; see [5], and Appendix B
for a review.

When the target distribution is well-behaved, e.g., when it
is strongly log-concave or satisfies isoperimetric conditions
such as the log-Sobolev inequality (LSI), existing results
in the literature have established mixing time guarantees in
various divergences. In particular, for strongly log-concave
target distributions, the Langevin dynamics in continuous
time is known to converge exponentially fast in Wasserstein
distance and KL divergence [6], in Rényi divergence [7], and
in all ®-divergence [1]. In discrete time, the convergence
guarantees are more subtle due to a potential bias issue, since
some algorithms may have stationary distributions which are
different from the target distribution.

A simple discretization of the Langevin dynamics is the
Unadjusted Langevin Algorithm (ULA), which is an explicit
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algorithm that is easy to implement in practice. However, ULA
is biased, which means for each fixed step size, it converges
to a biased limiting distribution [2]; this bias can be seen
as arising from using a mismatched discretization method for
discretizing the Langevin dynamics when viewed as a gradient
flow for optimizing a composite objective function [5]. When
the target distribution is strongly log-concave and log-smooth,
one can show the biased convergence guarantees of ULA to
the target distribution in Wasserstein distance [8], [9], [10], in
KL divergence [11], [12], or in Rényi divergence [13]; one can
also show the exponential convergence guarantees of ULA to
its biased stationary distribution in KL and Rényi divergence
[14], [15], and in ®-divergence [16]. However, the presence
of the bias only yields a “low-accuracy” iteration complexity
guarantee for ULA, where the number of iterations to reach an
error ¢ in the specified divergence scales polynomially in &',
rather than logarithmically as suggested by the exponential
convergence in continuous time. We note one way to remove
the bias of ULA is to add a Metropolis-Hastings filter or
the accept-reject step, resulting in the Metropolis-Adjusted
Langevin Algorithm (MALA) [2]. Since MALA is unbiased,
its iteration complexity has the desired logarithmic dependency
on the error parameter; however, the convergence guarantees
of MALA are only known in weaker metrics such as in the
total variation distance [17], [18], [19], [20], [21].

Another algorithm that implements the Langevin dynamics
is the Proximal Sampler; it was derived as a Gibbs sampling
algorithm for sampling from a joint distribution defined on
an extended phase space [3], [22], and it can be viewed
as an approximate proximal discretization of the Langevin
dynamics [3], [23]. The Proximal Sampler is unbiased, so it
converges to the correct target distribution. When the target
distribution is strongly log-concave, one can show an expo-
nential convergence guarantee of the Proximal Sampler in
Wasserstein distance [3], in KL and Rényi divergence [23], and
in all ®d-divergence [16]. The Proximal Sampler is an implicit
algorithm, since in each iteration it requires sampling from
a regularized distribution, known as the Restricted Gaussian
Oracle (RGO) [3]; when the target distribution is log-smooth,
the RGO can be implemented efficiently via rejection sampling
[23]. Thus, for strongly log-concave and log-smooth target
distributions, the Proximal Sampler has a ‘“high-accuracy”
iteration complexity guarantee that scales logarithmically with
the inverse error parameter, as expected from the exponential
convergence of the continuous-time Langevin dynamics.

1) Our Work: In this paper, we study the mixing time of the
Proximal Sampler algorithm for sampling with error guarantee
in relative Fisher information, which measures the expected
square distance between the score functions (gradient of the
log-density) between two distributions:

Flioll») = B, [ [Vlogp - Viogv[?].

Accordingly, it is a natural convergence criterion in settings
where gradients of log-densities matter, including Stein-type
discrepancies, score matching, and diffusion/score-based gen-
erative modeling [24], [25]. In such applications, KL(po||v) =
E,[logp —logv] can be small while the score error Fl(p||v)
remains large (see Lemma 5 in Appendix D), so a bound in Fl
provides strictly stronger information. The (counter)examples
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we describe below show that one should not expect monotonic-
ity of FI (i.e., weak data processing inequality) to hold without
additional structure; this motivates the strong data processing
viewpoint we develop here. Our results present a notable
departure from prior work since relative Fisher information
is not a d-divergence, so previous results for ®-divergence
do not apply. We develop new tools for understanding FI
along the Fokker-Planck channel (Lemma 2), which enables
us to characterize situations under which weak or strong data
processing inequality holds (Theorem 1 for the heat flow and
Theorem 2 for the Ornstein-Uhlenbeck flow).

2) Analogy With Optimization: Another motivation for our
work is to strengthen the links between sampling and opti-
mization, in particular via the perspective of sampling as
optimization. We can view sampling from a target distribution
v over R? as the problem of optimizing the KL divergence
KL(-||v) on the space of probability distributions P(R?), and
the gradient flow under the Wasserstein metric for optimizing
KL divergence is the Langevin dynamics [4]. Relative Fisher
information has the interpretation as the squared Wasserstein
gradient norm of the KL divergence. In the Wasserstein
geometry, conditions on the distribution v translate to prop-
erties of the KL divergence that enable fast optimization;
e.g., the strong log-concavity of v corresponds to the geodesic
strong convexity of the KL divergence, while the LSI on v
corresponds to the Polyak-f.ojaciewicz or gradient domination
condition of KL divergence [26]. See Appendix B for further
review.

In strongly convex optimization, we can obtain exponential
convergence guarantees in both the function value and in the
squared gradient norm, in continuous time via the gradient
flow dynamics and in discrete time via the proximal gradient
algorithm (see Appendix C for a review). Then for sampling a
strongly log-concave target distribution, it is natural to expect
exponential convergence guarantees in both the KL divergence
(the objective function), as well as in the relative Fisher
information (the squared gradient norm). The exponential con-
vergence guarantees in KL divergence are known both for the
Langevin dynamics in continuous time (see Section II-E.1) and
for the Proximal Sampler in discrete time (see Section IV-B).
When the target distribution is strongly log-concave, the
Langevin dynamics is also known to converge exponentially
fast in relative Fisher information (see Section II-E). However,
in discrete time, the corresponding exponential convergence
guarantee in relative Fisher information seems to be unknown;
this is what we fill out in this work. Indeed, we show
that the Proximal Sampler has an exponential convergence
guarantee in relative Fisher information when the target dis-
tribution is strongly log-concave (Theorem 3). This implies a
high-accuracy iteration complexity guarantee of the Proximal
Sampler in relative Fisher information for log-smooth and
strongly log-concave target distribution (Corollary 1).

3) Related Work: A few works have studied mixing time in
relative Fisher information as a sampling analogue of the gra-
dient norm convergence in optimization. Reference [27] study
mixing time in relative Fisher information for sampling from
non-log-concave and log-smooth target distributions, analo-
gous to finding approximate stationary points in non-convex
optimization; they study the biased convergence of ULA
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in relative Fisher information, and provide a low-accuracy
iteration complexity guarantee on the average iterate of ULA.
Reference [28] study the iteration complexity lower bounds
for relative Fisher information in non-log-concave sampling,
analogous to lower bounds for finding stationary points in non-
convex optimization. We note that [28, Appendix A.2] provide
an argument for obtaining a high-accuracy mixing time in
relative Fisher information for log-concave target distributions,
involving a reduction from the high-accuracy mixing time of
the Proximal Sampler in y?-square divergence from [23] and a
post-processing via the heat flow. In this work, we give a direct
proof of the exponential convergence of the Proximal Sampler
in relative Fisher information for strongly log-concave target
distributions. We provide further discussion on related works
in Appendix A. Our high-level proof technique follows the
template of information-dissipation to contraction as in prior
analyses of the Proximal Sampler [23]. Our work is technically
distinct in an essential way: relative Fisher information is
not a O-divergence, so standard data processing or convexity
arguments do not apply directly. Our main new ingredient is
a time derivative identity for relative Fisher information along
simultaneous Fokker—Planck channels (Lemma 2) and its SDPI
consequences (Theorem 1).

B. Strong Data Processing Inequality in Relative Fisher
Information

Data processing inequality (DPI) is a fundamental tenet
in information theory which states that information is never
increasing along any noisy channel [29]. Here “information” is
measured via statistical divergences such as the KL divergence
or any ®@-divergence, and their monotone transformations
including Rényi divergence. The strong data processing
inequality (SDPI) is a strengthening of DPI that quantifies
the rate at which information is contracting along the noisy
channel, where the contraction rate may depend on properties
of the channel and the input distributions. For a review
of SDPIs and their applications, see e.g. [30], [31], [32],
and [33].

SDPIs are useful because many sampling algorithms can be
viewed as composition of noisy channels. In continuous time,
the Langevin dynamics can be viewed as a channel driven by a
diffusion process. In discrete time, ULA can be viewed as the
composition of a deterministic gradient map and a Gaussian
channel, while the Proximal Sampler can be viewed as the
composition of the forward and reverse Gaussian channels. If
we have an SDPI for each channel in the algorithm, then we
immediately obtain a mixing time guarantee for the sampling
algorithm by iterating the contraction rate across multiple
steps of the algorithm. This strategy has been successful
in establishing the convergence guarantees of ULA and the
Proximal Sampler in KL and Rényi divergence, e.g., by [14],
[23], [34], and [35], in ®-divergence by [16], and in mutual
information by [36].

For our goal of proving mixing time guarantees in relative
Fisher information, ideally we want to establish SDPIs in
relative Fisher information. Relative Fisher information is not
a @-divergence, nor a monotone transformation of it. It seems
unknown whether DPI holds for relative Fisher information.
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We note we work with the non-parametric relative Fisher
information, which has a natural geometric interpretation as
the squared gradient norm of KL divergence in Wasserstein
metric; for the classical parametric Fisher information, some
form of DPI is known, see e.g. [37] and also Appendix A-A
for further discussion. One way to prove DPI for ®-divergence
is to use the joint convexity of the ®-divergence and then
apply Jensen’s inequality; however, this fails in our case since
relative Fisher information is convex in its first argument, but
not convex in its second argument [38]. In fact, we show that
DPI in relative Fisher information does not always hold in
general, by constructing a counterexample for the Gaussian
channel (see Example 3).

To proceed, we focus on the Fokker-Planck (FP) channels,
a family of noisy channels generated by continuous-time dif-
fusion processes (see Section II-D); this includes the Langevin
dynamics, the Gaussian channel, and the reverse Gaussian
channel, which compose the Proximal Sampler. One way to
prove SDPIs for ®@-divergence along the FP channels is via
time-differentiation of the ®-divergence along the simultane-
ous evolution along the FP channel (see Lemma 1 for a review
in the case of KL divergence). We extend this technique to
analyze the time derivative of the relative Fisher information
along a simultaneous evolution along the FP channel. Under
log-concavity assumptions on one of the input distributions,
we can extract DPI and SDPI results for relative Fisher
information.

C. Contributions

Our main algorithmic result is the exponential convergence
of the Proximal Sampler in relative Fisher information when
the target distribution is strongly log-concave (Theorem 3). We
combine this with a standard rejection sampling implemen-
tation of the Proximal Sampler to conclude a high-accuracy
iteration complexity guarantee of the Proximal Sampler in
relative Fisher information for log-smooth and strongly log-
concave target distribution (Corollary 1).

Our main technical contribution is to establish a formula
for the time derivative of relative Fisher information along
a simultaneous application of the Fokker-Planck channel
(Lemma 2). We use this to show that along the Gaussian
channel, (S)DPI in relative Fisher information holds when
the second distribution is (strongly) log-concave. We also
show that along the Gaussian channel, SDPI in relative Fisher
information eventually holds when the second distribution is a
log-Lipschitz perturbation of a strongly log-concave distribu-
tion (Theorem 1). However, in general, DPI in relative Fisher
information may not hold. We show an example when DPI
initially does not hold along the Gaussian channel even when
the first distribution is a Gaussian (Example 3).

