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Characterizing Dependence of Samples Along the
Langevin Dynamics and Algorithms via
Contraction of ®-Mutual Information

Jiaming Liang™, Siddharth Mitra*’, and Andre Wibisono

Abstract—The mixing time of a Markov chain determines how
fast the iterates of the Markov chain converge to the stationary
distribution; however, it does not control the dependencies
between samples along the Markov chain. In this paper, we
study the question of how fast the samples become approximately
independent along popular Markov chains for continuous-space
sampling: the Langevin dynamics in continuous time, and the
Unadjusted Langevin Algorithm and the Proximal Sampler in
discrete time. We measure the dependence between samples via
®-mutual information, which is a broad generalization of the
standard mutual information, and which is equal to 0 if and only
if the samples are independent. We show that along these Markov
chains, the ®-mutual information between the first and the
k-th iterate decreases to 0 exponentially fast in k£ when the target
distribution is strongly log-concave. Our proof technique is based
on showing the Strong Data Processing Inequalities (SDPIs) hold
along the Markov chains. To prove fast mixing of the Markov
chains, we only need to show the SDPIs hold for the stationary
distribution. In contrast, to prove the contraction of ®-mutual
information, we need to show the SDPIs hold along the entire
trajectories of the Markov chains; we prove this when the iterates
along the Markov chains satisfy the corresponding ®-Sobolev
inequality, which is implied by the strong log-concavity of the
target distribution.

Index Terms—Markov chain, Langevin dynamics, unadjusted
Langevin algorithm, proximal sampler, ®-mutual information,
®-Sobolev inequality, strong data processing inequality.

I. INTRODUCTION

ONSIDER the task of sampling from a target probability

distribution v o exp(—f) supported on R?. This is a
fundamental algorithmic question appearing in many fields
including machine learning, statistics, and Bayesian inference
[11, [2], [3]. In settings where exact sampling from v is not
possible, a common approach is to construct a Markov chain
with v as its stationary distribution, and output the samples
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after an initial waiting (“burn-in”) period when the chain has
approximately mixed. When implementing a Markov chain to
draw samples, there are many considerations to make in order
to obtain strong statistical guarantees, for instance, how many
chains to run, how long to wait before outputting a sample,
and where to start the chains from [4] and [5].

The mixing time of a Markov chain tracks how fast the
iterate along the Markov chain converges to the stationary
distribution, and thus it controls the burn-in period, i.e., how
long to wait before obtaining a useful sample [6], [7], [8].
The mixing time can be defined with respect to a statistical
divergence between probability distributions that we use to
measure the error; this includes for example the Total Variation
(TV) distance, Kullback-Leibler (KL) divergence, and chi-
squared divergence, all of which are instances of a general
family of ®-divergences induced by convex function @ (see
Definition 1, and [9], [10]). Existing results in the literature
have established good mixing time guarantees for Markov
chains in various divergences, see e.g., [8], [11] for discrete-
space Markov chains, and [12] for continuous-space Markov
chains.

The mixing time of a Markov chain only tracks how close
the last iterate is from the stationary distribution; however, it
does not characterize the dependency between iterates along
the Markov chain. Even if each iterate along the Markov
chain has the correct distribution (e.g., when we initialize the
Markov chain from the stationary distribution), the depen-
dencies between successive iterates can be large. In many
applications, we may want to generate multiple samples from
the target distribution which are approximately independent.
If we have the ability to run multiple independent chains, then
we can produce multiple independent samples. However, if
we can only run one Markov chain, then a natural strategy
is to output a subsequence of the iterates along the Markov
chain, by dropping several successive iterates until the next
sample that we output is approximately independent from
the current sample. For this strategy to work, we need an
estimate of how fast the dependence between the iterates
is decreasing, or equivalently, how fast the iterates along a
Markov chain become approximately independent. This is the
central question that we study in this paper.

There are various ways to quantify the dependence between
samples. A simple way is to control the covariance or the
correlation between the samples; this may be sufficient for
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applications where we want to approximate the expectation
of some function via the empirical average from the samples.
It is well-known that to control the correlation decay along
a Markov chain, a spectral gap or a Poincaré inequality
is sufficient; see e.g., [13], [14], see also Appendix F for
a review. However, in other applications where we need
to estimate more complicated properties of the distribution,
such as for entropy or density estimation, we may need
to have a stronger control on the dependence between the
samples.

A natural measure of dependence in information the-
ory is mutual information, which is the KL divergence
between the joint distribution of the samples and the prod-
uct of the marginal distributions; thus, mutual information
is non-negative, and it is O when the samples are inde-
pendent. In some applications such as density estimation,
we need a control not in the standard mutual information
(induced by the KL divergence), but in a generalized notion
including the Hellinger mutual information (induced by the
Hellinger divergence) [15, Section 4.3] or the chi-squared
mutual information (induced by the chi-squared divergence)
[16]. This motivates our study in this paper where we
measure the dependence between samples via the ®-mutual
information induced by the ®-divergence functional arising
from any (twice-differentiable) strictly convex function ®; see
Definition 2. The ®-mutual information is a stronger measure
of dependence than covariance, in that a small ®-mutual
information between samples implies that their covariance is
small; see Lemma 10 in Appendix E.

We study three Markov chains which are popular
for continuous-space sampling: the (overdamped) Langevin
dynamics (7) in continuous time, and its time discretiza-
tions — the Unadjusted Langevin Algorithm (ULA) (8) and
the Proximal Sampler (10) algorithm; see Section II-D for
the definitions. Mixing time guarantees for these Markov
chains in various divergences have been well-studied, for the
continuous-time Langevin dynamics in e.g., [9], [17], [18],
[19]; for the ULA in e.g., [20], [21], [22], [23], [24]; and for
the Proximal Sampler in e.g., [24], [25], [26], [27], [28]. We
provide additional references and discussion on related works
in Appendix A.

In this paper, we study the question of when the iterates
become approximately independent for these Markov chains,
as measured in ®-mutual information. We note that in the
special case of the standard mutual information, if we have
a mixing time guarantee for the Markov chain from any
point mass initialization, then we can deduce a bound on
the dependence between the samples; see Lemma 13 in
Appendix I. However, this requires mixing from any point
mass initialization, which (for continuous-space sampling)
is a strong assumption and only known to hold for a few
results; furthermore, this argument does not seem to hold
for more general ®-mutual information, see Appendix I for
further discussion. We provide guarantees in general ®-mutual
information.

Contributions: We show that when the target distribution
is strongly log-concave, the ®-mutual information con-
verges exponentially fast to O along all the Markov chains

we study: along the Langevin dynamics (7) in continu-
ous time (see Theorem 1), along the ULA (8) in discrete
time under an additional smoothness assumption (see The-
orem 3), and along the Proximal Sampler (10) in discrete
time (see Theorem 5). Our proof technique proceeds via
establishing the strong data processing inequalities along
the iterates of the Markov chains, which we describe in
Section I-A.

A. Strong Data Processing Inequalities

We briefly discuss our main technique via strong data
processing inequalities (SDPIs); we provide a more detailed
discussion on SDPIs in Appendix J.

Data processing inequality (DPI) is a fundamental con-
cept in information theory, which states that information
cannot increase along a noisy channel or a Markov chain.
Concretely, let P be a Markov kernel or transition operator
representing the noisy channel, and let D¢ be the ®-divergence
(Definition 1) induced by any convex function ®. Then the DPI
in ®-divergence states that for any probability distributions u
and m, when we apply the same Markov kernel P to both
p and m, the ®-divergence between them cannot increase:
Do(uP || 7P) < Do (u || 7).

Strong data processing inequality (SDPI) [10], [29], [30]
is a strengthening of DPI which quantifies the rate at which
information is decreasing, and it is typically a function of
both the Markov chain and one of the input distributions.
For a Markov kernel P and a probability distribution m, we
can define the contraction coefficient of (P, ) in ®-divergence
as:

ep. (P.7) = sup D2WPI7P)
Uy Deullm

where the supremum is over all probability distributions
w1 such that 0 < Dg(u || 1) < oo. Note ep,(P,7) < 1 by
the (weak) DPI. We say that (P,m) satisfies an SDPI in
®-divergence if ep,(P,m) < 1. If we can bound &p,(P,v)
when v is stationary for P (i.e., vP = v), then we immediately
obtain a bound on the mixing time in ®-divergence along
the Markov chain defined by P; see eq. (34) in Appendix J.
In practice, bounding the contraction coefficient ep,(P,v) is
typically the challenging step to prove mixing guarantees via
SDPI; see e.g., [10] for the discrete state space setting, and
[24] for the continuous state space setting.

We can equivalently describe DPIs and SDPIs in terms
of the decay of mutual information of the iterates along a
Markov chain. Let P be a Markov chain and suppose that
the iterates along the chain are X; ~ p; for i > 0. The
data processing inequality in terms of mutual information
states that for any i > 0, Mlp(X;; Xi12) < Mlo(Xi; Xit1),
i.e., that the ®-mutual information cannot increase along the
chain. SDPIs in ®-mutual information follow similarly by
defining appropriate contraction coefficients (Definition 6).
After minor calculations, one can relate the drop in ®-mutual
information between X, and X; by the product of contraction
coeflicients in ®@-divergence along the chain (Lemma 15). That
is, Mlp(Xo; X0) < TTe, €0y (P, 01) Mlo(Xo; X¢) for any £ > 1
and k > €. Thus, controlling the contraction coefficients also

)
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helps us control the decay of mutual information; however,
note that now we need to control the contraction coefficients
for distributions along the trajectory of the Markov chain
(whereas for mixing time, we only need to control the con-
traction coefficient for the stationary distribution). This task
of controlling the contraction coefficients along the trajectory
makes studying the information contraction more subtle and
challenging than the task for bounding the mixing time.
We bound the contraction coefficients along the trajectory
for the Langevin dynamics, ULA, and Proximal Sampler in
Lemmas 18, 3(a), and 4(a) respectively. These lemmas show
that the contraction coefficients are strictly less than 1 so long
as the distributions along the trajectory satisfy a ®-Sobolev
inequality (Definition 3). Ensuring that the distributions along
the trajectory satisfy a ®-Sobolev inequality is the crucial
part where we need the strong log-concavity of the target
distribution.

II. PRELIMINARIES

We say a probability distribution v o« exp(—f) on
R? with a twice continuously differentiable potential func-
tion f: RY — R is a-strongly log-concave (a-SLC) for
some a > 0 if V2f(x) > af for all x € R%
when @« = 0, we call v weakly log-concave. We say
v o exp(—f) is L-smooth for some 0 < L < oo if
—LI < V*f(x) < LI for all x € RY.