We also show that along the Ornstein-Uhlenbeck (OU)
channel, SDPI in relative Fisher information eventually holds
when the second distribution is strongly log-concave (The-
orem 2). However, we also show an example when DPI in
relative Fisher information initially does not hold along the
OU channel, even when both input distributions are Gaussians
(Example 4).
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II. PRELIMINARIES AND REVIEWS
A. Notations

In this paper, we are working on the Euclidean space R?
for some d > 1. We denote the {»-inner product between
vectors u = (uy,...,ug),v=,...,vg) €R? as uTv = (u,v) =
> uv;. For a symmetric matrix A € R%*?, the notation
A > 0 means A is positive semidefinite, i.e., u"Au > 0 for
all u € R4, For symmetric matrices A, B € R4%4_ the notation
A > B means A — B > 0 is positive semidefinite. Throughout,
let 1 € R4*? denote the identity matrix.

For a matrix A € R4%4, let Tr(A) = Zil A;; be the trace of
A. Let ||A||%IS = Tr(ATA) denote the squared Hilbert-Schmidt
(Frobenius) norm of A. For u € R? and A € R¥*?, we denote

Null := u" Au

to be the “squared norm” of a vector u € R? with respect to
the matrix A. If A > 0, then ||u||§ > 0 for all u € R?. However,
if A is not positive semidefinite, then ||u||f, may be negative
for some u. Note [[ul; only depends on the symmetric part

Asym = 3(A+AT) of A, i.e., [lull} = Ilull}, .
For a differentiable function f: RY — R, let Vf(x) € R¢
denote the gradient vector at x € R? of the partial derivatives:
I 1 et V2 f(x) € R4 be the Hessian matrix

(V) = %0
2
of second partial derivatives: (V2 f(x));. i= ‘2{—(;‘,) Let Af(x) =

Tr(V2 f(x)) be the Laplacian.

For a vector field v: R?
W), ...,vg(x)) € R?, let Vv: R — R?*4 be the Jacobian
matrix of mixed partial derivatives: (Vv(x));; = av (x) Let
V-v: R? > R be the divergence of v, defined by (V v)(x) =
S 20 Tr(Vy(x)).

Ox;

- RY with v(x) =

B. Relative Entropy and Relative Fisher Information

Let P(RY) denote the space of probability distributions
p over RY which are absolutely continuous with respect to
the Lebesgue measure and have a finite second moment
Ep[|IX||2] < oo. We identify a probability distribution p €
P(RY) with its probability density function with respect to the
Lebesgue measure, which we also denote by p: RY — R, so
p(x) > 0and fRd p(x)dx = 1. We say p is absolutely continuous
with respect to another distribution v, denoted by p < v, if
v(A) = 0 implies p(A) = 0 for any A C R? if p and v both
have density functions, then p < v means v(x) = 0 implies
p(x) = 0 for all x € R%. Throughout, we assume p and v have
full support R? and their density functions have the required
regularity properties for the various operations below to be
well-defined.

Let H: P(RY) — R be the (differential) entropy functional:

H(p) = —E,[logp] = - /dp(x) log p(x) dx.
R
Let J: P(RY) — R be the Fisher information:

J(p) = E, [||V10gp”2] =-E, [Alogp] ,

and we define J(p) = +oo if p does not have a differentiable
density. The second equality in the definition of J(p) above
follows by integration by parts assuming the boundary terms
are zero.
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For probability distributions p < v on RY, the Kullback-
Leibler (KL) divergence or the relative entropy of p with
respect to v is defined by:

[log ] / p(x)log/%d

If p and v have differentiable density functions, then the
relative Fisher information of p with respect to v is defined

by:
Fliollv) = E, [HVlog M /p(x) ”8

We note that the KL divergence KL is the Bregman diver-
gence of the negative entropy —H, and similarly, the relative
Fisher information FI is the Bregman divergence of the Fisher
information J.

KL(ollv) =

Vlog

’ dx.

C. Strong Log-Concavity, Log-Sobolev Inequality, and
Poincaré Inequality

We say a probability distribution v € P(RY) is a-strongly
log-concave (a-SLC) for some a > 0 if —logv: R — R is
an a-strongly convex function; if logv is twice differentiable,
then this is equivalent to —V?log v(x) > al for all x € RY. We
say v is (weakly) log-concave if —logv is a convex function,
or —V2logv(x) > 0 for all x € RY.

We say v is L-log-smooth for some 0 < L < oo if —LI <
—~V2logv(x) < LI for all x € R4,

We say v satisfies the a-log-Sobolev inequality (a-LSI) for
some « > 0 if for any probability distribution p, the following
inequality holds:

Flo|lv) > 2a KL(p || ).

We recall by the Bakry-Emery criterion that if v is @-SLC,
then v satisfies a-LSI [6], [39]. We note that even under SLC,
the gap between KL divergence and relative Fisher information
can be arbitrarily large; see Lemma 5 in Appendix D for an
example.

We say v satisfies the a-Poincaré inequality (a-PI) with
a > 0 if the following inequality holds for any smooth function
¢: R4 > R:

1
Var,(¢) < EEV[WHZ].

Equivalently, for any smooth vector field y: RY — RY, we
have Var,(y) < éE\,[IIVQJ/II%{S]. We recall that if v satisfies
a-LSI, then v also satisfies a-PI [39].

We say a probability distribution v on R? is symmetric if
v(x) = v(—x) for all x € R?.

D. Fokker-Planck Channels

We consider the continuous-time stochastic process (X;);>0
on R? which evolves following the stochastic differential
equation (SDE):

dX; = b(X) dt + \/EdWr (1

where b;: R — RY is a Lipschitz and twice continuously-
differentiable vector field, ¢ > 0 is a constant, and (W,);» is
the standard Brownian motion in R¢ that starts from Wy = 0.
Recall that if X; ~ p,; evolves following the SDE (1), then
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its probability density function p,: R — R evolves via
the Fokker-Planck equation, which is the following partial
differential equation (PDE):

c
0ipr = =V - (pibr) + 5 Apy. 2)

We refer to either the SDE (1) or the PDE (2) as the Fokker-
Planck (FP) channel, which maps any initial random variable
Xo ~ po to the random variable X; ~ p, which is the output
of the SDE (1) at time ¢ > 0; or equivalently, it maps any
initial distribution py € P(R?) to the probability distribution
p; € P(RY) which is the solution to the PDE (2) at time ¢ > 0.
Fokker-Planck channels have been studied, e.g., in [40], [41],
[42], and [43].
Some examples of the particular FP channels we consider
in this paper are the following.
1) Gaussian channel: Consider b, = 0, so the SDE is
simply a Brownian motion: dX; = dW,. The exact
solution is:

X, =Xo+ W, L X+ Viz 3)

where Z ~ N(0,I) is an independent Gaussian ran-
dom variable in R¢. This is the classical Gaussian
channel in information theory. The Fokker-Planck equa-
tion is the heat equation:

1
Oior = zApt- “4)

2) Reverse Gaussian channel: Let n, = 7y = N(0,t)
where N(0,t]) is the Gaussian distribution with mean
0 and covariance #I, so m, satisfies the heat equation:
oy = %An,. Let T > 0, and define v; := mr_;, for
0 <t < T. Then v, satisfies the backward heat equation:

1 1
0 = —EAVZ =-V-(vVlogv,) + EAV,
1
=-V-(Vlognr_,) + zAvt. 5)
This is the Fokker-Planck equation for the SDE:
dX, = Vlog ny_(X;) dt + dW,. (6)

This is a Fokker-Planck channel with time-dependent
vector field b, = Vlogv, = Vlognr_,, which we call
the reverse Gaussian channel. It has the property that
if we run the channel (6) from Xy ~ py = mr, then
Xr ~ pr = mp, i.e,, we “reverse” the heat equation.
(However, note that if pg # &7, then pr # my, so the
channel is only suitably constructed for m.)

3) Langevin dynamics: Let b,(x) = —Vg(x) for some dif-
ferentiable function g: RY - R with fRd e 8 dx < oo,
and set ¢ = 2. Then the Fokker-Planck channel becomes:

dX, = -Vg(X,)dt + V2 dW,. (7)

This is the Langevin dynamics for sampling from the
probability distribution v(x) oc ¢4 Indeed, the Fokker-
Planck equation becomes:

8, = V- (pVg) + Ap, = V- (p,V log %) 8)

and we see that v is a stationary distribution.
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4) Ornstein-Uhlenbeck channel: Let b,(x) = —yx for
some y > 0, and set ¢ = 2. Then the Fokker-Planck
channel becomes the Ornstein-Uhlenbeck (OU) process:

dX, = —yX,dt + V24w, )

This is the Langevin dynamics for the Gaussian target
distribution v = N/ (O, }yl); we also call (9) as the OU
channel. The SDE (9) has an explicit solution at each

t>0:
1_—2‘yt
X, Lerxy+ [—C 7
V'

where Z ~ N(0,I) is an independent Gaussian ran-
dom variable in R?. Note as vy — 0, the OU channel
(9) recovers the Gaussian channel (3) at twice the time
speed (2t in place of ), and the solution (10) recovers

the Gaussian channel solution X, 4 Xo + V2t Z.

(10)

E. Review of the Convergence Rates Along the Langevin
Dynamics

We review the convergence rates of the KL divergence and
relative Fisher information along the Langevin dynamics. This
provides a useful context for the formulas and the convergence
rates that we find along the more general Fokker-Planck
channel.

1) Convergence Rate of the KL Divergence: We recall if
(010 evolves following the Fokker-Planck equation (8) for
the Langevin dynamics (7) targeting v o« e~$, then we have
the following de Bruijn’s identity on the time derivative of the
KL divergence in terms of the relative Fisher information:

d
EKL(.O;IIV) = =Fl(o: ). (1)

This follows by direct time differentiation and integration by
parts. If v satisfies a-LSI, then from de Bruijn’s identity
above, along the Langevin dynamics we have £KL(p,||v) <
—2aKL(p, || v). Therefore, we conclude an exponential conver-
gence rate of the KL divergence along the Langevin dynamics
when the target distribution v satisfies LSI:

KL(o; 11 v) < e KL(po [l v). (12)

2) Convergence Rate of the Relative Fisher Information:
We recall if ()50 evolves following the Fokker-Planck equa-
tion (8) for the Langevin dynamics (7) targeting v o e78,
then we have the following identity on the time derivative of
the relative Fisher information, in terms of the second-order
relative Fisher information:

2
N

- 2E, |:HV10g&
14

&
v

d _ 2
ZFl(o,I1v) = 28, [HV log

13)

2
Vg ’

This identity follows by direct computation via integration by
parts, or via the Otto calculus formula for the Hessian of
KL divergence; see [39, Ch. 15]. If v « e7¢ is @-SLC, so
V2g(x) > ol for all x € RY, then from the identity (13), along
the Langevin dynamics we have %Fl(p,llv) < =2aFl(o, || v).
Therefore, we conclude an exponential convergence rate of
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the relative Fisher information along the Langevin dynamics
when the target distribution v is a-strongly log-concave:

Fl(o: lv) < e Fl(po || ).

We can verify that this convergence rate is tight in the Gaussian
case.

Example 1 (Convergence rate of the relative Fisher infor-
mation along the OU process): Consider the OU process (9),
which is the Langevin dynamics (7) for the target Gaussian
distribution v = N(0,y'I), which is y-strongly log-concave.
Suppose we start the OU process from py = N(m,s 'I)
for some m € R and s > 0. For all ¢ > 0, the solu-
tion (10) to the OU channel is p, = N(e™"'m, s;'I) where
s;l = 57! + (1 — e")y~!. Note that min{s,y} < s, <
max{s, v}, so s; = O©(1) for all ¢+ > 0. Furthermore, note that

(14)

(s:=7)? = s22(s7 =y 1) = e 5292 (s7! — y71)2. Then we
can compute:
Fl(o: 11v) = e lImll” + s— (s =)’
t
_2)/1‘ 2||m”2+e—4’ytd,y s (S _ —1)2'

We observe that if m # 0, then Fl(p,||v) = O(e "), as
predicted in the general convergence rate (14). (Note that if
m = 0, then the rate improves to Fl(p, ||v) = O(e™"); this is
because in this case p; and v are symmetric, and p; satisfies
a Poincaré inequality, so we can use the second-order relative
Fisher information in (13) to improve the convergence rate,
see Theorem 2(ii).)

F. Review of the SDPI in KL Divergence Along the
Fokker-Planck Channel

We recall the following formula for the time derivative
of the KL divergence along simultaneous applications of
the Fokker-Planck channel; this implies the SDPI in KL
divergence along the Fokker-Planck channel when the second
distribution satisfies LSI. We note the similarity with de
Bruijn’s identity (11), which is a special case of the identity
(15) below for the Langevin dynamics when the second
distribution is stationary. For completeness, we provide the
proof of Lemma 1 in Appendix E.

Lemma 1: Suppose (p;)>0 and (v,);»0 evolve following the
Fokker-Planck channel (2):

C
==V (ob) + EAPI >

6tV, = _V . (th[) + %AV;

0o+

for some vector fields (b;);»o and constant ¢ > 0 so Assump-
tion 1 is satisfied. Then for any ¢ > O:

d c
EKL(pt [Ive) = _EFI(Pt [v).

In particular, if for all # > 0 we know that v, satisfies @,-LSI,
then:

15)

KL(o, || v;) < exp (—c/ agds ) KL(po || vo). (16)
0

A similar formula to (15) holds for all ®-divergence and
Rényi divergence [16], [23], [35]; we only present it for KL
divergence to draw the comparison with the relative Fisher
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information that we study in this paper. In the case of the
heat flow (4), the formula (15) can be used to show an SDPI
along the Gaussian channel under LSI [38]. Generalizations
of the formula above have been used to prove the mixing time
guarantees of ULA and the Proximal Sampler in [14], [16],
[23], [34], [35], and [36]. See [44] for a rigorous derivation of
the identity (15) in the case of the heat flow (the case b, = 0).

III. BEHAVIOR OF THE RELATIVE FISHER INFORMATION
ALONG THE FOKKER-PLANCK CHANNEL

We present results on the contraction of relative Fisher
information along Fokker-Planck channels.

A. Time Derivative of the Relative Fisher Information Along
the Fokker-Planck Channel

Our key tool is the following formula for the time derivative
of the relative Fisher information along simultaneous Fokker-
Planck channel (2). This formula is the Fisher information
analogue of the identity (15) for KL divergence. We provide
the proof of Lemma 2 in Appendix F-A, assuming sufficient
regularity and decay of the densities such that we can dif-
ferentiate under the integral sign, and the boundary terms in
integration by parts vanish; see Assumption 1.

Assumption 1: Assume p, and v, below have strictly positive
C? (twice continuously-differentiable) densities on R?, with
sufficient decay so the boundary terms in integrations by parts
vanish (e.g., p;, v; and their first derivatives are integrable and
limyjy—c0 P (ONIB(X)]| = 0); the drift b, is C in x with locally-
Lipschitz derivatives, and the map t — (o;, vy, b;) is sufficiently
regular to justify differentiations under the integral sign in the
computations below.

We note [44, Conjecture 4.2] also provides a time derivative
formula for the relative ®-Fisher information (here we study
the case ® = KL divergence) along the heat flow (which is
the case b, = 0, whereas here we study Fokker-Planck channel
with general b;).

Lemma 2: Suppose (0;)r>0 and (v;)o evolve following the
Fokker-Planck equation (2):

C
==V -(ob;) + EAPI s

c
BIV[ = _V . (th[) + EAV[

01p:

for some vector fields (b,)>p and constant ¢ > 0 so Assump-
tion 1 is satisfied. Then for any ¢ > O:

2

Hs:|

V2 log i
Vi

d
EFI(pZ ”Vl) = _CEp, |:‘

-2E,, ”Vlog — (17
Vi Il (e V2 1og vi+(Vby)eym)
We consider a few special cases of interest:
1) Langevin dynamics: Consider when b, = —Vg and

¢ = 2, so the channel is the Langevin dynamics (7)
for target distribution v o e7$. Suppose that vy = v, so
v, = v for all > 0. In this case, —cV*log v, +(Vb,)sym =
2V2g—V2g = Vg, so the identity (17) recovers the time
derivative formula (13) along the Langevin dynamics
from Section II-E.
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2) Gaussian channel: When b, = 0 and ¢ = 1, the iden-
tity (17) implies (S)DPIs in relative Fisher information
for the Gaussian channel under (strong) log-concavity
assumptions on vp; see Section III-B.

3) Reverse Gaussian channel: Consider when b, =
Vlogv, and ¢ = 1, so the Fokker-Planck channel is the
reverse Gaussian channel (6). In this case, —cV? log v, +
(Vb;)sym = 0. Thus, DPI always holds along the reverse
Gaussian channel. We use this property to prove the
mixing time guarantee of the Proximal Sampler in
relative Fisher information; see Section IV-C.

4) OU channel: When b,(x) = —yx and ¢ = 2, the
identity (17) implies SDPI in relative Fisher information
eventually holds for the OU channel (9) under strong
log-concavity assumption on vy; see Section III-C.

B. SDPI in Relative Fisher Information Along the Gaussian
Channel

In Theorem 1 below we show for relative Fisher information
along the Gaussian channel: (i) DPI holds when the second
distribution is log-concave; (ii) SDPI holds when the sec-
ond distribution is SLC; (iii) SDPI with an improved rate
holds when the first distribution additionally satisfies Poincaré
inequality and symmetry; and (iv) SDPI eventually holds
when the second distribution is a log-Lipschitz perturbation
of an SLC distribution. The proofs use the time derivative
formula from Lemma 2; for part (iv), we also invoke the
result of [45] on the evolution of log-concavity along the heat
flow. We provide the proof of Theorem 1 in Appendix F-B.
We present an application of Theorem 1 for analyzing the
Proximal Sampler algorithm in Section IV.

Theorem 1: Let pg,vy be probability distributions on RY
with Fl(og || vg) < 0. Let p,, v, be the output of the Gaussian
channel (3) from py, vy, respectively, at time ¢ > 0. Then we
have:

(i) Assume vy is log-concave. Then for all 7 > O:

Fl(o: llve) < Fl(oo [l vo).

(ii)) Assume vy is @-SLC for some @ > 0. Then for all ¢ > O:

Fl(oo 1 vo)
A+ an

(iii) Assume v is @-SLC and p, satisfies 8-PI for some a, 8 >
0. Assume py, vo are symmetric. Then for all # > O:

Fl(oo Il vo)
(14850 + at)?’
(iv) Assume vy « ¢ where g: R — R is a-strongly
convex and ¢ : RY — R is L-Lipschitz for some « > 0,
0 < L < co. Then for all ¢ > 0:

Fl(p() || V()) ex ZILZ
(14 ar)? at+1

FI(Pt”Vz) <

F|(p, [[v) <

FI(Pz”Vz) <

8Lt )

i Var+ 1
(18)

We can verify the rate in part (ii) is tight by a calculation
in the Gaussian case, and that we get an improved rate under
Poincaré and symmetry as in part (iii), see Example 2 in
Section III-B.1.
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In Theorem 1 part (iv) above, we note that the upper bound
(18) is initially increasing for small ¢ > 0, and it is decreasing
for large ¢, so it shows we eventually have SDPI. Furthermore,

for all ¢t > 0, we can further upper bound (18) by: Fl(o, || v;) <

Fl(oo [l vo) _ 21> | 8L
C - i where C = exp (=7 + 2 ). We can construct an

explicit example where the relative Fisher information along
the heat flow indeed exhibits this behavior of initial increase
and eventual decrease, see Example 3 below.

1) Example of SDPI in Fisher Information Along Gaussian
Channel:

Example 2: Let pp = N@m,s I) and vo = N(0,I)
for some m € R? and s > 0, s # 1. Note that vy is
1-SLC, vy is symmetric, and pg satisfies (1/s)-PI. Along the
Gaussian channel (3), we know p, = N(m, (s + 1) and
v; = N(0,(1 + HI). Then we can compute:

(s—1)%d llm]*
A+02(s+02  (A+1?

We note: (1) If m # 0, then Fl(o,||v;) = O(7?) as predicted
in Theorem 1(ii). (2) If m = 0, then py is symmetric, so
Theorem 1(iii) predicts an improved rate of O(t™3); in this
example, we actually have a faster rate of Fl(o, || v,) = O(™).

We remark that the faster rate Fl(p,||v,) = O(™) in the
case m = 0 above is likely because py satisfies an improved
Poincaré inequality for symmetric test functions, which fol-
lows from the improved LSI result by [46].

2) Counterexample of DPI in Fisher Information Along
Gaussian Channel: We show DPI for relative Fisher infor-
mation does not always hold even for the Gaussian channel.
Note by Theorem 1(i), the counterexample needs the second
distribution v, to be non-log-concave.

Example 3: Let pg = N(0,1) on R (d = 1). Let vy o< 7
where g: R — R is defined by:

F|(p,||vt) =

Y5 if x| < L,
g =t - L2-ML(x - L) - M if x> L,
M+ L+ MLx+ L) - M2 if x < -L,

where M, L > 2 are arbitrary. Then along the Gaussian channel
(3), for small ¢ > 0, the relative Fisher information is increas-
ing: Fl(o,||v;) > Fl(og || vo). We prove this in Proposition 1 in
Appendix F-C. See Figure 1 for an illustration.

Figure 1 shows an illustration of Example 3 above.
Figure 1(a) shows the density of v; as defined in Proposition 1
when M = L = 2, with pg = N(0,1). Figure 1(b) shows
the plot of t +— Fl(po||v,), which is initially increasing
(hence DPI does not hold), then eventually decreasing. Recall
%KL(p, [|ve) = —%Fl(p, |lv,) along the Gaussian channel. This
means the KL divergence (which is always decreasing along
the Gaussian channel by classical DPI) is initially decreasing
in a concave way, then eventually in a convex way, as shown
in Figure 1(c).

C. Eventual SDPI in Relative Fisher Information Along the
OU Channel

We derive the following results on the eventual SDPI for the
relative Fisher information along OU channel (9) under strong
log-concavity. In Theorem 2 below we show along the OU
channel: (i) SDPI for relative Fisher information eventually
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(a) Density of vg

(b) Plot of Fl(p¢ || v¢)

(¢) Plot of KL(py || 1)

Fig. 1. An example where DPI in relative Fisher information does not hold along the Gaussian channel; see Example 3 and Proposition 1 for details.

FI(p: || ¢) along OU Channel
1000

800
600
400 |

200

Fig. 2. An example where DPI in relative Fisher information does not hold
along the OU channel. Here py = AN(0,0.01), vo = N(0,10), and the OU
channel is targeting N'(0, 1). See Example 4 for details.

holds with rate O(e 2’") when the second distribution is
strongly log-concave; and (ii) SDPI eventually holds with an
improved rate O(e™*") when the first distribution addition-
ally satisfies Poincaré inequality and both distributions are
symmetric. We provide the proof of Theorem 2 in Appendix
F-D. However, even when both distributions are Gaussian,
the relative Fisher information can be initially increasing (see
Figure 2 and Example 4).

Theorem 2: Let py,vy be probability distributions on R¢
with Fl(og || vo) < co. Along the OU channel (9) for target
distribution A/(0,y~'1), let p,, v, be the output distributions at
time ¢ > 0 from input distributions py, vy, respectively. Then
we have:

(i) Assume v is @-SLC for some « > 0. Then for all 7 > 0:

,}/2 e—Zyt
(@+e?(y—a

(i) Assume v is @-SLC and py satisfies §-PI for some «, 8 >
0. Assume pg, vo are symmetric. Then for all # > 0, we
have:

Flo,

Fl(or I vo) < 52 Flieo o).

v < 7* e Flpo Il vo)

V) < .

T ey -Pat+ ey - a)?