Throughout, we take ®: R,y — R to be a twice-
differentiable strictly convex function with ®(1) = 0. The
twice-differentiability ensures that the ®-Fisher information
(5) is well defined, and the strict convexity ensures that the
®-divergence (Definition 1) is O if and only if both arguments
are the same. Consequently, this ensures that the ®-mutual
information (Definition 2) is O if and only if its arguments are
independent.

Let P(RY) denote the space of probability distributions sup-
ported on RY. Let Pz,ac(Rd) denote the space of distributions
p € P(RY) with finite second moment and which are absolutely
continuous with respect to the Lebesgue measure. In this
paper, we will consider distributions in ’Pz!aC(Rd ), with a minor
exception for Dirac distributions. We let ¢, denote the Dirac
distribution (point mass) at point x € R?; note &, € P(RY) but
0y & Pz,ac(Rd). When p € Pz,ac(Rd), we will identify p via its
density function with respect to the Lebesgue measure, which
we also denote by p: RY — R. The notation u < v denotes
that u is absolutely continuous with respect to v. Throughout
the paper, we assume that the density functions satisfy the
required regularity conditions for the statements and results to
be well-defined.

A. ®-Divergence

The ®-divergence or f-divergence [29], [31] functional
is a generalization of many popular statistical divergences
such as KL divergence (KL(u|lv)=E,[log“]) and chi-
squared divergence ()(2(/1 lv) =E, [(’f - 1)2 ) The family of
®-divergences are defined via a convex function @ : R,y —» R
with ®(1) = 0 as follows. We further assume that @ is twice-
differentiable and strictly convex.

Definition 1: The ®-divergence between probability distri-
butions ¢ and v with ¢ < v is defined by

Daullv) =& [d) (’;‘)] - /R ® (%) v dx. ()

If u<t v, then Dg(u || v) := +o0.

Since we assume @ is strictly convex, the ®-divergence
functional is non-negative, and it is equal to O if and only
if both arguments are the same [29, Theorem 7.5]. The KL
divergence corresponds to the case ®(x) = xlog x, and the chi-
squared divergence corresponds to the case ®(x) = (x — 1)?;
see Table I in Appendix B for further examples. The family
of ®-divergences share many common properties such as sat-
isfying data processing inequalities, and are therefore natural
to study in a unified manner.

B. ®-Mutual Information

Each ®-divergence induces a ®-mutual information, in the
same way that the KL divergence induces the standard mutual
information. Recall for a joint random variable (X, Y) ~ pX',
the (classical) mutual information functional is defined as
MI(X; Y) = MI(eX") = KL(o*X" || p¥ ® p¥). We can generalize
this to define ®-mutual information in terms of ®-divergence
as follows.

Definition 2: Given two random variables X and Y on R?
with joint law p*¥, the ®-mutual information functional is
given by

Mlo(X; Y) = Mlg(p™") := Do (0™ || p* ® p¥)
= E_[Do (0" 110")]. 3)
X~pr

By the property of ®-divergence, we see that the ®-mutual
information functional is always non-negative, and it is
equal to O if and only if X and Y are independent, i.e.,
XY = p¥ ® p¥. Note ®-mutual information is symmetric,

ie., Mlp(X;Y) = Mlg(Y; X).

C. ®©-Sobolev Inequalities

We now describe @-Sobolev inequalities [9], [10], a family
of isoperimetric inequalities which include as special cases
popular inequalities such as the log-Sobolev inequality and
the Poincaré inequality. The family of ®-Sobolev inequalities
also form a natural condition for the exponential convergence
of ®@-divergence along the Langevin dynamics, as we review
in Lemma 9 in Appendix D; this generalizes the convergence
guarantees of KL divergence along the dynamics under a log-
Sobolev inequality, and of chi-squared divergence under a
Poincaré inequality.

As stated in Section I-A, we bound the contraction coef-
ficients arising in the SDPIs as long as the distributions
along the trajectory of the Markov chain satisfy ®-Sobolev
inequalities. Hence, studying these families of inequalities and
how they relate to the distributions along the Markov chain is
crucial in our approach.
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TABLE I
COMMON @ FUNCTIONS ALONG WITH CORRESPONDING ®-DIVERGENCES (DEFINITION 1) AND ®-SOBOLEV INEQUALITIES (DEFINITION 3)

P(x) Dg(p || v) D& (1 || v) name P-Sobolev inequality
zlogx f dulog % KL divergence log-Sobolev inequality
2
(x —1)2 % chi-squared divergence Poincaré inequality

Y- b - vay

%|a¢—1| %f\d,u—dzd
dv

—logz ‘/‘dulogd—M

1 (dp—dv)®

Definition 3: A probability distribution v satisfies
a @-Sobolev inequality (®SI) with constant @ > 0 if
for all probability distributions u <« v, we have

2a Dol v) < Flo(ullv), “)

where Do (u||v) is defined in (2) and Flg(u||v) is the ®-Fisher
information functional defined as

Flo(ullv) := B [HV%HZ(D” Gﬂ
V@

2
_ / " (,U(X)
re || V(X)

— ) v(x)dx. 5
v(x)

We define the ®-Sobolev constant of v to be the optimal

(largest) constant @ such that (4) holds, i.e.,

agpg|(v) = inf M
# 2Do(ullv)
where the infimum is taken over all probability distributions
1 with 0 < Dg(u || v) < 0.

The ®@-Sobolev inequality recovers the log-Sobolev inequal-
ity when ®(x) = xlogx, and the Poincaré inequality when
®(x) = (x — 1)>. The Poincaré inequality is the weakest
®-Sobolev inequality in that it is implied by any other O-
Sobolev inequality [9, Section 2.2].

To study how the ®-Sobolev constant (6) evolves along
the Markov chain, we require further properties of these
constants such as how they change under convolutions and
pushforwards. We discuss these properties in Appendix C.

(6)

D. Langevin Dynamics, Unadjusted Langevin Algorithm, and
the Proximal Sampler

Here we formally introduce the Markov chains we will
study. References for mixing times of these Markov chains
can be found in Section I and Appendix A.

a) Langevin Dynamics: The overdamped Langevin dynam-
ics to sample from v « exp(—f) is given by the following
stochastic differential equation (SDE)

dX, = —Vf(X,)dt + V2dw,, (7)

squared Hellinger distance -

TV distance -

reverse KL divergence -

reverse chi-squared divergence -

where W, is standard Brownian motion on R?. The Langevin
dynamics has v as the stationary distribution [32], and hence
it is a natural process to study for sampling. However, this
dynamics needs to be discretized in time to implement in
practice. We will focus on two discrete-time algorithms.

b) Unadjusted Langevin Algorithm: A forward Euler dis-
cretization of these dynamics gives rise to the Unadjusted
Langevin Algorithm (ULA), explicitly given as

Xir1 = X — V(X)) + V207, (8)

where n > 0 is the step-size and Z; ~ N(0,I). Note that as
n — 0 and nk — 1, the ULA update (8) recovers the Langevin
dynamics (7). However, for each fixed n > 0, the ULA is
biased, i.e., its stationary distribution is v" # v. For mixing
time analysis, this results in a low-accuracy guarantee where
the iteration complexity to reach an error € in any specified
divergence scales polynomially in €”!. Here, we show that the
ULA still decreases the ®-mutual information exponentially
fast, despite the biased limit; see Theorem 3.

c) Proximal Sampler: The Proximal Sampler is a discrete-
time Gibbs sampling-based algorithm. The Proximal Sampler
considers an augmented (X, Y) space RY x R¢ and alternatively
samples from the conditional distributions. When referring to
the Proximal Sampler, we denote the target distribution as X o
exp (—f) on R? and in general, use superscripts to denote the
space supporting the distribution. The Proximal Sampler then
considers the following joint target distribution

llx = yII?
2n ’

for step-size n > 0. The Proximal Sampler, initialized from
Xo ~ pg , s the following two-step algorithm

V¥ (x,y) o exp (—f(x) - ©)

Step 1 (forward step):
Sample Yy | X ~ v'¥=X = N(X, D),
Step 2 (backward step):

Sample Xy | ¥ ~ v¥V=1, (10)

Observe that v*¥ (9) has the desired target distribution v*
as the X-marginal. The forward step is easy to implement as
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it corresponds to drawing a Gaussian random variable. The
backward step can be implemented given access to a Restricted
Gaussian Oracle (RGO). A RGO is an oracle that, given any
y € R4, outputs a sample from v¥"= i.e., from

)
x| y) o, exp (—f(x) - ”’Cz—y”) .an
n

Similar to [24], [25], and [26], we consider the ideal Proximal
Sampler which assumes access to a perfect RGO for our
main result. We mention further details and background on the
Proximal Sampler including a rejection sampling-based RGO
implementation in Appendix G.

III. CONVERGENCE OF ®-MUTUAL INFORMATION
ALONG LANGEVIN DYNAMICS

We show that along the continuous-time Langevin dynamics
(7) for strongly log-concave target distributions, the ®-mutual
information converges exponentially fast to 0 as soon as we
have an iterate which satisfies a ®-Sobolev inequality.

Theorem 1: Assume v is @-SLC for some a > 0. Let X, ~ p;
evolve following the Langevin dynamics (7) to v from Xy ~ po,
and let pg, be the joint law of (Xp, X;). If for some s > 0 we
know that p, satisfies a ®-Sobolev inequality with constant
aosi(ps), then for all 7 > s:

a

aos|(0s)

We provide two proofs of Theorem 1. The first proof via our
primary strategy of SDPIs follows by taking the appropriate
limits of the discrete-time ULA analysis. We present the SDPI-
based proof of Theorem 1 in Appendix L-C.2. The second
proof of Theorem 1 following a direct time derivative approach
is described in Section III-A, and the full proof is presented
in Appendix L-B.3.

This rate of convergence of ®-mutual information matches
the rate of convergence of ®-divergence along the dynamics
(Lemma 9). The condition that p; satisfy a ®-Sobolev inequal-
ity (Definition 3) can be ensured by initializing the process
from py which satisfies a ®-Sobolev inequality, such as from
a strongly log-concave distribution, for example a Gaussian
distribution. The fact that strongly log-concave distributions
satisfy a ®-Sobolev inequality is mentioned in Lemma 8, and
the fact that if p, satisfies a ®-Sobolev inequality then p, (for
s > 0) does too is a consequence of Lemma 17.