We make a few remarks: Recall that as y — 0, the

OU channel recovers the Gaussian channel (3) at twice the
time speed. We note that as y — 0, the upper bound in

Theorem 2(i) recovers the upper bound for the Gaussian
channel in Theorem 1(ii) at time 2¢, and the upper bound
in Theorem 2(ii) recovers the upper bound for the Gaussian
channel in Theorem 1(iii) at time 27.

We also recall from Theorem 1(i) that for the Gaussian
channel, DPI for relative Fisher information holds when
the second distribution is weakly log-concave. In contrast, for
the OU channel, we are unable to show DPI when the second
distribution is only weakly log-concave. By taking @ — 0
in Theorem 2(i), the upper bound becomes e®”" which is
increasing in t since y > 0, so we cannot conclude DPI
(but as we further take y — 0, this upper bound becomes 1,
which agrees with the DPI in Theorem 1(i) as the OU channel
recovers the Gaussian channel).

The SDPI of relative Fisher information along the OU
channel has an application in the stability of the Kim—Milman
(probability flow) map between distributions [47].

1) Example of Eventual SDPI Along the OU Channel:
We can verify that the contraction rates in Theorem 2 are
tight for large ¢ by explicit calculation in the Gaussian case;
see Example 4. However, we also note that even when both
distributions are strongly log-concave, SDPI for relative Fisher
information may not hold for small #; see Figure 2.

Example 4 (Eventual SDPI along the OU channel.): Let
po = N(m, ') and vy = N(0,a"']) for some m € R? and
a,fB > 0. Note that vy is @-SLC and symmetric, and pg is 3-
SLC so it satisfies S-PI. Along the OU channel (9) to target
distribution A/(0,y~'1), the solutions are:

pr=NEm, B7'D,  vi=N(O, a;'I)
where B! = e B+ (1 - )yl and ;! := e o' +
(1—e ?")y~!. Note min{B, y} < 8, < max{g, y} and min{a, y} <
a; < max{a,y}, so By = O(1) and a, = O(1) for all

o (B - ;') =

t > 0. Furthermore, [%/ (a; — ,Bt)z =
2
e a?p, (ﬁ’l - 0[1) . Then we can compute:

Flto, [1vs) = " Blmlf? + g (@ - B

_ _ _ _1\2
=e ' Bml* + e daip (B -a7') . (19)

We observe for large t: (1) If m # 0, then Fl(o, || v,) = O(e™2")
as predicted in Theorem 2(i); and (2) If m = 0, then pg is sym-
metric, and Fl(p, || v;) = O(e™") as predicted in Theorem 2(ii).
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However, note that for small ¢ > 0, the value (19) can be
increasing. Consider in d = 1 dimension when m =0, y = 1,
B =100, and @ = 0.1. See the plot in Figure 2, which shows
the relative Fisher information is initially increasing.

We also note that since the initial behaviors of the OU
channel and the Gaussian channel are similar, the same
example from Example 3 (for the counterexample for DPI
along the Gaussian channel) also shows that the relative Fisher
information is initially increasing along the OU channel; this
can be verified by the same calculation as in the proof of
Proposition 1, which we omit.

IV. APPLICATION: ANALYSIS OF THE PROXIMAL SAMPLER

As an algorithmic application of our result on the SDPI
along the heat flow, we prove a mixing time result of the
Proximal Sampler algorithm for sampling with error guaran-
tee in relative Fisher information. We review the Proximal
Sampler in Section I'V-A and its convergence guarantee in KL
divergence in Lemma 3 in Section IV-B. We present our new
result on the convergence rate of the Proximal Sampler in
relative Fisher information in Theorem 3 in Section IV-C;
this is the relative Fisher information analogue of the KL
divergence guarantee in Lemma 3.

A. Review of the Proximal Sampler

Suppose we want to sample from a target probability
distribution v¥(x) o« e7¥® on RY. We define a target joint
distribution v*¥ on the extended state space R>? = RY x R4
with density function:

1
V¥ (x,y) o exp (—g(x) - E”y - x||2) (20)

where n > 0 is the step size. Observe that the X-marginal of
XY is equal to vX. Therefore, if we can sample (X,Y) ~ vX7,
then by ignoring the ¥ component, we obtain a sample X ~ vX.
The Proximal Sampler [3] for sampling from vX performs
Gibbs sampling to sample from the joint distribution vX¥. In
each iteration k& > 0, from the current iterate x; ~ pf, the
Proximal Sampler performs the following two steps:

1) (Forward step:) Sample
Ve |~ v o) = N, D).

This results in a new iterate y; ~ p,f, where p,f = ka *
N, D).
2) (Backward step:) Sample

X1 | ye ~ VG ).

This gives the next iterate X1 ~ Py 1

Since Gibbs sampling is a reversible Markov chain, 7 is
a stationary distribution of the forward and backward steps
above. Thus, the Proximal Sampler is unbiased: If pf = v¥,
then pf, | =v*.

We note the forward step is easy to implement by adding
an independent Gaussian noise. The backward step requires
sampling from the conditional distribution v¥" with density:

1
VA (x | yp) o exp (—g(x) - 2—n||x - yk||2) .2

2675

We assume we can sample from v¥V (21); this is called the
Restricted Gaussian Oracle (RGO) in [3]. When v¥ is log-
smooth (i.e., when g has bounded second derivatives), for
sufficiently small step size , we can implement the RGO via
rejection sampling with an O(1) expected number of queries
to g; see Appendix G-A for a review.

B. Review of the Mixing Time of Proximal Sampler in KL
Divergence

We can interpret each step of the Proximal Sampler as the
evolution along a Fokker-Planck channel:

1) The forward step is the result of passing py via the
Gaussian channel (3) for time 7 to obtain p,f = p;f *
N0, nI). We also apply the forward step to v* to obtain
v =vX s« N0, n).

2) The backward step is the result of passing p} via the
reverse Gaussian channel (6) for time 7 to obtain pyf -
When we apply the backward step to v¥, we obtain v¥
back.

By using the interpretations above and invoking the SDPI
for the forward and reverse Gaussian channels, [23] show the
following mixing time for Proximal Sampler in KL divergence
under LSI, where each forward and backward step induces a
contraction in KL divergence.

Lemma 3 ([23, Theorem 3]): Assume v¥ satisfies a-LSI
for some @ > 0. Along each iteration of the Proximal Sampler
with any 7 > 0, we have:

vy KL v
KL(pg Iv") < Tram (22a)

X KL(o} 1v")
KL(og, 1) < Tran (22b)

Therefore, for any k > 0, the KL divergence converges
exponentially fast:

KL 1)
(1 + anp)? "
Note the exponential convergence rate in (23) matches the

exponential convergence rate of the KL divergence along the

Langevin dynamics (12), since for small > 0, (1 + an) 2 =
e—2m]k'

KL(pf [|v) < (23)

C. Convergence Rate of the Proximal Sampler in Relative
Fisher Information

We show that when the target distribution is strongly log-
concave, relative Fisher information converges exponentially
fast along the Proximal Sampler. We use the same nota-
tion and interpretation of the forward and backward steps
in Section IV-B. We provide the proof of Theorem 3 in
Appendix G-B.

Theorem 3: Assume vX is a-strongly log-concave for some
a > 0. Along each iteration of the Proximal Sampler with any
n > 0, we have:

iy < el
Fl! v < 1 1 an? (24a)
Fliog 1 11V5) < Floy I1v9). (24b)
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Therefore, for any k > 0, the relative Fisher information

converges exponentially fast:

Fliog 1)
(I +am>*

Note the exponential convergence rate in (25) matches the
exponential convergence rate of the relative Fisher information
along the Langevin dynamics (14). The convergence rate in
(25) also matches the exponential convergence rate of the
squared gradient norm along the proximal gradient method
in optimization for a strongly convex objective function (see
Lemma 4). We can verify the convergence rate in (25) is tight
in the Gaussian case; see Example 5 in Section I'V-C.1.

We note the convergence rate (25) in relative Fisher
information is similar to the convergence rate (23) in KL
divergence. However, we also note the difference: For KL
divergence, there is a contraction in both the forward and
backward steps (22), since we have SDPI for both the forward
and reverse Gaussian channels. For relative Fisher information
(24), there is a contraction only in the forward step since we
have SDPI along the Gaussian channel (Theorem 1), while the
backward step does not provide a strict contraction since we
only have DPI along the reverse Gaussian channel.

1) Convergence of Relative Fisher Information Along the
Proximal Sampler:

Example 5: Consider the Proximal Sampler with step size
n > 0 for the target distribution vX = N(0,a7 ') on R?, which
is @-SLC, from the initial distribution pg =N (mo,o%I) for
some my € RY, my # 0, and 0 > 0. In this case, the RGO
conditional distribution is, for each y € RY:

Iy, _ 1 n
S |y)—N(1+any,1+an1).

Flof [|v*) < (25)

Therefore, the iterates remain Gaussian ka =N (mk,o%l) for
all k£ > 0, where:

(L4 apt’

Then we can compute:

, 1 , 1), |
m or=——— |05 — —.
k FT 0 +ap* 7Y o a

1 2
Flop 11V) = &?llmy* + (; - a) ord
k
d (1- 0/0'(2))2

o7 (1+am™

__llmoll®
(1 + an)*

Since mg # 0, we have Fl(of [|[vY) = O((1+an) ), as claimed
in Theorem 3. (Note if m( = 0, then we have an improved rate
Fl(oX 11v¥) = O((1 + an)~); this is because in this case pf is
symmetric and satisfies a Poincaré inequality, so the improved
SDPI from Theorem 1(iii) applies.)

D. Iteration Complexity of the Proximal Sampler in Relative
Fisher Information

With the rejection sampling implementation of RGO (see
Appendix G-A), the convergence rate in Theorem 3 implies the
following high-accuracy iteration complexity guarantee for the
Proximal Sampler in relative Fisher information. We provide
the proof of Corollary 1 in Appendix G-C.
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Corollary 1: Assume v* o ¢7¢ is a-strongly log-concave
and L-log-smooth for some 0 < @ < L < oo. Let x* =
arg min,cpe g(x) be the minimizer of g. Consider the Proximal
Sampler with step size n = ﬁ with the rejection sampling
implementation of the RGO. Suppose we start the algorithm
from xo ~ p§ = N (x*,1I). Then for any £ > 0, along
the iteration of the Proximal Sampler x; ~ pf, we have
Fl(pf |Iv%) < & whenever the number of iterations k satisfies

k> dL log L
o e
and the expected number of queries to g in each iteration for
the rejection sampling is O(1).

In the above, we assume we can find the minimizer x*
of g. We also assume we can find the minimizer xj for the
regularized objective in each implementation of the RGO; see
discussion in Appendix G-A for how this optimization error
does not affect the overall iteration complexity.

We note the logarithmic dependence of the iteration com-
plexity above on the error parameter £~!, which comes from
the exponential convergence rate of the Proximal Sampler
in relative Fisher information. This is in contrast to the
polynomial dependence on &' in the result of [27], which
comes from the bias of ULA. However, the result of [27] only
assumes the target is log-smooth, while our result assumes
the target is SLC and log-smooth. Furthermore, our guarantee
holds for the last iterate of the Proximal Sampler, while the
guarantee in [27] holds for the average iterate of ULA.

V. DISCUSSION

We have shown that the Proximal Sampler has a high-
accuracy iteration complexity guarantee for sampling in
relative Fisher information when the target distribution is
strongly log-concave and log-smooth. This complements the
result of [27], who show a low-accuracy iteration complexity
guarantee of ULA for non-log-concave, log-smooth target
distribution.

Our analysis technique is to establish SDPI in relative Fisher
information along several channels, including the Gaussian
channel under strong log-concavity, and along the reverse
Gaussian channel, which compose to form the Proximal
Sampler algorithm. We show that DPI in relative Fisher
information may not hold initially along the Gaussian channel
and the OU process. We also show that SDPI in relative
Fisher information will eventually hold along the Gaussian
channel when the second input distribution is a log-Lipschitz
perturbation of a strongly log-concave distribution. We have
also shown SDPI in relative Fisher information along the
OU process when the second input distribution is strongly
log-concave; this has found an application in the stability
analysis of the Kim—Milman (probability flow) map between
distributions [47].