Observe how the right-hand side of (12) has dependence
on time s. For the special case of ®(x) = xlogx, we obtain
bounds on the convergence of mutual information along the
Langevin dynamics which do not possess this dependence and
which do not require p; to satisfy a ®-Sobolev inequality.
This result follows by exploiting the regularity properties of
the dynamics and we state it in Theorem 2. We discuss
the regularity based approach in Appendix K and prove
Theorem 2 in Appendix K-A.

Theorem 2: Let X, ~ p, evolve following the Langevin
dynamics (7) from X, ~ po and let the joint law of (Xp, X;) be
0o, - The mutual information Ml(py;) satisfies the following:

(a) if v is weakly log-concave, then for all # > 0

Mlo(0o,) < e max {1, } Mg (00.s)- (12)

Ml(po,) < %Var(Xo).

(b) if v is a-strongly log-concave for some a > 0, then for
all t>0

Mi(o,) < ———Var(Xp). (13)
e — 1

We mention the tightness of Theorems 1 and 2 for the
special case of ®(x) = xlogx by explicitly computing the
mutual information along the Langevin dynamics for v being
a Gaussian distribution; we describe this in Appendix O-A.
We also present, in Lemma 5, a bound on the contraction
of mutual information along Langevin dynamics under a log-
Sobolev inequality assumption. It retains dependence on s but
is able to go beyond the strong log-concavity present in all
other results.

A. Proof Sketch Based on Time Derivative

We present the direct proof of Theorem 1 which is based
on taking the time derivative of the ®-mutual information
functional. The classical de Bruijn’s identity [33] shows that
the time derivative of the entropy functional along the heat
flow is the Fisher information; this has been extended to
computing the time derivative of the relative entropy functional
between simultaneous evolutions along the heat flow [34]
and to general SDEs [23], [24], [26]. Here we show that
the time derivative of the ®-mutual information functional
along the Langevin dynamics is given by the ®-mutual Fisher
information, which we define below. We prove Lemma 1 in
Appendix L-B.1.

Lemma 1: Suppose X; ~ p, evolves following the Langevin
dynamics (7) and let the joint law of (Xp, X;) be po,. Then for
t>0

d M
aMlqa(po,t) = —Flg (00,), (14)
where FlgI is the ®-mutual Fisher information defined for a
joint distribution p*¥ as
Fla@™) == E_[Flo (0"*=110")].

x~pX

15)

Next, we show that the d-mutual Fisher information can be
lower bounded in terms of the ®-mutual information, under
a @-Sobolev inequality assumption on one of the marginal
distributions. We prove Lemma 2 in Appendix L-B.2.

Lemma 2: Let the joint law of (X, Y) be p*¥ and suppose p”
satisfies ®-Sobolev inequality with optimal constant agg(0").
Then

2a0s1(0") Mlp(0*") < FI(0X").

Theorem 1 follows by combining Lemma 2 with (14) and
integrating; we provide this proof in Appendix L-B.3. How-
ever, note that combining Lemma 2 with (14) requires p; along
the Langevin dynamics to satisfy a ®-Sobolev inequality. This
challenge is consistent with the SDPI approach (discussed in
Section I-A), and this is where we crucially require the strong
log-concavity of v.

IV. CONVERGENCE OF ®-MUTUAL
INFORMATION ALONG ULA

We show the following result on the exponential con-
vergence of ®-mutual information along the ULA (8) for
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smooth and strongly log-concave target distribution, provided
an iterate along ULA satisfies a ®-Sobolev inequality. We
present a proof sketch of Theorem 3 in Section IV-A, and
we provide the full proof in Appendix M-B.

Theorem 3: Suppose v is a-strongly log-concave and
L-smooth for some 0 < @ < L < oo. Let X; ~ pr evolve
following ULA (8) with step-size n < 1/L from Xy ~ pg, and
let the joint law of (X;, X;) be p; ;. If p, satisfies a ®-Sobolev
inequality with optimal constant agg|(o¢) for some £ > 1.
Then for all k > ¢, we have

Mo (o) < (1 — an)**~? max {1 } Mlo(poe).  (16)

aosi(pr)

Theorem 3 implies the following corollary regarding the
iteration complexity of ULA to output approximately inde-
pendent samples. We provide the proof of Corollary 1
in Appendix M-C.

Corollary 1: Under the same assumptions as Theorem 3 and
given any error threshold € > 0, ULA (8) outputs a sample Xj
such that Mlg(Xo; Xi) < € as long as

k>¢+ Llog( max% }M|<D(,005))
2am

a@Sl(Pe)

The condition in Theorem 3 that p, satisfy a ®-Sobolev
inequality can be met by choosing pp which satisfies a
®-Sobolev inequality, for example a strongly log-concave
distribution. In this case, p, will satisfy a ®-Sobolev inequal-
ity for all £ > 1 (consequence of Lemma 3(b)). The fact
that strongly log-concave distribution satisfy a ®-Sobolev
inequality is mentioned in Lemma 8. The exponential rate of
convergence matches the rate of convergence of ®-divergence
along the ULA [24, Theorem 1]. Also note that the additional
smoothness assumption on v in Theorem 3 is standard in the
analysis of ULA.

For the special case of ®(x) = xlogx, Theorem 4 below
studies the convergence of mutual information along ULA as
a consequence of the regularity properties of the algorithm.
Theorem 4 does not require the distributions along the trajec-
tory to satisfy a ®-Sobolev inequality and the resulting bound
does not depend on ag¢g|(p¢). We discuss the regularity based
approach to bound the mutual information in Appendix K and
prove Theorem 4 in Appendix K-B.

Theorem 4: Suppose v is a-strongly log-concave and
L-smooth for some 0 < @ < L < oo. Let X; ~ pr evolve
following ULA (8) with step-size n < 1/L from X, ~ po.
Define y =1 —an € (0,1) and let the joint law of (X, X;) be
pok - Then for all k > 1, we have

2k

Ml(pox) < Val'(Xo)

The tightness of Theorems 3 and 4 for the special case of
®(x) = xlog x follows by explicitly computing MI(pg) along
the ULA when v is a Gaussian distribution; we describe this
in Appendix O-B.

A. Proof Sketch of Theorem 3

In order to analyze the ULA (8) via SDPIs, it will be
helpful to view the update in the space of distributions. Letting
X ~ pi , the update of p; as X; evolves following (8) is

Prt1 = prPuLa = Fapr * N(0,271), )

where F(x) = x — nVf(x) and Py_a denotes the Markov
kernel of ULA. This two-step interpretation of a pushforward
followed by a Gaussian convolution will be crucial in the SDPI
analysis. We will denote Py ao by P when the Markov chain
is clear.

As described briefly in Section I-A and in detail in
Appendix J, studying the ®-mutual information contraction
along a Markov chain involves bounding each of the con-
traction coefficients along the trajectory. The contraction
coefficient in terms of ®-divergence, which we bound for the
ULA in Lemma 3(a), are defined in (1) and in Definition 4.
Lemma 3(a) bounds the contraction coefficient along ULA so
long as the distribution along the chain satisfies a ®-Sobolev
inequality. Ensuring that successive iterates along ULA satisfy
a ®-Sobolev inequality is given in Lemma 3(b). We prove
Lemma 3 in Appendix M-A.

Lemma 3: Consider the ULA kernel P defined in (17) with
IFllip =¥ < 1 and 17 > 0. Let p be a distribution that satisfies
a ®-Sobolev inequality with optimal constant aggi(p). Then
we have:

(a) If F is also bijective, then the contraction coefficient

satisfies
52
ep,(Pp) £ 57— —.
R T D awsi(o)
(b) The ®@-Sobolev inequality constants ag¢gi(p) and
aops|(pP) satisfy
Cosi(pP) > 29810 ()

¥* + 2naesi(p)

Theorem 3 then follows by combining both parts of
Lemma 3 across multiple steps of ULA.

V. CONVERGENCE OF ®-MUTUAL INFORMATION
ALONG PROXIMAL SAMPLER

We show the following result on the exponential con-
vergence of ®@-mutual information along the Proximal
Sampler (10) for strongly log-concave target distributions,
provided an iterate along the Proximal Sampler satisfies
a @-Sobolev inequality. We provide a proof sketch of
Theorem 5 in Section V-A, and present the complete proof
in Appendix N-C.2.

Theorem 5: Suppose vX o exp(—f) is a-strongly log-
concave for some @ > 0. Let X ~ py evolve following the
Proximal Sampler (10) with step-size n > 0 from Xy ~ p())(,
and let the joint law of (X;,X;) be pfj. If pf satisfies
a ®-Sobolev inequality with optimal constant aq>s|(pif) for
some ¢ > 1. Then for all k > ¢, we have

M'@(P())([)

Mla (o) < : '
o(Pp (1 + nmin{e, apsi(p})})2* -0

19)
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Theorem 5 implies the following iteration complexity for
the Proximal Sampler, stated in Corollary 2. We provide the
proof of Corollary 2 in Appendix N-C.3.

Corollary 2: Under the same assumptions as Theorem 5 and
given any error threshold € > 0, the Proximal Sampler (10)
outputs a sample X; such that Mlg(Xo; X;) < € as long as

1 1
k205
2 2pmin{e, aesi(p})}

] log (e’lMlm(p({g)) .

The condition in Theorem 5 that p satisfy a ®-Sobolev
inequality can be met by choosing a pg which satisfies a
®-Sobolev inequality, such as a strongly log-concave distribu-
tion. The fact that when p{ satisfies a ®-Sobolev inequality,
pff does as well (for all £ > 1) is a consequence of
Lemma 4(b). Additionally, Lemma 8§ states that strongly log-
concave distributions satisfy ®-Sobolev inequalities. Note that
the rate of convergence of ®-mutual information matches that
of ®-divergence; see [24, Theorem 2]. Further note that there
is no smoothness assumption required in Theorem 5, since the
result is for the ideal Proximal Sampler which assumes access
to a perfect RGO. Implementing the RGO typically requires
smoothness assumptions; see Appendix G for a review.
In Corollary 3 in Appendix G, we show the expected oracle
complexity when we combine the convergence guarantee from
Theorem 5 with the standard implementation of RGO via
rejection sampling.

For the special case of ®(x) = xlogx and ¢ = 1, we are
able to bound the initial mutual information Ml(pg,) in terms
of the variance of py. We state this in Appendix K-C and
present the corresponding iteration complexity in Corollary 4.
The tightness of Theorem 5 for the special case of ®(x) =
xlog x can be seen by doing explicit calculations for the case
when v is Gaussian, and we present this in Appendix O-C.