Going forward, it would be interesting to study if we
can weaken the SLC assumption to isoperimetry such as
LSI. It would be interesting to show mixing time in relative
Fisher information for other sampling algorithms beyond what
we study in this paper, including for discretization of the
underdamped Langevin dynamics [48] and for the Hamiltonian
Monte Carlo algorithm [49].
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APPENDIX A
ADDITIONAL RELATED WORKS

Mixing time guarantees in relative Fisher information have
been studied in [27] and [28], both focusing on non-log-
concave sampling as we discussed in Section I. The work
of [50] use convergence in relative Fisher information to
characterize conditional mixing for non-log-concave target
distributions.

For other sampling algorithms, mixing time analyses based
on hypocoercivity [51] involve the construction of a Lyapunov
function which combines the KL divergence and a rescaled
relative Fisher information; see [48] for the analysis of the
underdamped Langevin algorithm, and [49] for the analy-
sis of the ideal Hamiltonian Monte Carlo algorithm, where
both work only assume the target distribution satisfy LSI
and smoothness. From such Lyapunov analyses, one can in
principle extract convergence guarantees in relative Fisher
information for the corresponding algorithms. However, the
result will be a biased convergence guarantee for the under-
damped Langevin algorithm in [48] since the discretization
introduces bias similar to ULA. On the other hand, the result
will be an exponential convergence guarantee for the ideal
Hamiltonian Monte Carlo algorithm in [49] since the algorithm
is unbiased, but the algorithm is still idealized and requires a
further discretization step to implement in practice, and it is
unclear whether the convergence guarantee in relative Fisher
information will be preserved.

Convergence guarantees in relative Fisher information have
been useful as an intermediate step in showing the uniqueness
of the equilibrium distribution and analyzing the convergence
behaviors of the mean-field Langevin dynamics for zero-sum
games in the space of probability distributions under strong
convexity, see e.g. [52, Lemma 7.2] and [53, Theorem 4].

The work of [54] study the decay of Fisher information
along a general class of stochastic processes which allow a
time and position-dependent covariance term multiplying the
(possibly degenerate) Brownian motion; this includes Fokker-
Planck channels as a special case. Reference [54] derive a
formula for the time derivative of a generalized relative Fisher
information along such processes, using the machinery of
information gamma calculus, and extract convergence guaran-
tees in relative Fisher information under certain assumptions,
see [54, Theorem 2]; they provide various applications includ-
ing analysis of annealed Langevin dynamics. In this work, we
provide a self-contained proof of the time derivative formula
along the Fokker-Planck channel (see Lemma 2); furthermore,
our SDPI perspective and our algorithmic application for
deriving the mixing time of the Proximal Sampler in relative
Fisher information seem novel.

A. Parametric Vs. Non-Parametric Fisher Information

In this paper, we are working with the non-parametric
relative Fisher information Fl(p || v), where the derivative of the
log-density is taken with respect to the space variable; this has
a natural geometric interpretation as the squared gradient norm
of the KL divergence in the Wasserstein metric. The relative
Fisher information is a relative form of the non-parametric
Fisher information J(p) = E,[||V log ol*1. More precisely, the
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relative Fisher information Fl(po|| v) is the Bregman divergence
(i.e., excess in the linear approximation) of the absolute Fisher
information; see e.g. [40, Lemma 2].

In the literature, another popular notion is the parametric
Fisher information, where the derivative of the log-density is
taken with respect to a parameter that indexes the distribution;
for example, this is the notion of Fisher information that
appears in the Cramer-Rao bound. When the parameter is a
location parameter, i.e., the distribution is py(x) = po(x—6) for
some base distribution py and parameter 6, then the parametric
Fisher information coincides with the non-parametric Fisher
information; however, in general they are different. In partic-
ular, the non-parametric Fisher information requires working
with a continuous state space such as R4, while the parametric
Fisher information is well-defined even for a discrete state
space as long as the parameter is a continuous variable.

The data processing inequality for the parametric Fisher
information is known under post-processing, see e.g. [37,
Lemma 3]. For the non-parametric Fisher information J(p), we
have the Fisher information inequality or the Blachman-Stam
inequality, which states that for any probability distributions
P,V E PRY):

Jp=v) ' > Jp) " + I

see e.g. [55] and [37, Theorem 1]. In particular, for any
distribution p, we have J(o * v) < J(p), which can be
seen as a data processing inequality in non-parametric Fisher
information for a noisy channel which performs convolution
with v (i.e., adding an independent noise drawn from v).
However, a version of the inequality above for relative Fisher
information is not known, and does not appear to be true in
general; in Example 3, we show an example where convolution
with a Gaussian (i.e., along the Gaussian channel) increases
relative Fisher information.

APPENDIX B
REVIEW OF SAMPLING AS OPTIMIZATION IN THE
SPACE OF DISTRIBUTIONS

In the perspective of sampling as optimization in the space
of distributions [4], [5], the problem of sampling from a
target probability distribution v € P(RY) can be formulated
as minimizing some objective functions F: P(RY) — R on
the space of probability distributions which is minimized at
the target distribution p* = v; for example, a good objective
function is the KL divergence F(p) = KL(p||v).

We recall that the Langevin dynamics (7) to the target
distribution v « e7#, or more precisely its associated Fokker-
Planck equation (8), has an optimization interpretation as the
gradient flow dynamics:

P = _grad KL(p, V)

for minimizing the KL divergence objective function F(p) =
KL(p||v) on the space of probability distributions P(R¢)
endowed with the Wasserstein W, metric [4]. Here grad is
the gradient operator with respect to the W, metric, following
the computation rule of Otto calculus, see e.g. [39, Ch. 15].
We also recall the optimization interpretation of the def-
initions above [26]: if v is @-SLC, then the KL divergence
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p — KL(p|| v) is an a-geodesically strongly convex function on
the space of probability distributions on R? with respect to the
W, metric. Furthermore, recall the relative Fisher information
is the squared gradient norm of the KL divergence in the W,
metric:

Flollv) = [grad KL 1]

The property that v satisfies LSI is equivalent to the Polyak-
Lojaciewicz (PL) or gradient domination property of the KL
divergence objective function, which means for all probability
distributions p:

|grad KL(p 1) = 20 KLo ).

We recall that a-strong convexity implies a-gradient domina-
tion, and gradient domination is a sufficient condition for the
exponential convergence rate in function value along gradient
flow.

Via the gradient flow interpretation of the Langevin dynam-
ics, de Bruijn’s identity (11) can be seen as the energy identity
along gradient flow:

d
S KLp 1) = [ grad KLeo, 1]

Thus, the exponential convergence rate of KL divergence along
the Langevin dynamics under LSI (12) is a manifestation of
the fact that along the gradient flow for an objective function
which is gradient dominated, the function value converges
exponentially fast to its minimum.

Via the gradient flow interpretation of the Langevin dynam-
ics (0, = —gradKL(p, || v)), the identity (13) also follows
from a general time derivative computation along the gradient
flow:

d
= [gradKLoi ]}
= —2(Hess KL(o, [| v)) [(grad KL(o, I v))®2]

where Hess is the Hessian operator in the W, metric, which
when evaluated yields the right-hand side of the identity (13)
above; see [39, Ch. 15]. Thus, the exponential convergence
rate (14) of the relative Fisher information along the Langevin
dynamics under SLC is a manifestation of the fact that along
the gradient flow for a strongly convex objective function,
the squared gradient norm converges exponentially fast; see
Lemma 4 in Appendix C for a review.

APPENDIX C
REVIEW OF THE GRADIENT NORM CONVERGENCE
IN OPTIMIZATION

We review the behavior of the squared gradient norm in
finite-dimensional optimization.

Suppose we want to minimize an objective function
fiRY — R. We assume f is twice differentiable and
a-strongly convex, so the Hessian matrix satisfies V> f(x) > al
for all x € R%.

In continuous time, we consider the gradient flow dynamics
for (X))o in R%:

X, = =Vf(X)). (26)
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In discrete time, we consider the proximal gradient algo-
rithm for the iterates x; € R?:
. 1
X1 = argmin 3 £(x) + =—|lx — x| 27)
xeR4 277
where > 0 is step size. Recall that the proximal gradient

method algorithm can be equivalently written as the following
implicit update:

X1 = Xk = NV f (Xeq1).

We have the following guarantees for the convergence of
the squared gradient norm along the gradient flow and the
proximal gradient algorithm above. Note the rate for the
proximal gradient algorithm below matches the convergence
rate for the gradient flow: (1 +an)* — exp(—2a?), in the limit
of vanishing step size n — 0 with nk — ¢.

Lemma 4: Assume f is a-strongly convex and twice con-
tinuously differentiable.

1) Along the gradient flow dynamics (26), we have for all

t>0:
IVSXDIP < eIV fXo)IP.

2) Along the proximal gradient algorithm (27) with any
step size n > 0, we have for all k > 0:

V£ Cxo)I>

2
IV /Gl < o oo

Proof:

(1) Analysis for gradient flow: Using the gradient flow
dynamics (26), we can compute:

d .
Ean(Xf)uz = 2VFX), V2 (X)) X0

< “2alIVFX)IP,

where in the last step above we have used the prop-
erty that V2 f(X;) = al. We can write the differential
inequality above equivalently as: % (ez‘” IV f (X,)||2) <0.
Integrating from O to ¢ and rearranging, we get the

desired convergence bound along gradient flow:
IVfXDIP < eIV fXo)I.

(2) Analysis for proximal gradient algorithm: We use a
continuous-time interpolation of each step of the prox-
imal gradient algorithm as follows. From any Y, € R¢,
consider the continuous-time curve (Y;)>o defined by:

Y, = Yo—tV£(Y)).

Observe that if Yy = xi, then the next iterate x4 of the

proximal gradient algorithm is equal to the value Y, at

time t = 5, since indeed at t = i, we have Y, = Yy —

V() = 0=V (¥, s0 Yy = T+nV )7 () = g
Along the curve Y, above, we can compute:

Yt = _Vf(Yr)_IVZf(Yt)Yz
and therefore,

Vi = (I + V2 (Y)Y,
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Therefore, we can compute along the curve Y; above:

d .
d—tllvf(Yr)ll2 = 2VF(Y), V2 F(Y) V)
= 2V ’)”%Zf(Yr)(I-s-tsz(Yf))" :
Note since V2f(Y;) > al, we have

VY + V2 F(Y) ™ = I

1+ at
for all # > 0. Therefore, continuing the calculation above,

i 2 _ 2a 2 _ 4 2
P7AACASOUNE 1+m||Vf(Yz)|| = —AlIVFXDI

where in the last step we have defined A, = 2log(1 + af), so
A = % The above differential inequality is equivalent to:

% (eA'||V f(Yt)Ilz) < 0. Integrating from O to ¢ and rearranging
yields:

IVf(Yo)l

(1+ar)?’

Plugging in ¢ = 7, and substituting Yy = xt, Y, = X1,
we obtain the one-step contraction bound for the proximal
gradient algorithm:

IVFY)IP < e VYo =

IVl
Vix T
IV.f (e Dl d +an)?
Unrolling this recursion gives the desired convergence bound
for the proximal gradient algorithm. O
APPENDIX D

LARGE GAP BETWEEN RELATIVE FISHER INFORMATION
AND KL DIVERGENCE

We exhibit an example of two distributions where their
relative Fisher information is large, but the KL divergence is
small. In fact, we can make the Rényi divergence of order co
be small.

Recall the Rényi divergence of order 1 < g < oo between
probability distributions p and v is:

Ry(pllv) = qi S10e5, [(2)'].

Recall that ¢ — Ry(pllv) is increasing, lim,,; Ry(pllv) =
KL(p || v), and the Rényi divergence of order o is the logarithm
of the warmness parameter:

Re(ollv) = lim Ry(o|lv) = ess suplog'g
q— v v

where esssup, denotes the supremum over the support of v
except on sets of measure zero with respect to v. Therefore,
if we can show R (p|lv) is small, then it implies R,(p||v) is
small for all 1 < g < oo, and in particular, KL(p||v) is also
small.