A. Proof Sketch of Theorem 5

Recall the Proximal Sampler (10). We denote the Proximal
Sampler by Pyrox, i.e.. pf Porox = piy; Where pf := law(X;).
The proof of Theorem 5 follows the template mentioned in
Section I-A (and mentioned in detail in Appendix J) where
the key step is in bounding the contraction coefficient along
the trajectory of the Proximal Sampler. The bound on the
contraction coefficient for the Proximal Sampler is presented in
Lemma 4(a), which holds under the distribution satisfying a ®-
Sobolev inequality. To apply Lemma 4(a) across multiple steps
of the Proximal Sampler, we need to ensure that the ®-Sobolev
inequality assumption is maintained along the trajectory of
the chain. This is guaranteed by Lemma 4(b), which crucially
requires the strong log-concavity of vX. We prove Lemma 4
in Appendix N-C.1.

Lemma 4: Suppose v* o« exp (—f) is a-strongly log-concave
for some a > 0, and consider the Proximal Sampler Py
(10) with step-size n > 0 for sampling from vX. Let p be a
distribution that satisfies a ®-Sobolev inequality with optimal
constant a¢s|(0) . Then we have the following:

(a) The contraction coeflicient satisfies
1
TOX 7p) S 2 .
1 + 2nagesi(p) + n*aassi(p)

ED(p (Pp

(b) The ®-Sobolev
@esi(PPyrox) satisfy

1 . L t+aesiton n
a(DSI(pPprox) " agsi(p)(1 + CYTI)Z 1+ aﬂ].

Suitably combining both parts of Lemma 4 across multiple
steps of the Proximal Sampler proves Theorem 5, which we
present in Appendix N-C.2.

1) Proof Sketch of Lemma 4: Recall that the Proximal
Sampler (10) is composed of a forward step and a backward
step. We denote by P;OX and Pj ., the Markov kernel corre-
sponding to the forward and the backward step, respectively,
so we can write the Proximal Sampler as the composition
PPI’(’X = PpToxPp_rox'

We use the SDE interpretations of the forward step prox and
the backward step P, to control the contraction coefficient
and the evolution of the ®-Sobolev constant along each step.
We combine these estimates to to prove the estimates for the
Proximal Sampler claimed in Lemma 4.

a) Forward Step: Suppose we start from X, ~ pf. Along
the forward step of the Proximal Sampler (10), Yy | Xo ~
N (Xo,nl), so in particular, p§ = p¥ * N'(0,n1). Therefore, the
action of the forward step Pptox is via a Gaussian convolution:
pprox = p x N(0,nl), which can be interpreted as the solution
to the heat flow (generated by the Brownian motion SDE
dX; = dW,) at time n > 0.

b) Backward Step: For the backward step Py, it will be
helpful to think of the corresponding SDE as the time reversal
of the forward step SDE, i.e., the time reversal of the heat
flow, which is known as the backward heat flow; see [26] and
[12, Chapter 8.3].

Fixing a step-size n > 0, we have along the forward step
(dX, = dW,) that if Xo ~ v¥, then X, ~ v'. The backward

heat flow SDE is defined by
dY, = Vlog (" « N, )(Y,) dt + dW,.

inequality constants ageg|(p) and

(20)

By construction, if we start the SDE (20) from Yy ~ pp = vy,

then for any ¢ € [0,n], the distribution of Y; ~ y, along (20)
is given by p, = v¥ % N, and in particular, at time 7 = 7,
Y, ~ p, = vX. For the Proximal Sampler, we start the backward
SDE (20) from Yy ~ p}, to obtain X; := ¥, ~ pf.

We note that computing the contraction coefficient for the
backward step (Lemma 20) and analyzing the evolution of
the ®-Sobolev constant along the backward step (Lemma 21)
is challenging due to the time-varying drift in the backward
step SDE (20), and it is the key difficulty when studying the
Proximal Sampler. We provide the details of the computations
above in Appendix N.

VI. DISCUSSION

We study the convergence of ®@-mutual information
along the Langevin dynamics (7), ULA (8), and Proximal
Sampler (10) assuming the strong log-concavity of v. Our
primary proof strategy is based on SDPIs and we explain
how studying the contraction of information along a Markov
chain requires controlling the SDPI contraction coefficients
along the trajectory. We require the strong log-concavity of
v as this implies that the distributions along the trajectory
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satisfy ®-Sobolev inequalities, under which the contraction
coefficients are strictly less than 1. In addition to the SDPI
based proof strategy, we have a direct time derivative approach
for the continuous-time Langevin dynamics as well as an
approach based on the regularity of the Langevin dynamics
and ULA kernel — both of these approaches also require the
strong log-concavity of the target distribution to obtain expo-
nentially fast contraction of ®-mutual information and mutual
information respectively. The reliance on strong-log concavity
for contraction of information is distinct from mixing time
results, where we have a rich understanding beyond strong
log-concavity and under only isoperimetric assumptions on v
such as a log-Sobolev inequality, a Poincaré inequality, or in
general a ®-Sobolev inequality. We now present an attempt
at going beyond strong log-concavity and show contraction of
(classical) mutual information along Langevin dynamics under
a log-Sobolev inequality assumption on v.

Lemma 5: Suppose v satisfies a log-Sobolev inequality with
optimal constant @ > 0. Let X; ~ p, evolve along the Langevin
dynamics (7) to v from Xy ~ po and let py, be the joint law
of (Xp, X;). Then for any 7 > s > 0,

Ml(oo..) < €7 [Ml(po.s) + KL(py | V)] .

We prove Lemma 5 in Appendix P. It would be interesting to
extend Lemma 5 and explore the extent to which we can obtain
bounds on the contraction of information in both continuous
and discrete time. It would also be fascinating to study regimes
where contraction of information is possibly faster than mixing
time.

Additional directions for future work include studying the
contraction of mutual information and ®-mutual information
for other Markov chains such as the underdamped Langevin
dynamics and Hamiltonian Monte Carlo. Furthermore, just
as the Langevin dynamics is the Wasserstein gradient flow
for the relative entropy functional, one can also study the
gradient flow of ®-mutual information directly and it would
be interesting to explore algorithmic implications of such a
flow.

APPENDIX A
ADDITIONAL RELATED WORKS

The Langevin Markov chains we consider in this paper
are widely used for continuous-space sampling; see [12] for
an overview. The mixing time of the Langevin dynamics in
various divergences has been studied in many works, including
[91, [17], [18], [19], [35], [36]. We review the convergence
guarantee of the ®-divergence along the Langevin dynamics
under a ®-Sobolev inequality in Appendix D. The mixing time
of the ULA has been studied in [20], [21], [22], [23], [24],
[371, [38], [39], [40], [41], and [42], and the mixing time of
the Proximal Sampler has been studied in [24], [25], [26],
[27], [28], [43], [44], and [45].

The family of ®-divergences [29], [31] is broad and includes
many applications in addition to mixing time of Markov
chains [9], [10], [24]. They have been used for hypothesis
and distribution testing [46], [47], [48], reinforcement learning
[49], [50], neuroscience [51], [52], and differential privacy
[53], [54], among other applications. The induced ®-mutual

informations have also been used in varied applications such
as density estimation [15], [16], contrastive learning [55],
generalization [56], and investment and portfolio theory [10],
[57], [58].

SDPIs have been popular for proving mixing time of
Markov chains [10] and other general networks and processes
[30]. They have been frequent in the context of Langevin-
type Markov chains as well, although much of the connection
between SDPIs and mixing times there has been implicit.
[23] use SDPIs to study the mixing time of ULA in Rényi
divergence, [26] use them for the Proximal Sampler, [27] use
them for the Proximal Sampler on graphs, and recently, [24]
use them explicitly to study the mixing time of the ULA and
Proximal Sampler in ®-divergence.

Identically distributed and dependent random variables are
also studied more generally under mixing [59], [60], where
different definitions of dependency between sigma-algebras
such as «, B, and p-mixing [60, (1.1) to (1.5)] are com-
pared [60, (1.11) to (1.18)] and studied. In this paper, we
focus specifically on data coming from Langevin-type Markov
chains, and on ®-mutual information as our functional to
measure dependency. Additionally, we do not assume the data
to be stationary (i.e., identically distributed), which is helpful
for modern Markov Chain Monte Carlo (MCMC) with short
and unmixed chains [61], [62].

The behaviors of mutual information along the evolution of
a stochastic process have attracted interests in the information
theory literature. Along the Gaussian channel or the heat
flow, the rate of change of mutual information is related to
the minimum mean-square error (MMSE), known as the I-
MMSE relationship [63]; this relationship can be generalized
to the Poisson channel [64] and to the family of Fokker-Planck
channels induced by a stochastic process driven by a Brownian
motion [65], or the jump-diffusion process [66]. Furthermore,
the I-MMSE relationship along the Gaussian channel was
recently used [34] to obtain lower bounds on the mutual infor-
mation between the input and output random variables in terms
of the Poincaré constant of the input distribution. The convexity
of how the mutual information is decreasing has been studied
along the heat flow [67], the Ornstein-Uhlenbeck process [68],
and the general Fokker-Planck channel [69]. In this work,
we quantify the rate of decrease of the mutual information
along the channel induced by the Langevin dynamics and
its discrete-time implementations, the ULA and the Proximal
Sampler.

APPENDIX B
EXAMPLES OF ®-DIVERGENCES

Table I includes examples of common ®-divergences. Fur-
ther examples include Jensen-Shannon divergence and Le Cam
divergence and can be found in [29, Chapter 7] and [31].

APPENDIX C
PROPERTIES OF ®-SOBOLEV INEQUALITIES

Recall the ®-Sobolev inequality defined in Definition 3.
Note that the inequality (4) is equivalent to saying that for
all smooth functions g : R¢ — Ry with E,[g] = 1,

2a Enty () < E5(9),
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where
Enty,(g):= E[®(s)] - P(Elg]) and &5(5):=E [IVlP®"(s)].

This can be seen by taking g to be the density function of u
with respect to v.

Further recall the optimal ®-Sobolev constant defined in (6).
Understanding how this constant evolves along the various
operations that constitute the Markov chains we study such
as pushforward and convolution is crucial in our approach.
The following properties from [9] describe how the ®-Sobolev
inequality constant evolves along these operations.

Lemma 6 ([9, remark 7]): Assume v satisfies a ®-Sobolev
inequality with optimal constant aegi(v). Let T : R — R? be
a y-Lipschitz map. Then the pushforward ¥ = Tyv satisfies a
®-Sobolev inequality with optimal constant

s > ““’j‘z(v) .

21

The next lemma describes the change of the ®SI constant
after convolution.

Lemma 7 ([9, corollary 3.1]): Assume u and v satisfy a
®-Sobolev inequality with optimal constants ag¢g(1) and
agps|(v) respectively. Then the convolution y * v satisfies the
®-Sobolev inequality with constant

1 1 1
< + .
aesi(U* V) aosi()  @osi(v)

The following lemma tells us that when v is a-strongly log-
concave, it also satisfies a ®-Sobolev inequality with the same
constant.

Lemma 8 ([9, corollary 2.1]): If v is a-strongly log-concave
for some a > 0, then v satisfies a ®-Sobolev inequality with
constant

(22)

agps(v) > .

APPENDIX D
REVIEW OF THE FAST MIXING OF LANGEVIN
DYNAMICS IN ®-DIVERGENCE

Recall the Langevin dynamics (7) to sample from v «
exp (—f) on RY

dX, = —Vf(X,)dt + V2dW,,

where W, is Brownian motion on R¢. These dynamics can
equivalently be viewed as the gradient flow for the KL
divergence or relative entropy functional KL(- || v) in the
space of distributions with the Wasserstein metric [70], [71].
A log-Sobolev inequality corresponds to the gradient-
domination condition for the relative entropy objective
functional, under which there is rapid convergence of KL(-||v)
along the dynamics. This affirms that the Langevin dynamics
are well-suited for sampling from v.

The fast convergence of KL divergence under a log-Sobolev
inequality assumption on v can be extended to showing rapid
convergence of ®-divergence under a ®-Sobolev inequal-
ity assumption [9], [36]. As the Poincaré inequality is the
®-Sobolev inequality for ®(x) = (x — 1)2, this also includes
the convergence of chi-squared divergence under a Poincaré
inequality as a special case. The convergence of ®-divergence

under a ®-Sobolev inequality follows easily from Lemma 12
and we mention it below.

Lemma 9: Suppose X, ~ p, evolves along the Langevin
dynamics (7) to sample from v o exp (—f), and let v satisfy a
®-Sobolev inequality with optimal constant @ > 0. Then,

Do (o 1 v) < e Dao(poo || ).

Proof: Applying Lemma 12 (with y; = p;, v, = v, bi(x) =
-V f(x) and ¢ = 1) along with the ®-Sobolev inequality of v
(Definition 3) yields,

d
EDcp(ﬂz V) = =Flo(u: I v) < =2aDo(u I v).

Using Gronwall’s lemma, we conclude the desired bound and
thus complete the proof. O

APPENDIX E
COVARIANCE AND ®-MUTUAL INFORMATION

Here we show that the covariance between two random
variables can be upper bounded by their ®-mutual information.
This illustrates that ®-mutual information is a stronger notion
of independence than covariance or correlation.

For random variables X,Y € R%, let Cov(X,Y) = E[(X —
EIXD(Y — E[YD"] € R?*? denote the covariance matrix of X
and Y. Recall that the convex conjugate of a function f : R —
R is f*(7) = sup,es 1y — £(x).

Lemma 10: Let (X,Y) ~ p*¥ be a joint random variable.
Let @ be an extension of @, defined as Dqy(x) = ®(x) for
x > 0, and @y (x) = oo for x < 0. Further denote @, to be

ext
its convex conjugate. Assume Y ~ p’ satisfies the following:

30 < & < o0, such that V6 € RY, (23)
inf E [®}, (6,Y —E[Y])-a)] +a < e )
aERpY ext ’ - 2
Then,
ICov(X, Vllop < & \/2||Cov(X, Xllop Mlg(0XY). (24)

Proof: Let u,v € R4 with ||lu|| = ||v|]| = 1. We can bound

u' Cov(X, Y)v

=E |:(uTX —Elu"XDO'Y - E[VTY]{|
X pY

pXY

=B [(MTX -E[u"XDOv" E[Y]- E[VTY])}

X X pYX oY

<E |: u'X - E[u'X]
X pX

v E[Y]- E[VTY]H . (25
py

pYIX

The variational representation of ®-divergence
[29, Theorem 7.26] for m; < m, states that:
Do(millm) = sup  E [s)]-vp ().  (26)
g:RIsR Yo
where
V()= inf B [94(s(V) ~a)] +a. 27)

For any A > 0, take

g =2 (va - I@[vTY]) , m=p%, m=p"
P
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for a fixed X € R¢, and substitute in (26) to obtain,

AVTE[YI-AEN'Y] = E[g(Y)]
pY\X Py leX

Da(e"™ 10") + ¥4 (2) -

IA

Therefore, we have that

VE[Y]-EPTY] <

pYIX oY

1
= Do 11 p")+

1
- [inf E |:<I):Xt (/l(vTY —-ENMY)D - a):| + a:| ,
A | aeR pr o

where the identity is due to (27). Using the assumption (23)
on p’ along with the fact that ||[v|]| = 1, we have that,

1 1
| *
2P0 10" + 205,

1 a1
VEY]-BRTY] < SDa(e" 10" + 5

P p

Choosing the optimal A = é v 2Dg (oYX || p¥) gives the bound,
v E[Y]-EW"Y] <&v2Do(e"™ || p1).
pYX oY

Since the right-hand side does not depend on v, the same
argument applied to —v yields the bound

<&V 2Do(e"X [ p").

v E[Y]-E[M"Y]
pYX oY

We then plug this in to (25) and get
u'Cov(X, Y)v
<E [ u'X - E[uTX]‘ & 1/2Dg (o7 ||pY)]
X X
<&V2 (B [w'X - Bl X)P])* (E[Da(o™ [l p")])*
P P P

= V2 \JuTCovr (X, X)u v/Mlg(pXY)
< V2 \IICoV(X, X)llop Mo (0")

where the second inequality follows by applying the Cauchy-
Schwarz inequality, and the last inequality is because
ICov(X, Y)llop = sup{u"Cov(X,Y)v: |lull = |lvll = 1}. Finally,
the conclusion (24) of the lemma follows from this argument
as well. O

The assumption on p' in (23) in Lemma 10 is a gener-
alization of a sub-Gaussianity assumption on p?, which (23)
simplifies to for ®(x) = xlogx. Indeed, for ®(x) = xlogx,
05, () = ¢ and Y5, (g) = logEn[e?")] (defined in (27)),
which means that p' satisfying (23) means that it is ¢
sub-Gaussian. For ®(x) = xlogx, (26) corresponds to the
Donsker-Varadhan variational formula for KL divergence.

Lemma 10 strengthens [72, Lemma 1] to (a) only requiring a
marginal sub-Gaussian condition, and (b) extending the result
to any ®-mutual information.

APPENDIX F
REVIEW OF THE COVARIANCE DECAY
UNDER POINCARE INEQUALITY

We review the classical fact that for any reversible Markov
semigroup P; satisfying a Poincaré inequality, there is expo-
nential convergence of covariance when measured against
functions in L%(v) (where v is stationary for P,); see
also [13], [14].

Lemma 11: Let P, be a reversible Markov semigroup with
stationary distribution v and associated stochastic process
X, ~ p;- Suppose P, satisfies a Poincaré inequality with
constant @ > 0 and is at stationarity, i.e., Xo ~ v. Then for
all functions f € L*(v) and all £ > 0

Cov(f(X;), f(Xp)) < exp(—ar)Varf(Xp) .

Proof: Let f be an arbitrary function in L*(v). Denote
EJfl = f and ¢ = f — f. Then g € L*(v) and
E,[g] = 0. Also denote pg, := law(Xo, X;). Recall (see e.g.,
[12, Theorem 1.2.21]) that a reversible semigroup P, satisfies
a Poincaré inequality with constant @ > 0 if for all functions
g € L*(v) with E,[g] = 0,

P8I, < exp (~2a0)ligll,. (28)

Therefore, keeping in mind that the process is at stationarity,
we have the following.

Cov(f(Xy), f(X0)) = E[(f (X)) = H(f(Xo) = ]
=E[(f - HEX) (f = NXo)]
=B [e(X) g(X0)]

= ;E [g(Xo) E [g(Xt)]}

P10
= <g, Ptg>v

< exp(—af)||g||i2(v)

= exp(-an)llf - fi,
= exp(-an)Var, f

= exp(—at)Varf(Xo).

Here, the third equality is by definition of g, the fifth equality
is by the definition of a Markov semigroup and the L?(v) inner
product, the first inequality is by Cauchy-Schwarz inequality,
and the last inequality is due to Poincaré inequality (28). O

APPENDIX G
FURTHER BACKGROUND ON PROXIMAL SAMPLER AND
RGO IMPLEMENTATION VIA REJECTION SAMPLING

The Proximal Sampler (10) is a discrete-time continuous-
space Gibbs sampling algorithm which has been studied for
both unbounded space [24], [25], [26] and constrained space
[45], [73]. Our main result for the Proximal Sampler, Theo-
rem 5, considers the ideal Proximal Sampler which assumes
access to an RGO which outputs a sample from (11) without
any bias. This is assumed in many works [24], [25], [26].
Improved analysis of the Proximal Sampler and better RGO
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implementations is an active area of research [28], [43], [44],
[74], [75].

For clarity, we provide a brief review of a basic RGO imple-
mentation via rejection sampling in the smooth case, and state
the corresponding oracle complexity (i.e., the expected number
of calls to a first-order oracle of f) when using the Proximal
Sampler with a rejection sampling-based RGO implementation
in Corollary 3. RGO implementations in more general setups,
where the potential function f can be nonsmooth, weakly-
smooth, and even nonconvex, have been extensively studied
in [28], [43], [44], and [74]. In these general settings, related
proximal optimization problems are also efficiently solved
within the RGO implementations.

Rejection Sampling: Suppose m o exp(-=V) on RY is
B-strongly log-concave and M-smooth. The rejection sampling
method to sample from r is the following:

1) Compute the minimizer x* of V, so that for any z € R4,

V(@) 2 V() + Sl = x°I.
2) Draw Z ~ N (x*, él) and accept it with probability

exp (—V(Z> VR + §||z - x*||2) :

Repeat this until acceptance.
The output of this method is distributed according to 7 and

a2
the expected number of iterations is (%’) [76, Theorem 7].

We can use rejection sampling to implement a RGO as
follows. Recall the conditional distribution we seek to sample

from (11):

)
V(x| y) ey exp (—f(x) Nl ) .
n

Define g,(x) := f(x) + % so that for any fixed

y € RY the target distribution for the RGO is #y(x) o

exp(—gy(x)). Suppose the potential function f is L-smooth and
1

that n < 7. In tl}is case, , is strongly log-concave with
condition number :—fg

Using rejection sampling to sample from ¥, with n < ﬁ

gives a valid implementation of the RGO under smoothness
of f with O(1) many iterations in expectation. Specifically,

M = L+717 and B = —L+,1] and therefore, %4 = llf—LL: So if
arz dj2
=1 (%) =0+73)" =0W0.