We have the following construction in d = 1 dimension,
where the second distribution v is a standard Gaussian (which
is SLC and thus satisfies LSI), and the first distribution p is a
small perturbation of v, such that the co-Rényi divergence can
be made arbitrarily small, but the relative Fisher information
can be made arbitrarily large.

Lemma 5: Let v = N(0,1) on R. Let 0 < e <1 < L
be arbitrary. There exists a probability distribution p on R
(constructed below) such that R (o||v) < € and Fl(p||v) = L.
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Proof: Define a = a(e) > 0 such that v([—a, a]) = €. Define
M = max{l/a, V(eL)/€}. Let K > 0 be the smallest integer
such that 2K + 1)/M > a. Define n := a/(2K + 1), so n <
j <a.

We define g: R — R to be a periodic spike function with
height 1 and width 25 supported on the interval [—a,a], that
is:

1—|x=2knl/n if|x|<a
_ and x € [(2k — 1)n, 2k + 1)n]
8 = for some k € {-K,...,K},
0 if x| > a.

Define the probability distribution p oc v-e78, or explicitly:
v(x) e 8\
E e8]
Since 0 < g(x) < 1 for |x| < a and g(x) = 0 for |x| > a,

we have E,[g] < v([—a,a]) = €. Then by Jensen’s inequality,
logE,[e7%] > —E,[g] > —€. Then for all x € R?, we have:

px) =

log 22 = _g(x) ~ logBy[e ¥ <0 + e = €.

v(x)
Therefore, R (0 || v) < €, as claimed.

Next, since g(x) > 0, we have E,[e78] < 1. Since |g'(x)| =
1/n almost everywhere for |x| < a (except for x which are
integer multiples of 77) and g’(x) = 0 for |x| > a, and since
g(x) <1, we have

1 a
E[(g') e ] = / e 89y(x) dx
n”J-a

2 E—ZV([—Q, al) = % >eleM? > L.
n n

Therefore, we can bound the relative Fisher information as

Flollv) = E, |:<10g g)’z}

E,[(g')%e¢]
Bl 2C

as claimed. O

=E,l(g")] =

APPENDIX E
PROOF OF LEMMA 1 (SDPI FOR KL DIVERGENCE
ALONG THE FP CHANNEL)

We provide the proof assuming the distributions have the
regularity in Assumption 1, which ensures the validity of the
operations in the proof below, including differentiation under
the integral sign and the vanishing of the boundary terms in
integration by parts. See [44] for a rigorous derivation of the
identity in the case of the heat flow (the case b, = 0).

Proof of Lemma 1: We can compute by differentiating under
the integral sign and using chain rule:

d d Pr
—KL = — log —
dr 0 llve) ar /det 0og v, dx

1 1
=/ (6tp,)log&dx+/ pt_atptdx_/ pr—0;v; dx.
R4 Vi RY Pt R Vi
(28)
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We compute each term above. For the first term in (28), by the
Fokker-Planck equation and using integration by parts, where
all the boundary terms vanish:

/ (0:p1) log o dx
Rd Vi

_ / (—V (piby) + pr,) log 2" dx
R4 Vi

/pt<b,,Vlog >dx
4

;/ pt<Vlogp,,Vlog >dx

where for the second term above we have used the identity
that Ap, =V - Vp, =V - (o,Vlogp,).
For the second term in (28), we can show it is equal to O:

1
/Pr—azptdx =/ Oiprdx
Rd Pt Rd
= 5,(/ p,dx) = 0,(1) = 0.
R4

For the third term in (28), by the Fokker-Planck equation
and using integration by parts:

1
- / 01 —Btvt dx
R Wi

:—/Rd( -V - (b)) + Avf)&dx

Vi

:—/ v,<b,, >dx+£ V<V10gv,, p>dx
RA 2 R4 Vi

/ o <b,,Vlog > dx
R4
+ E/ Pt <V10gv,,Vlog &> dx
2 R4 Vi
where in the above we have used the identity that Ay, =V -
(v/Vlogv,), and V,Vp’ =p;Viog#

Combining the calculatlons above in (28), we see that the

terms involving (b,,Vlog o cancel, and we obtain:

d c
EKL(p,Hv,) = _5/ pt<Vlogp,,Vlog >dx

+;/pt<Vlogvl,Vlog >dx

_C/
_szpt

= =5 Fl(o 1)

2
dx

Vlog pr
Vi

as claimed in (15).
Now suppose for all # > 0 we know that v, satisfies a,-LSI.
Then from the identity above, we can bound:

d
ZKLpllv) = —g Fl(o: | ve) < —ca, KL(p || v).

Integrating this differential inequality yields

t
KL(or11vp) < exp (—c / o, ds ) KL(ol1v0)
0

as claimed in (16). m]
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APPENDIX F
PROOFS FOR SECTION III (CONTRACTION OF RELATIVE
FISHER INFORMATION)

A. Proof of Lemma 2 (Time Derivative of Fisher Information
Along FP Channel)

Lemma 2: Suppose (0,)>0 and (v;)»o evolve following the
Fokker-Planck equation (2):

C
0o = =V - (p:b;) + EA/J; , (29a)
O, = =V - (v,by) + %Av, (29b)

for some vector fields (b;);»¢ and constant ¢ > 0 so Assump-
tion 1 is satisfied. Then for any 7 > O:

2

HSi|

2
(=¢ V2 1og v, +(Vb:)sym)

Proof: Let f; = —logp, be the negative log-density of p,,
and note the relation:

Ap; = —p A + pAIVEIP.

Since p, evolves following the Fokker-Planck equation (29a),
we can compute the evolution for f;:

—Fl(p,||v,) = —E, {Hvz log 2
Vi

~2E, [HVlog&

1
0ify = ——0:p;
Pt
1 c
= —— (Vo b) =PV b+ Shp,)
Pt 2
c c
= ~(Vfib) + Y b+ SAf = SIVAIPE. (30)
Similarly, let g, = —logv,. Since v, evolves following (29b),
we can compute the evolution for g;:
C Cc
Oue = ~(Vgnb) +V b+ 508~ SIValP. (D)

In the computation below, we will use the following rela-
tions:

oV f, = —Vp, (32a)
V2o = =Vp, + p(V VL) (32b)

We also use the Bochner’s formula, which states that for
smooth u: R? - R,

1
(Vi VAu) = ZAIVulP =~ [V uls. (33)

Using relation (32a) and integration by parts, we can write
the relative Fisher information as:

Flo:11v)) = E,, [IIVf, — Vgi*]
=E, [IVAIP + IVgll* - 2(Vf;, Vg,)]
=E,, [IVAIP] + E,, [IIV& ] -2E,, [Ag]- (34)

We compute the time derivative of each term above, spelling
out the computations below explicitly, and color coding them
for clarity. In the computations below, we assume the density
functions p;,v; are smooth and decay sufficiently fast at
infinity. Hence, we can differentiate under the integral sign;
furthermore, when we perform integration by parts, all the
boundary terms vanish.
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1) First Term: The first term in (34) is the Fisher infor-
mation of p,. We compute its time derivative using the
Fokker-Planck equation (29a) and the formula (30) to get:

d
B [IVAIF]

_ / @) IVfIP dx + 2 / o1 (V. VO,f) dx
Rd RL’

= —/ V- (b)) IV£iII? dx (352)
R4
+ %/ () IIVFIFP dx (35b)
R4
+ 2/ P V[, V=V fi. bi) +V - by)) dx (35¢)
R4
+C/ PV i, VAS)) dx (35d)
R4
—C/ P (V1 VIV IR dox. (35e)
R4

We calculate the terms above one by one.
1) The term in (35a) is, by integration by parts:

_ / V- (oiby) IV £ dx
]K"
- /R pulb, VAIVAID) dx

=2 / pulbr, (V2f) VL) dx.
Rt
2) The term in (35b) is, by integration by parts:

c

C
= [ L) IVfIPdx = = / p: AV LI dx.
2 Rd 2 Rtl

3) The term in (35c¢) is, by distributing the gradient,
2 [dez (Vi V=V fi,b) + V- b)) dx
=-2 fR PV (V) by dx
—2/det(Vf,,(Vb,)Vf,>dx

+2 /R ) Vi, Tr(V2b,)) dx.
4) The term in (35d) is, by Bochner’s formula (33):
¢ /R PV V(AS)) dx
= g /R P NIVAIP dx—c /R PV il dx.

5) The term in (35e) is, using relation (32b) and integration
by parts:

—c / PV VIVAI?Y dx
R
=c / I<Vp,,V||Vft||2>dx
Rt

=—c / p: AlIVEI* dx.
Rd
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Combining the above, we see that the terms involving
(b, (sz,) V£ and A||Vf,||2 vanish, and we are left with:

d
25 [IVAIF]

= By, [Vl - 280 [V T V0]

+2E,, [(Vf;, Tr(V?by))]. (36)

2) Second Term: We compute the time derivative on
the second term in (34), using the Fokker-Planck equation
(29a) and the formula (31):

d
B [IVgll*]

- / @polvg P dx + 2 f (V8. Vi@, d
R R4

=- / V- (oib) IVl dx (37a)
R
C
+3 / Ap; IVgI* dx (37b)
R‘/
+2 / Pi (V81 V(=(V&1, b)) dx (37¢)
R
+2 f 0:(Vegi, V(V - b)) dx (37d)
R"
+c / p:1{Vg:, VAg,) dx (37e)
R
-c [ (Ve VIIVelP) dx. (37f)
R

We calculate the terms above one by one.
1) The term in (37a) is, by integration by parts:

- / V- (oby) IVgI* dx
Rd
= / (b, V(IIVg )y dx
R‘I
=2 / pilbr, (Vg Vg, dx.
R

2) The term in (37b) is, by integration by parts and relation
(32a):

c
5/ (M) IVl dax
R4

c
3 f PV i, VIIV&IP) dx
R4

c /R (Vi (Vg Veydx.  (38)
3) The term in (37c¢) is, by chain rule,
-2 /R PV VY81, b)) dx
=-2 /1; (Vg (Vi) bi) dx

- Z/dpz (Vg:, (Vb)) Vg;) dx.
R
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4) The term in (37d) is: _c/ 01 AAg dx + c/ p: AlIVg dx. (40c)
R4 R4
2 /R i (V8 V(V - b)) dx We calculate the terms above one by one.
=2 [ Ve THPb) dx
R4

1) The first term in (40a) is, by integration by parts:

2/ V- (o:by) (Agr) dx = _2/ pi{bs, VAg:) dx.
= Zf Vi, (Vb)Vg,)dx RY R4
R4

s 2) For the second term in (40a), we can write it using
=2 [ P, Pgus d
RI

integration by parts as follows:
where the last equality above follows from the relation

- Apy) (Ag) d

(32b) and integration by parts: C/Rd( p0) (A1) dx
/ PV i (Vb)Vg1) dx
R

d 62 d 62
= —c [R A2 gmr@) [ X 57800 | dx
i=1 i j=1 77
= - / (Vpr. (Vb)Vg,) dx
R

/ ] (62 <62 )
= p,<x>) 2 | dx
:/ piV - (Vb)Vg,) dx re S0\ O 0]

Rd

= / Pt ((TI’(VZZ?,), Vg +(Vb;, Vzé’t)HS) dx.
R4

d P
=—c /l;d ;pt(x) (Wgt(X)) dx
5) The term in (37e) is, by Bochner’s formula (33) and the d 52 52
same calculation as in term (38): =-c [R ) 2 (W,Dr(x)) ( ox, 0%, g,(x)) dx
C/Rd p:{(Vg:, VAg:) dx

=—c / d<V2p,, V2g)us dx
R
5 / p: AllVg I dx — ¢ / 0 IVgllfs dx
]K" R"

o / o0 (V. (V) Vel) — IVgilRis) dx.
]Rd

=c / pr (V2 £, Veoms — (Vi (V2D Vf) dx - (41)
Rd
6) The term in (37f) is:

where in the last step we have used relation (32b).