We therefore have the following corollary describing the
oracle complexity of the Proximal Sampler with a rejec-
tion sampling-based RGO. For simplicity, in Corollary 3
we assume pf satisfies a ®-Sobolev inequality with optimal
constant aq>s|(pf ) as opposed to some pif for £ > 1 as we state
in Theorem 5. Changing this only corresponds to an additive
constant £ term in the bound below.

Corollary 3: Suppose V¥ o exp(—f) is a-strongly log-
concave and L-smooth. Let the joint law of (X;, X;) be pfj
and suppose pf satisfies a ®-Sobolev inequality with optimal
constant Q’@S|(pi( ). Then for any € > 0, the Proximal Sampler
(10) with n =< ﬁ and with a rejection sampling-based RGO
implementation (as described above) outputs X; ~ p,’f with

Mlq)(pg{k) < € as long as

1 Ml (o8 ))
2 min{a,@asi(0})) €
oracle calls to Vf is

k >

. The expected number of

Ld M'@(Pffl)
O - +— log : .
min{a, @esi(07)} €

APPENDIX H
RATE OF CHANGE OF DIVERGENCE BETWEEN
SIMULTANEOUS EVOLUTIONS

Here we describe the rate of change of ®-divergence
along simultaneous evolutions of the same SDE. The follow-
ing lemma is crucial in the analyses of all Langevin-type
Markov chains considered in this paper. It is identical to
[24, Lemma 8] and presented below for completeness. Sim-
ilar results can be found in [26, Lemmas 12 and 15] and
[12, Theorem 8.3.1].

Lemma 12: Suppose X; ~ y; and X; ~ v, with initial
conditions yg and v are two solutions of the following SDE:

dX, = b,(X,)dt + V2cdWw,, (29)

where b, : R? — R? is a time-varying drift function, ¢ is
a positive constant, and W, is the standard Brownian motion
on R?. Then for all # > 0,

d
EDQ(Hz Vi) = —c FloGu 1 vo).

Proof: Begin by recalling that if X; ~ p, where dX; =
b(Xy)dr + \/Z_Cth, then p; : R?Y — R satisfies the Fokker-
Planck equation, given by:

0pr = =V - (o by) + cAp, .

Also note that using the identity Ap = V-(pV log p), the above
can be written as:

0wpr ==V - (p: b)) + ¢V - (0, Vlogp,).

We identify u, and v, with their densities with respect to
Lebesgue measure, and further denote their relative density
as h, = ’;—: We also assume enough regularity to take the
differential under the integral sign and use | fg as a shorthand
for [ f(x)g(x)dx. Throughout the proof, we use integration by
parts in various steps, denoted by (IBP). With all of this in
mind, we have the following:

0; DcD(ﬂt lve)
=0, / v; D(h;)

(30)

= /(6,1/,)(1)(}1,) +/Vr (az (D(ht))

Oty — 1, 0
- / @) D(hy) + / i () L H

- / @)Dy + / O () Oyr) / QUREICY

T, T, T3

We will now handle each of these terms separately. We have:

T = /(atvf)q)(ht)
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@ / (=V - i by) + ¢V - (v, log v,)) (k)

- / V- (v b)®(h,) + ¢ / V- (v Vlog v)®(h)
= / (iby, V(O(h))) — ¢ / v,V log v;, V(®(h)))
= / (Viby, @ (h,)V—) —c / v,V logv;, @' (h,)V“’).

Vi

We also have:
T, = / @ () Ot
30) ’
= / ' (k) (—V (U by) +cvV -,V log,u,))
(IBP) , ,
= /(Hr b, V(D (ht)»_C/(ﬂtV]Og/«lt, V(D'(h)))
_ " Hi " Mt
= /(/lr b, ®© (hz)Vv_> —C/<,utV log pt;, © (hz)Vy—>.
t t
We also have:
T3
= /(D’(ht)lﬁ(atyt)
Vi

30 ,
2 / O (h)E (=¥ - (1 b) + ¢V - (1Y log )
t

(Hip) / <Vt bt, V ((D/(hl)&)>
Vi
—c/ <V,V logv;,V (@'(h,)l;/ﬁ)>

/ (s by, @”(h,)V—> + / (b, @'(htw%
t
’7 #t
—c/<,utVlogv,,(D (h,)V—>
Vi

e [ <vtV log v, @’(h,)V%> .
t

Therefore, combining the above, we see many terms cancel
and we have the following:

0 Do llv) =T+ T, T3
—c / </J,V10gv,, CD”(h,)V’%>
t

_¢ / <,u,V 1ogﬂ,,q>"(h,)v‘§>

t

= [<Vlog— CD"(ht)V >

- —E <V log X (D"(ht)V#’>:|

He Vi Vi

=3 @"(h;)v&ﬂ
t Vi
= —CE <V/ﬁ,(1)”(h,)V&>:|
V, V,

Vi L t t

=—C F|<D(,ur [1ve),

=—cE &<Vlog
v

V,_t

which proves the desired statement. O

APPENDIX I
FROM MIXING TO INDEPENDENCE FOR
MUTUAL INFORMATION

We show that in the special case of ®(x) = xlogux, i.e.,
the standard mutual information, the contraction of mutual
information can be bounded in terms of the mixing time in
KL divergence. Let X; ~ p; for i > O be iterates along a
Markov chain P starting from Xy, ~ po and denote the joint
law of (Xo, Xx) by pox. If P mixes in KL divergence from
initial distributions taken to be point masses, i.e., d, for all
x € RY then Ml(pos) decreases at the same rate as the KL
divergence to the stationary distribution.

Lemma 13: Let P be a Markov chain with stationary
distribution v and iterates X; ~ p; for i > 0. Further denote
the joint law of (X;, X;) to be p; ;. Given any error threshold
€ > 0, suppose there exists k € N such that KL(6,P* || v) < €
for all x € RY. Then, we have

M|(p0’k) <E.

Proof: Let Xy ~ po. For any i > 1, we have X; ~ p; = poP".
It follows from Definition 2 and direct calculation that

Mi(po) 2 E KLpuo-cllpol = E [KLGP o]

=]

E E

x~po | 5Pk Pk

N
: 2] gl
x~po | 5P v

[log ]

E [KL(,PX || v)] -
KL(pk llv)

x~po

E [KL@.P* [ )] -
X~po

E [KL(,PF )]
X~po

<e,

IA

where the first inequality is by the non-negativity of KL
divergence and the second inequality is due to the assumption
that KL(6,P* || v) < € for allx € R?. o
We emphasize that the proof of Lemma 13 does not extend
to general ®@-divergences and ®-mutual informations. The key
step in the proof of Lemma 13, of expressing
B [KLEP lp0] = B [KLOP V)] - KLipe 1),

X~pPo

€1y

need not hold for general ®-divergences. Indeed, (31) can
alternatively be derived from the three-point identity of
Bregman divergence. It is known that KL divergence is
the Bregman divergence of the entropy functional H(p) =
—Epllogp], that is KL(pl|v) = D_x(p; v). So, KL divergence is
special as it is both a ®-divergence and a Bregman divergence.
In general, a ®-divergence need not be a Bregman divergence.

We would also like to mention that the requirement of
having P to mix from Dirac initializations is common for
discrete-space chains [11] but non-trivial in the setting of
continuous-space Markov chains. Mixing guarantees usually
have dependence on the initial divergence to the target dis-
tribution, which becomes undefined in continuous-space (for
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example in KL divergence) when the initial distribution is not
absolutely continuous with respect to the stationary distribu-
tion. Hence most mixing time guarantees for Langevin-type
Markov chains implicitly require some regularity of the initial
distribution. Challenges pertaining to the regularity of the
initial distribution are prevalent in continuous-space sampling
[77], [78], with corresponding results therefore restricted to
TV distance or Wasserstein metric, which remain finite for
Dirac distributions.

APPENDIX J
STRONG DATA PROCESSING INEQUALITIES

Recall the discussion on Strong Data Processing Inequalities
(SDPIs) in Section I-A. Here, we provide a more comprehen-
sive introduction to these inequalities. When studying SDPIs
in ®-divergence, the key quantity to bound is the contraction
coefficient in ®-divergence (1). This is formally defined as
follows.

Definition 4: Let m be a probability distribution and P be
a Markov kernel. Then the Dg-contraction coefficient ep, is
defined as follows
Do(uP || 7P)

Do (ut Il )

The fact that (32) is < 1 is guaranteed by the data processing
inequality. We say that (P, ) satisfies an SDPI in ®-divergence
when &p, (P, ) < 1. Using Definition 4, we state the definition
of an SDPI in ®-divergence.

Definition 5: Let 7 be a probability distribution and P be a
Markov kernel, and further define &p, (P, n) as in (32). Then
we say that (P, ) satisfies a strong data processing inequality
in @-divergence when ep,(P, ) < 1. In particular, we have,

Do(uP || 7P) < ep, (P, m)Do(u || 1), (33)

&p,(P,m) = sup (32)

12 0<Dg (ullm)<co

where p is any distribution such that Dg(u || 7) < co.

Observe that SDPIs immediately yield mixing guarantees
for the Markov chain. Suppose v is stationary for P, i.e., vP =
v, and u is the initial distribution for the Markov chain. Then
repeated application of (33) yields that

Do P || v) < &b, (P,v) Da(u || v).

Therefore, so long as &p,(P,v) < 1 (where v is stationary
for P), we can get quantitative mixing time bounds for P in
®-divergence. Bounding the contraction coefficient ep, (P, v)
is the key challenge in SDPI-based mixing time analyses.
SDPIs can also be stated in terms of information. Suppose
U — X — Y forms a Markov chain, then the data processing
inequality states that Mlg(U;Y) < Mlg(U; X). SDPIs in @-
mutual information are stated in terms of the contraction
coefficient in ®-mutual information. This is defined as follows.
Definition 6: Let m be a probability distribution and P be a
Markov kernel. Furthermore, let X ~ 7 and Y ~ 7P . Then the
MIlg-contraction coefficient ey, is defined as follows

emi, (P, m) :=su Mlo(U; 1)
Mip 1 ' pug() M'q)(U,X) ’

(34)

(35)

where U — X — Y forms a Markov chain and the sup is
over all conditional distributions of U | X, denoted as pYX.

Another way to think of the sup in (35) is over all Markov
chains U — X — Y with fixed joint distribution p*¥(x,y) =
m(x)P(y| x). Using Definition 6, we state SDPIs in ®-mutual
information.

Definition 7: Let m be a probability distribution and P be a
Markov kernel, and further define evy, (P, ) as in (35). Then
we say that (P, ) satisfies a strong data processing inequality
in ®-mutual information when e, (P,7) < 1. In particular,
we have,

Mlo(U; Y) < emi, (P, m)MIo(U; X)), (36)

where U — X — Y is any Markov chain where X ~ &, and
Y ~ nP.

In Lemma 14, we show that ey, can always be upper
bounded by ep,,. The converse also holds when @ is bounded
in a neighbourhood of 1 [10, Theorem 5.2]). Hence, although
we are interested in SDPIs in information, we will bound the
contraction coefficients in divergence out of convenience.

Lemma 14: For any probability distribution 7 and Markov
kernel P, we have that

emi, (P, ) < ep, (P, 7).

Proof: Consider a Markov chain U — X — Y where
U~pY, X ~p¥ =mand Y ~ p¥ = 7P. It follows from
Definitions 2 and 4 that

Mio(p") € E [Da(e"V=11p")]

u~pY
= E [Do(@""™P|Ip"P)]
u~p’
(32) _
< B [e0,®.mDo(e™" ™11 p")] .

u~p

2 e, (. mMIg(p").

Hence, the claim immediately follows from Definition 6. 0O
To study the contraction of ®-mutual information along
multiple steps of a Markov chain, we have the following
lemma.
Lemma 15: Let X; ~ p; be iterates along a Markov chain P
starting from Xy ~ po. Then for any £ > 1 and k> ¢

k-1

Mlq;(X(); Xk) < 1_[ SDo(P,pi) Mlq)(XO; X() .
i=t

Proof: Applying (36)k — £ times reveals that

k-1

Mlo(Xo; Xc) < [ ] emio (P, p1) Mla(Xo; X7) .
i=C

From Lemma 14 we know that ew,(P,p) < ep,P,p)).
Therefore, we get the desired claim. O

Therefore, we can see from Lemma 15 that to compute
the contraction of information, we need to compute the con-
traction coefficients along the trajectory of the Markov chain
emi, (P, pi) as opposed to just the coefficient for the stationary
distribution ep,, (P, v) for mixing time (34). This analysis along
the trajectory makes studying the information functional more
challenging.
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APPENDIX K
REGULARITY-BASED BOUNDS FOR THE STANDARD
MUTUAL INFORMATION

We now consider the special case of ®(x) = xlogx.
We discuss an alternate set of results studying the convergence
of mutual information by exploiting the regularity properties
of the Markov chains. Regularity results for a Markov chain
seek to bound the change in the initial data after the Markov
chain is applied to it. For example for x, y € R?, Markov kernel
P, and C > 0, bounds of the form

KL(6P || 6,P) < Cllx — I3,

arise frequently in the analysis of Hamiltonian Monte Carlo
[79] and other Markov chains [80], [81]. Our goal is to
study the convergence of the mutual information and we
do so by relating it to the KL divergence via MI(p*") =
E,x[KL(o"™ || p")] (Definition 2) and using regularity bounds
for these Markov chains in KL divergence. Before proceeding,
we define the Wasserstein-2 distance, which arises in the
following analyses.

Definition 8: The W, distance between probability distribu-
tions u and v is given by

1/2
E [le-yB])

(xy)~y

W,(u,v) := inf (
(1, v) ot

where C(u,v) denotes the set of couplings of y and v.

We study the Langevin dynamics, ULA, and Proximal
Sampler in Appendices K-A, K-B, and K-C respectively. In
Appendix K-D we present Theorem 7 describing the regularity
properties of the Langevin dynamics for strongly log-concave
targets. We de not utilize Theorem 7 when studying mutual
information but include it as it might be of independent
interest.

A. Regularity-Based Bounds for Mutual Information Along
Langevin Dynamics

Theorem 2 describes the decay of mutual information along
the Langevin dynamics as a consequence of the regularity
properties of the dynamics. Observe that Theorem 2 does not
require a ®-Sobolev inequality assumption on p,; and also
works for the weakly log-concave case. Theorem 2(b) with
t = s can be used to bound Ml(pg ;) from Theorem 1 (for the
case of ®(x) = xlog x). We now prove Theorem 2.

Proof of Theorem 2: We first consider case when v is a-
strongly log-concave as the weakly log-concave case follows
by taking the limit @« — 0. Let P, be the Markov kernel associ-
ated with the Langevin dynamics. Note that po(- | x0) = 05, P;
is the law at time ¢ if we start the Langevin dynamics from
initial distribution d,,, for any fixed xy € R?. It then follows
from [81, Corollary 1]'that

04
KL@ Pl poP) < 5oz

)
_ _ 2
= 3@ =) X]EO [I1X = xol] .

W3 (S5, P0)

'Also note that [80, Eq. (4.5)] is equivalent to [81, Corollary 1] via the
duality between log-Harnack and reverse transport inequalities as explained
in [81, Section VI.B].

Using Definition 2 and the above inequality, we have
MI(PO,t) = E [KL((Sxon I poP)]

X0~Po
a
SR — X - xol?
2@ =T X,XIOBL/JO [1X = xoll?]
a
= a7 varXo),

where in the above, X, xo ~ po are independent, and we have
used the variance formula

1
Var(Xo) = X - xoll*] -
X0 =5 B [IX=xl]
Taking @ — 0 yields the weakly log-concave result. O

B. Regularity-Based Bounds for Mutual Information Along
ULA

In this section we prove Theorem 4, which bounds the
mutual information along ULA be leveraging the regularity
properties of the ULA kernel. Theorem 4 with k = ¢ provides
a bound on Ml(po ) from Theorem 3 and also does not require
p¢ to satisfy a @-Sobolev inequality assumption.

Proof of Theorem 4: The proof is similar to that of
Theorem 2. Let P¥ denote the kernel for k-step of ULA.
It follows from [81, Theorem 6] with L = 1 — na that

2

1-L
KLéka P« ——
Gl llpoP) < 3

)W§(6xo,po>

¢ 2
< 2[(1 — pa)=2 — 1] XEO[”X - xoll’].-

Using Definition 2 and the above inequality, we have

Mioo) = B [KLG:P Il poP)]
@
< X — x|
< BT =y 11 0., [0
= Vi),

[(1 - na)y 2 - 1]
where in the above, X, xo ~ po are independent, and we use
the variance formula Var(Xo) = 5 Ex.x,~p, [IX = xol*]. o

C. Regularity-Based One-Step Bounds for the Proximal
Sampler

We wish to bound MI(pf,) appearing in Theorem 5 when
¢=1.

Lemma 16: Consider the Proximal Sampler starting from
Xo ~ py with step-size n > 0. Then we have that

1
Ml(ps ) < —Var(Xo).
0,1 277 0

Proof: Note that Ml(pf,) = MI(Xo, X;) < MI(Xo; Yo) due to
the data processing inequality. By the Proximal Sampler (10),
we know that the law of Y, | Xj is obtained via evolving pé(
along the heat flow for time 7. Given this, it follows from
Theorem 2(a) with ¢ = i thatMI(Xy; Yp) < zanar(Xo). o

This yields the following corollary.

Corollary 4: Consider the same conditions as Theorem 5
with ¢ = 1, i.e., suppose pf satisfies a ®@-Sobolev inequality
with optimal constant ags|(01). Then

Var(Xy)
X
MIGeo.) < 27(1 + pminfe, ags (X)H2ED
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D. Regularity of Langevin Dynamics

So far in this appendix we have studied bounds on
the mutual information via the regularity properties of
the Langevin dynamics (Appendix K-A), the Unadjusted
Langevin Algorithm (Appendix K-B), and the Proximal Sam-
pler (Appendix K-C). We now focus on the continuous-time
Langevin dynamics.

Recall from the proof of Theorem 2 (in Appendix K-A)
how the regularity properties of the Langevin dynamics (as
studied in [81, Corollary 1] for strongly log-concave targets
and simultaneous Dirac initializations) result in guarantees
for the contraction of mutual information. In this appendix
we provide an alternate regularity theorem for the Langevin
dynamics (Theorem 7) for strongly log-concave targets and
smooth initializations. Although we do not utilize Theorem 7
to study mutual information contraction, we include it here as
it might be of independent interest.

Before describing Theorem 7 we state results from [82]
which we build upon and which are for the log-concave case.

Theorem 6 ([82, Theorem & Corollary 2]): Let v be a log-
concave distribution and let X; ~ p; evolve along the Langevin
dynamics (7) from any Xy ~ po such that py is smooth and
Ws(pg, v) < oo. Then, for any 7 > 0, we have

2 Fl(o, | v) + 2t KL(p, [| v) + W3 (o1, v) < Wi(p0, V) .
In particular, for any ¢ > 0,
2
KL(o, || v) < W24Lto’v) . (37)

Although the smoothness assumption on py may be restric-
tive, this bound is useful in many settings where KL(pg||v) = oo
but Wh(py, v) is finite, such as the case where pg is Cauchy,
and v is a Gaussian. We extend the analysis of [82] to SLC
target in Theorem 7. Note that this provides an alternate proof
to [80, Lemma 4.2].

Theorem 7: Let v be a-SLC for some a > 0 and let X, ~ p,
evolve along the Langevin dynamics (7) from any Xy ~ po
such that pg is smooth and W5(pp,v) < oo. Then, for any
t > 0, we have

D R 1+ 2= Do 1)+ W o)
< Wz(po,v). (38)
In particular, for any ¢t > 0,
KL(o, 39)

llv) < sz(.oo, V).