3) The term in (40b) is, by the relation (32a), integration
by parts, and distributing the gradient:
—c / Pi (V80 VIVe?) dx
R(

2 / i AUTgb) Vb d
RL
=-2c /dp; (ng, (Vzgt) ng) dx.
R

=2 /dpt (Vfi, VVg, by =V - b))y dx
Combining, we see the terms involving (b;, (V2g,) Vg;) vanish, R
and we obtain:

= ZAd pl(<Vﬁ’ (Vzgt) b)) + <Vf;’ (Vb)) Vg;)
—(Vf;, T((V?b,)))dx

= /dpt (2<VAgt, by + 2<Vzgt, Vb )us
R

+ 2V, (Vb)) V) — 2V f,, Ti(V2b,))) dx

d
— B [IVelP]
= 2cE,, [(Vf, (V2g) Vg)]

—2¢E,, [(Var (V28 Vgi)] —cE,, [IVgls]

—2E,, [(ng, (Vby) Vgt)] + 2E,, [<Vft» (Vbt)Vg[>]
~2E,, [(Vbi, V2gous] - (39)
3) Third Term: We compute the time derivative on the third

term in (34), using the Fokker-Planck equation (29a) and the

by parts to write:
formula (31), and integration by parts, to get:

where in the last equality we have used the integration

/ p:i(Vf (V2g) by)dx
Rd
d =— | (Vp,, (V?g)b,)d
CIRENTY) J. o e
= —2/ (B01) Agrdx — 2/ 0: A(6;g1) dx = /Rd oV ((Vzgt) by) dx
RL’ R"

-2 / V- (/b)) (Ag))dx — ¢ / (Ap) (Ag)dx  (40a) = /1; Pu (VA1 by + (Vg Vbi)us) dx

Rd Rd

+2 / 1 AV, by =V - by)dx (40b)

Rd

and we have also used the identity V - (Vzgz) = VAg,,
which can be verified from the definition.
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4) The first term in (40c) is, by integration by parts, equal
to the second term in (40a), which is also equal to (41):

- C[ Pt AAg[ dx
RY
== [ @ g ds
= C[;{d Pt (<V2ﬁ’ V2g1>HS _ <Vﬁ, (Vth)Vﬁ)) dx.

5) The second term in (40c) is, by integration by parts,
equal to the term in (37b), which is equal to twice the
term in (38):

¢ f i AllVg P dx =c / Ap; IVg > dx
R" R‘l
=2c / Y], (Vg:)Vg:)dx.
R

Combining, we see the terms involving (b;, VAg,) vanish, so
we get:

d
- (—2E,, [Ag]) (42)

= 2cE,, [(V*f,, V2 gius] — 2¢Ey, [(V i, (V28 Vf)]
+ 2B, [(V?g1. Vbiyus | + 2By, [(V .. (VD) Vg,)]
— 2B, [(Vfi, T(V2b)] + 2¢E,, [(V i (Ve Van].
4) Combining the Terms: Combining the calculations
in (36), (39), and (42), we see the terms involving
E,, [(Vf, Tr(V?b,))] and E,, [(Vb,, V?g)ns] vanish. After

rearranging the terms, we find the time derivative of the
relative Fisher information (34) is equal to:

d
EFI(pz lvs)

d d d
= B0 (9P + 5B, I98I7) + 5 (<28, [Ag])

= By, [[V£ils] - ¢Ba [IV%10Rs]
+ 2¢E,, [(V* ;. V2g)us |
— 2B, [(Vfi, (V’g) V)] - 2¢E,, [(Ve,, (V22 Vgi)]
+ 2¢E,, [(Vfi, (V’g) Ven] + 2¢E,, [(Vfi, (V28 Ve
— 2B, [(Vf., (Vb)) V£)]-2E,, [(Ve:, (Vb)) Ve)]
+ 2B, [(Vf., (Vb)Vgn)] + 2B, [(Vfi, (Vb)Vg))]
= —cE,, [“VZf, - Vg ”12.15] - 2cE, I:”Vft - Vg’”%zgl]
- 28, [/, - Valion,,. ]
= —cE, [Hsz[ -V Hils]
- Z]Ep, [Ilvﬁ - ng“(zc Vzg/+(Vbr)syln):|

as desired. In the third equality above, we use the property
that for all u,v € R¢ and A € R¥*4: m]

(u, Av) + (v, Auy = (u, (A + AT W) = 2(u, AgymV).
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B. Proof of Theorem I (SDPI Along Gaussian Channel)

Proof of Theorem I: For the Gaussian channel (3), which
is the case b; = 0 and ¢ = 1, the time derivative formula from
Lemma 2 simplifies to:

2
Hs:|

2
. 43)
(-V2logv))

The first term in the right-hand side above is the second-
order Fisher information, which is non-negative:
B, [[V21og 2[5 | 2 0. In parts (i), Gi), and (iv) below we
drop this first term, and only consider the second term which
is a weighted relative Fisher information. In part (iii), we use
the Poincaré inequality to exploit this second-order Fisher
information to improve the convergence rate.

Recall along the Gaussian channel (3), we have p, = pg *
N(,tI) and v; = vo = N(O, t]).

1) Part (i): Note the Gaussian distribution N (0, ¢]) is log-
concave, and recall convolution with log-concave distributions
preserves log-concavity [56, Proposition 3.5]. Since vy is log-
concave, v; = vy * N (0, 1) is also log-concave, so —V? logv, >
0. Then from the formula (43) by dropping the first term:

2
<0.
(-V2logv,)

This shows that relative Fisher information is non-increasing
over time:Fl(o, || v;) < Fl(og || vo).

2) Part (ii): Now assume v, is a-SLC. Since N (0, ) is
(1/6)-SLC, we recall v, = vo * N(0,¢]) is a;, = ﬁ-SLC [56,
Theorem 3.7]. Then from the formula (43) by dropping the

first term:
2:|
(3

Integrating and plugging in the definition of @, = 5 =
% log(1 + at) give the desired result:

V2 log L
Vi

d
d_tFI(pt [[v) = _Ep, |:‘

Vi

~2E, |:”Vlog&

Vi

d
ZFlipillv) < 28, |:”Vlog&

d %
EFI(p, lv) < =2, B, |:HVlog 7[

= =2a, Fl(o; || v). (44)

Fl(o: || v) < exp (—2/ a; ds) Fl(oo || vo)
0

_ Fltoolivo)
(1 4an?’

3) Part (iii): As in the proof of part (ii) above, v, =
vo * N(0,tI) is @, = 1{;;-SLC. Furthermore, since N(0, tI)
is (1/1)-SLC and thus satisfies (1/¢)-Poincaré inequality, and
po satisfies B-Poincaré inequality by assumption, we know
o = po * N(O,¢t) satisfies B, = -Poincaré inequality
[1, Corollary 3.1].

Since po and vy are symmetric, p; = po * N(0,tI)
and v, = vo * N(0,¢]) are also symmetric. In particu-
lar, logv,(—x) = logv,(x), so Vlogv; is an odd function:
Vlogv,(—x) = —Vlogv,(x). Furthermore, since p; is symmetric

T+t
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(p/(=x) = p;(x)), this implies E,, [V logv;] = 0, since indeed:
E,,[Vlogv]

= / p:(x)Vlogvi(x)dx
R4
1 1
=3 f pi(0)Vlogvi(x)dx + = / pi(—x)Vlog v,(—x) dx
2 R" 2 Rd
1
= E/ p:(x) (V1og vi(x) + Vlog vi(—x)) dx
Rd
=0.

Since p, = po * N(0,tI) has full support on R, by integra-
tion by parts, E, [Vlogp;] = 0. Combining, this shows that

Epz [V log %I:I
p; applied to the function ¢ = Vlog /;_j’

gl

= 0. Therefore, by the Poincaré inequality for

2

V2 log 2 } > j, Var,, (v log &)
HS Vi

Vi

2
=B E,, |:HVlog— i|
= B Fl(o; 1 vo).
Therefore, by the formula (43):
d
—F|(p, lve)
5[] |- |
Vi llHs (=V?logvs)
= (B + 2ay) Fl(o: || vy).
Integrating and plugging in the definitions of @, = 15 and
B = 15 +ﬁt give the desired result:
1
Flio v < exp (= [ g+ 200 ds) Fignliv
0

_ Fl(oo Il vo)
(1 + 8D + at)?’
4) Part (iv): By the result of [45, Theorem 1.3], under the

assumption on vy, we have that v, = vy * N(0,¢I) satisfies
-V2 logvi(x) > a1 for all x € R4, where

L, 1 L N 1 )2
a=—-[1-- .
Ty t \a+1/t @+ 1/t

Note @, may be negative for small ¢ > 0, but we have o, > 0

2

for instance for all t > (5 + %) . By direct computation, we
d

= — (log(at +1) -

may observe that:
L2 4L )
dt + 1/t Na+1/t)"

By the same computation (44) as in part (ii) above, which
holds for a; € R, we have for all ¢ > 0:

FlGorllv) < exp (—2 /tas ds) Floo l1vo)
0

_ Fl(po llvo) o (21L2 N 8L1 )
(14 an? at+1 a1/’

(]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 72, NO. 5, MAY 2026

C. Detail for Counterexample of DPI Along the Gaussian
Channel

The following is a detailed computation for Example 3. See
Figure 1 for an illustration.

Proposition 1: Let po = N(0,1) on R. Let M > 2 and
L > 2 be arbitrary, and define vy o< ¢78 where g: R — R is the
function:

-Yx if [x < L,
g(x) = 4 3(x— L?*-ML(x- L) - if x> L,
1(x+L)2+ML(x+L) % if x < -L.

For t > 0, define p; = pg * N(0,1) and v; = vo * N'(0, 1), which
are the output of the Gaussian channel (3) at time ¢. Then for
small ¢t > 0, the relative Fisher information # — Fl(p, ||v,) is
increasing, and in particular,

Fl(o: 1v) > Fl(po Il vo).

Proof: We show that the time derivative of 7 — Fl(p, || v,)
is positive at ¢+ = 0; then by continuity, the time derivative
will still be positive for sufficiently small # > 0, which means
t — Fl(o, || v,) is increasing. Since we are in 1-dimension, we
denote derivative by ’ and second derivative by ”

Recall by the time derivative formula (43) along the Gaus-

sian channel, we have:
SR
log )

N 2
pg |:( IOg VO) log @) ) :|
Vo

= ,,0[ ~1+g"00)’]

Ep, [£7(0) (=X + g’ (X))*]. (45)
By construction, we have:
—-Mx if x| <L,
g = -M+1DL ifx>L, (46)
x+ M+ 1L if x<-L
and
” -M if |)C| <L,
= 47
&' {1 if x> L. “7)

Then we can bound the first term in (45) by:
24 2
“Ep, [ (<1 +8"00)"] = M + 1 po((-L.LD
> — (M +1)%

Furthermore, with py = A(0, 1), we can compute the second
term in (45):
—2E,, [¢"(X) (=X + ¢'(X))’]
= 2M(M + 1)’E,, [X* 1{|X| < L}]
— 4(M + 1)’ L*po((L, 0)).
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We choose L > 0 such that B, [X> 1{|X| < L}] > 1E, [X*] =

3 and L?po((L,)) < 3; note that any L > 2 works. Then

combining the bounds above in (45), we get:
d
EFI(pt 1ve) =0

= -B,, [(-1 + " (0)°] - 28,, [¢" (0 (<X + ¢ ()?]
> —(M 412 + MM + 1> = (M + 1)?

= (M -2)(M + 1)

>0

where the last inequality holds since M > 2. O

1) Remark: In Proposition 1, the potential g is C' and
piecewise quadratic; in particular g” is the piecewise-constant
function in (47) with jump discontinuities at L. To apply
Lemma 2 (and hence (43)) under Assumption 1, we can
replace g by a smooth approximation gs that only modifies
g in a 0-neighborhood of +L. We sketch the argument here.
Fix 6 > 0, and let y € CZ(R) be a smooth mollifier
with fR Y(x)dx = 1, supported on [—1,1]. Write h(x) :=
g"”(x) (as defined in (47)), and define hs := h = 5 where
Ws(x) = 6~ 'y(x/8). Then hs € C®(R), hs(x) = h(x) whenever
[[x| = L| > 0, and hs is bounded between —M and 1. Define gs
by:

85(0) = g(0),
85(0) =0,
85 (x) = hs(x)

so g5 € C®(R) and is even. Moreover, gs has the same
quadratic growth as g for |x] > L 4+ § (since hs(x) = 1
there), hence the density vg oc 7% has a Gaussian tail and
satisfies Assumption 1; therefore, the time-derivative identity
(43) applies to (p,?).

Finally, the derivative at t+ = 0 in Proposition 10 is given
by the Gaussian expectation in (45), which depends on g only
through g’ and g” evaluated at X ~ A/(0, 1). For each fixed
x # £L we have gi(x) — g’(x) and g§(x) — g"(x) as 6 | 0,
and the integrand in (45) is dominated by a polynomial in |x|
(since g5 grows at most linearly and g§’ is bounded). Thus, by
the dominated convergence theorem, the derivative functional
is continuous under this smoothing: D(gs) — D(g) as § | 0,

where D(g) denotes the derivative d%FI(p, [|ve)

defined by g, and similarly for D(gs). Since tf’roposition 1
shows D(g) > 0 for the chosen parameters, the same strict
positivity holds for all sufficiently small ¢. Therefore, the
counterexample holds with a C* potential, while satisfying
the regularity assumptions needed for Lemma 2.

for all x,

when vq is

D. Proof of Theorem 2 (Eventual SDPI Along OU Channel)

Proof of Theorem 2: For the OU channel (9), we have
bi(x) = yx and ¢ = 2, so the time derivative formula from
Lemma 2 becomes:

2
HS:|

2
. (48)
(=2V2log v,—yI)

V2 log i
Vi

d
EFI(Pt lve) = _ZEp, |:

—2E,, |:HV10g&

Vi
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The first term in the right-hand side above is the second-
order Fisher information, which is non-negative:

E,, [”V2 log & ;S > 0. In parts (i) we drop this first
term, and only consider the second term which is a weighted
relative Fisher information. In part (ii), we apply the Poincaré
inequality to exploit this second-order Fisher information to
improve the convergence rate.
Part (i): We recall the explicit solution (9) of OU at time
t>0is X, 4 e "Xy + I_ET_ZWZ where X ~ vo,
Z ~ N(0,1) is independent, and X, ~ v,. Since vy is
@-SLC by assumption, the law of e ' X; is (?” a)-

SLC. Note the law of /1= Z is (;=X5)-SLC.

l—e 27t

Then from the preservation of strong log-concavity
under convolution [56, Theorem 3.7], we know v, is
a;,-SLC, where

e—2yt 1= e—2yt -1 ya
a; = + = ) .
a Y @+eM(y-a)
Note that
2y(y —a)e™™"

A =20,-y=y—-—"F——
t ay =7y Y @+ 6_271(’)/ — )

d
= (vt +log(a+e ™™ (y - a)).

Then in this case, —2V2%v, — yI > Qa, — yY)I = A1,
and thus from the formula (48), we obtain

2
(-2V2logv,—yI)

Integrating the differential inequality above yields
the desired bound:

Fl(o: [l v) < exp (—2/ A ds) Fl(oo Il vo)
0

2yt

(49)

Pt
Vi

d
EFI(p, [lv,) < =2E,, |:HV10g

< =24, Fl(p, || v).

_ Ve
(@t ey -a)
Since pg and v, are symmetric, along the OU channel
(9) to N(0,y7'I), the solutions p, and v, are also
symmetric, as can be seen from the explicit solution
(10). Then as in the proof of Theorem 1(iii), we

5 Fl(po I1vo).

Part (ii):

have E,, [V log ‘%] = 0. Furthermore, similar to the

calculation in part (i) and using the composition
rule for Poincaré inequality under convolution [1],
since py satisfies S-Poincaré inequality, along the OU
channel (9), p; satisfies 5;-Poincaré inequality where:

-
B+ ey —p)
d 1
= (yt + 5 log (B + ¢ *'(y —[5‘))) .

Then by the Poincaré inequality for p,, for the test
function V log ’j—:, we have:

Bi

2

E,, [HVZ log& :| > f3; Var, (V log &)
HS Vi

Vi
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2
=B/ E, ["Vlog% i|
=B F|(p, Vo).

We also recall our estimate from part (i) that
—2V2v, —yI > A1 where A, is given in (49). Then
by the identity (48) along the OU channel (9), we
obtain:

ditFl(p, v < 2B, + ) Fl(os | v).

Integrating the differential inequality above gives the
desired result:

Fl(o: [lve) < exp (—2/ (Bs + A5) dS) Flioo l1vo)
0

_ y? e Fl(po || vo)
T (Bt ey -pPa+ e iy — )
O

APPENDIX G
PROOFS FOR SECTION IV (ANALYSIS OF THE
PROXIMAL SAMPLER)

A. Review of the Rejection Sampling Implementation of the
RGO

We review the algorithmic implementation of the restricted
Gaussian oracle (RGO), which is required in each step of
the Proximal Sampler (see Section IV-A). Here we follow
the simple rejection sampling implementation of the RGO
from [23, Section 4.2] for the setting when the original target
distribution v* o« ¢7# is log-smooth. We note that one can
also implement the RGO using inexact rejection sampling to
obtain an improved dimension dependence [57], and other
works have shown how to implement the RGO for broader
classes of distributions, see e.g. [58], [59], [60], and [61]

Recall that the RGO (21) needs to sample from the con-
ditional distribution v¥¥ with density, for each fixed y € R¢:

1
V(x| ) oc, exp (—g(x) - 5l - y||2) :
n

Define f,: RY — R by f,(x) := g(x) + 5llx = )IP, so that
v (x| y) o exp(—f,(x)). Suppose that the potential function
g for the original target distribution v o ¢7¢ is L-smooth,
which means —LI < V2g(x) < LI for all xe RY. If 0 <5 < %,
then we observe that f, is an (% - L)—strongly convex and
14nL

1-nL "

We can perform rejection sampling on v (- | y) o exp(—f;)

via the following procedure:

1) Compute the minimizer xj = arg min,cga fy(x); we can
do this, e.g., via gradient descent. Since f, is (@ + n")—
strongly convex and (L + ;7 !)-smooth, gradient descent
with step size 1/(L+ n’l) reaches an Jop-accurate mini-

(% + L)-smooth function, with condition number « :=

mizer in O(K log (%m) iterations. Moreover, replacing xj
by an approximate minimizer only changes the rejection
envelope by a multiplicative factor exp(O(dopt)), so the
expected number of trials remains O(1) when Oopt 18
chosen as an inverse polynomial in the target accuracy.
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For ease of analysis, here we assume we can compute
the minimizer xj explicitly. See also [57] and [62]
for complexity analysis of the Proximal Sampler under
approximate RGO.

2) Repeat until  acceptance:

Z ~ N(x. 1)

exp (~/@) + A0 + 775517 - xIP).
By standard properties of rejection sampling, the output of the
procedure above is an exact sample Z ~ v (- | y), and the
expected number of iterations (draws of Z) until acceptance

2
is at most k%? = (t—gf) ; see [63, Theorem 7]. Note that
1

dL’

draw a  sample

and accept it with probability

if we choose n = then the expected number of iterations

52
until acceptance is at most k%> = (%) = O(1). This

shows that we can implement the RGO via rejection sampling
with O(1) expected iteration complexity.

B. Proof of Theorem 3 (Convergence of the Proximal
Sampler in Relative Fisher Information)

Proof of Theorem 3: As we reviewed in Section IV-B,
we use stochastic process interpretations of the forward and
backward steps of the Proximal Sampler.

(1) Forward step: The first step of the Proximal Sampler
algorithm is a convolution with the Gaussian distribu-
tion: p{ = pg * N'(0,nl), and v = v* « N'(0,nI). These
are the outputs of the Gaussian channel (3) for time 7.
Since v¥ is @-SLC by assumption, by the SDPI along
the Gaussian channel from Theorem 1(ii), we have:

Fl(of 11v)
(1+an)?’

(2) Backward step: As explained in [23, Appendix A.1.4],
the second step of the Proximal Sampler can be seen as
the output of the reverse Gaussian channel. Concretely,
define the distributions py = v¥ and u, = po * N(0,t)
for 0 <t <mn, sou, =", and g evolves following the
heat equation: d,u, = %A,ut. Let v; = py—, 50 v = VY,
vy = vX and v, evolves following the backward heat
equation (5):

Flol Iv') <

1 1
611/[ = _EAVI = _V . (VtV log Vt) —+ EAVI.
Now define the reverse Gaussian channel (6):
dX; = Vlogv,(X;) dt + dW,;

so that if X; evolves along this channel, then its dis-
tribution X, ~ p, evolves following the Fokker-Planck
equation:

1
0ip: = =V - (p/Vlogvy) + EApz-

This channel has the property that if we initialize it at
a point mass pg = 0, for any y € R?, the output at
time ¢ = n is exactly the conditional distribution p, =
vX¥(- | y) that the RGO is supposed to sample from;
see the explanation in [23, Appendix A.1.2], see also
the exposition in [64, Chapter 8.3]. In particular, if we
initialize the reverse Gaussian channel from py = p},
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then by construction, the output at time ¢ = 7 is the
distribution of the next iterate:
Y X
Py = /Ipo(y)vx‘ C 1y dy = pits-
RI
Thus, we have interpolated from vy = v to v, = v¥,

and from pg = p] to p, = p, . as the evolution along
the backward heat equation (5) or the reverse Gaussian
channel (6), which is an instance of the Fokker-Planck
channel (2) with drift function b, = Vlogv,and ¢ = 1. In
this case —cV?log v, + (Vb:)sym = 0, so the second term
in the time derivative formula (17) vanishes. Therefore,
along the backward heat equation, using the formula (17)
from Lemma 2:

2
b

Vi

<0.

d
d_FI(pz lve) = =y, Hvz log
! HS

Integrating from ¢t = 0 to ¢ = n yields:
Flof,, 1Y) = Flgo, llv) < Fl(oollvo) = Flio! 11v9).

Iterating the recursions above yields the desired conver-
gence rate in (25). m]

C. Proof of Corollary 1 (Iteration Complexity of Proximal
Sampler in Relative Fisher Information)

Proof of Corollary 1: Since we assume v¥ o e7¢ is

a-SLC and is L-log-smooth, we have af < V?g(x) < LI for all
x € R?. Since x* is the minimizer of g, we have Vg(x*) = 0.
Then from pg =N (x*, %1), we can bound the initial relative
Fisher information:

FlGof 11v) = By [I(Lx = Vo) = (Lx" = VeI |
<(L- B,y [||x - x*||2]

_d(L-a)
B L
<dL,

where the first inequality above follows from the fact that
x — Lx — Vg(x) is (L — a)-Lipschitz, because its Jacobian is
O0<LI- Vzg(x) <(L-a)l

With step size n = 7;, we can implement the RGO via
rejection sampling with an O(1) expected number of queries,
as explained in Appendix G-A. Then from the exponential con-
vergence rate (25) of the Proximal Sampler from Theorem 3,
we have

X
Flgok ) < Lo 1)

)< dL
(1 + an*

ak
< (1 n d‘—YL)Zk < dLexp (_ﬁ)

where in the last inequality we use the bound 1 + ¢ > ¢°
which holds for 0 <c =% < 1.

Then to reach Fl(p;llv) < & it suffices to set
dLexp (—%) < & or equivalently, we run the Proximal
Sampler for k > %L log d—gL iterations, as claimed. m
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