Proof: Similar to the proof of Theorem 6 given in [82], we
seek to find a Lyapunov functional of the form

Y(t) = A, F|(p, Il v) + B: KL(p, Ilv)+ sz(Pr, V).

for some A,, B; > 0 that will be determined later to ensure that
Y(?) is decreasing exponentially fast. From Lemma 12 for the

(40)

Langevin dynamics (i.e., with y, = p,, v, = v, b, (x) = =V f(x)
and ¢ = 1), we get that

d

SKLe/ 1) = ~FlGo, 1. @1)

Recalling [17, Formula 15.7] [68, eq.(10)-(12)], we can char-
acterize the rate of change of relative Fisher information,

P19 =200 =28 (V1o 2, (727 10g 2]

< 2aE [HVlog Pr } = 2aFlp, 1), (42)
Pt 14

P
v || HS
Fisher information and the inequality follows from the facts

that /C,(p) > 0 and v is a-SLC, i.e., sz > al. Also, recall the
lemma from [82], which shows that

el

v(x)

where (d/ df)* is the upper derivative, and V¢ is the (unique)
gradient of the convex function that pushes forward p; to v,
i.e., Voo, = v. The second inequality above follows since v
is @-SLC, which implies that relative entropy p — KL(p || v)
is a-strongly convex, which further means that
o:1(x) >i|
v(x)

(44)

where KC,(p) := E, [”V2 log & 2 ] is the second-order relative

d +

dt

sz(.ﬁn v)<-2E |:<x Ve (x), Vlog
Pt

< =2KL(p; 11 v) = W5 (o1, v) (43)

KL(v || v) = KL(o; [l v) - E [<V¢z(x) x, Vlog —-
Pt
o
> Esz(p,, V).
Combining bounds (41), (42), and (43), along with the
Lyapunov functional (40), we have
+
w(n) = (A, -

B,)F|(p, Iv) + Az F|(pt lv)

. da|t
+BKLp I + - Wi (s, v)

—(2aA, + B, - A;) Fl(p, | v)

- Q2= B)KL(p; || v) = aW3(ps. V).
We want to choose A; and B; so that the Lyapunov functional
decays exponentially fast with rate o along the Langevin
dynamics. To this end, we set 2 — B, = aB, with By = 0,
which implies that
2(1 —e™)

S .

— A, = @A, with Ay = 0, which can be

Bt =
We also set 2aA; + B,
solved to yield

e(l1-e
o2

1 —at)2
A, = —2(€at + €_m — 2) =
(0%

With these choices, we have dtl*u,lr(t) < —ay(t), so indeed,

Y(t) < e "Y(0) = e W5 (po, V),

which, after proper normalization, is the claim in (38).

Next, we prove (39). Inequality (44) together with the
Cauchy-Schwarz inequality actually implies the HWI inequal-
ity [71, Section 9.4],

VFIG, 1) Walor,v) = KL(o: | v) + %sz(p,, V).

(45)
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Using the fact that a®> + b?> > 2ab and the above relation, for
any C; > 0, we have

A Fl(p; 1 v) + CWa(py. v)
> 2 \JA,C, Fl(p, 1) Ws(p,, )
>2VAC, (KL 1) + SW3 (e v)) -

We can then decompose and bound the Lyapunov functional
(1) as follows

() = A FI(Pt lv)+C; sz(Pr,V) + B; KL(Pt lv)
+ (1= CIYWs(p,,v)

> (B +2VAC) Ko 1)
n (1 —C +ta A,C,) W01 ).

We now choose C; such that 1 — C; + @ VA,C; = 0. Choosing
the positive solution, we have

A+ VoA +4
\/azfl‘/_z 2C¥r .

(40)

(47)

This choice of C,, the previous choices B,+aA, = A, = é(e‘”—
™) and the subsequent calculation

ar(] — p=at 2
€ ( a,ze ) (e(l/l + e—at + 2)

(eat _ e—ozt)Z
=T 2

Af@®Ar+4) =
a
yield that
@7 3 2w
B; +2+A;,C; = B; +aA; + VA« A,—|—4)=E(e —e .
Thus, with this choice of C;, we have

(46) 2
U > (B +2 V ACy) KL(Pz lv) = a(é’m - eim) KL(Pz lv).

Therefore, we conclude that

(45) a -
KL 1) < 5y € Wateo.w)
- @ 2
= @i o ) Wi(po, V),
as claimed in (39). O

We note that [81, Corollary 1] follows a different proof to
obtain a stronger version of Theorem 7, which applies for
simultaneous Langevin dynamics and under no assumption on
Po - Also note that the dual form of the log-Harnack inequality
[80, Equation (4.5)] yields a version of Theorem 7 which
is applicable for simultaneous Langevin dynamics and from
Dirac initializations. The duality between Harnack inequalities
and reverse transport inequalities (such as (39)) is explained
in [81, Section VI.B].

APPENDIX L
PROOFS FOR LANGEVIN DYNAMICS

Here we present the proofs of and related to Theorem 1.
In Appendix L-A we study the evolution of the ®-Sobolev
constant along the Langevin dynamics. This approach is
crucial to both of our proof strategies for Theorem 1. In
Appendix L-B we present the direct time derivative-based
approach for Theorem 1 and in Appendix L-C we discuss
the SDPI approach.

A. Evolution of ®-Sobolev Constant Along Langevin
Dynamics

Lemma 17: Suppose X; ~ p; evolves according to (7) where
V2f > al with @ > 0. If p, satisfies ®-Sobolev inequality
with optimal constant agg|(0;) where s > 0. Then for ¢ > s
we have that

1 e—2a(t—s)
<
@9si(0r)

Proof: Consider the forward discretization of (7) (i.e., the
ULA (8)) with step-size > 0:

1-— e—ZG(t—s)

48
aosi(ps) N « %)

Xir1 = X —nVf(Xp) + +/2nZ; .

We will consider this discrete time update and then take the
appropriate limit so that we recover the desired results for the
continuous time dynamics. If X; ~ o, then we have that along
the ULA,

Prr1 = T =V fupr = N(0,2n1) .

Under V?f > al, we can see that the map F(x) = x — nV f(x)
is (1 — na)-Lipschitz. Using Lemmas 6 and 7, along with the
shorthand «; for aggi(p;) and ¢; for 1/a@;, we have that

(2<2) 1
Ci =
= aes (= 7V Napi)

Recursing this from i = j to i = k, we get that

@n 2
+2n < (1 —na)c +27.

i1 < (1= na)* ™+,

+ 2901 + (1 =na)* + ... + (1 — na)** 7]
1-(1- UQ)Z(H]_D}
na(2 - na)

=(- na)z(kJrl_j)Cj +2n [

Taking nk — t, nj — s, and n — 0, we get that
1= e—2(1(t—s)
¢ < e—2(y(l—s)cs 4
o

which yields the desired claim. m}

B. Proofs for Direct Time Derivative Analysis
1) Proof of Lemma 1:

Proof: Consider Lemma 12 with y, = p,, vi = p1, by = =Vf,
and ¢ = 1. Let gy = &, for some xy € R?, so that g, = pyo(- |
Xo) . It follows from Lemma 12 that

d
EDQ@t l o) = =Flo(@; Il o) -
It thus follows from Definition 2 and (15) that

d d d
EMh)(Po,r) =3 E [Dao(oio Il p0)] = E [Et Do (oro | P:)}

15)

= ~ElFlotoo | o] = ~Flip(00,)-

We have thus completed the proof. m}
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2) Proof of Lemma 2:

Proof: As pY satisfies ®-Sobolev inequality, it follows from
Definition 3 that the following holds for each x ~ 0%,

_ “) _
2a0s1(0")Da ("= 11 p¥) < Flo(@"™= || p7).

Taking expectation over p* and using Definition 2 and (15)
completes the proof. m}

3) Proof of Theorem 1 (Direct Time Derivative-Based
Proof):

Proof: Fix an s > 0 such that p, satisfies a ®-Sobolev
inequality with optimal constant agg|(py). Lemma 17 tells us
that for any 7 > s, we have

@osi(ps)a

e~ 2009 (a — aesi(ps)) + @asi(ps)

1
= . 49
e 2= (agg(pg) ! — a7l + a7 (49)

aopsi(pr) =

Now from Lemmas 1 and 2, we have that,

d
5 Mlo®0,) = ~Flg(oo,) < —2aasi(o) Mla(po,) -
Integrating the above from s to ¢, and using (49) gives us

Mlg(p0,) < exp (=24,) Mlo(pos)

where

! eZa(r—s)
A ::/ dr.
' s aCDSl(px)71 —a ! + ale2atr—9)

Upon simplifying, we get that

1 —2a(t—s) s -1 _ -1 -1
A,=—log(e (@osi(ps) “a ) +a )
2 aopsi(ps)

+ a(t—s).

Therefore,

_o4,
Mlg(00,) < e Mlao(po,s)
ae—Za(t—s)

= Mi 5) -
T e e R

Observe that the denominator is a convex combination of «
and ages)(0s), and so we get that

a a
< 1,
tosi(py)(1 — e270) + qrg=2a-9) max% a@s.(pg}

which proves the desired result. O

C. Proofs for SDPI Analysis for Langevin Dynamics

The key idea to apply the SDPI-based approach is to bound
the contraction coefficient for the dynamics. We do so in
Lemma 18.

We let P, denote the map which takes as input a distribution
u and outputs p, where p; evolves following (7) from py = p.

1) Proof of Contraction Coefficient:

Lemma 18: Let P, denote the Markov kernel corresponding
to the Langevin dynamics (7) where V2f > al with a > 0.
Then, if p satisfies a ®-Sobolev inequality with optimal
constant ags|(p),

ae—Zat

aosi(p)(1 - e20) + ae 2t

Proof: Let m be an arbitrary distribution such that De(r ||
p) < co. And let n; = 7P, and p, = pP;. Therefore, 1y = 7w
and pp = p. Recall from Lemma 17 that p, satisfies a ®-
Sobolev inequality with optimal constant aggi(o;) as in (48).
From Lemma 12 with y, = n,, v, = p;, b, = =V f, and ¢ = 1,
along with Definition 3, we have that

&p, (Pr,p) <

d 4)
EDCD(ﬂ'r Il or) = =Flo(m: | pr) < =2 aasi(p)Da(m: |l pr) .

Plugging (48) into the above inequality, we have

d
EDCD(ﬂz Il po)
- —2agpsi(ps)a
T e 20=9g + [1 — e~ 2009 agg(0s)
—2 Do(m: Il 1)
_ b
5 (aasip) T —a ) yat L

Applying Gronwall’s inequality gives

Do (m, Il p1)

“2fy m o 4
Do(r llp)<e " ™ easibor=e"bte™ "Dy (1o [l po) ,

which simplifies to,

a,e—Z(zt

aosi(po)(1 - e2) + ae
Therefore, the desired bound immediately follows from the

above inequality and Definition 4. O
2) Proof of Theorem 1 (SDPI-Based Proof):

Do(m; Il pf) < Do (7o Il po).

Proof: Let P, denote the Markov kernel for the Langevin
dynamics (7). From Definition 7 and Lemma 14, we have that,

,\'\fl:ij—((ﬁ;’g < o Prpy) < 20, (P yupy).
Now using Lemma 18 we can upper bound this by
a,e—Za,r(t—s)
@asi(ps)(1 — e720079) + qe200=9) -
Observe that the denominator is a convex combination of a
and aggi(ps), and so we get that

@ <maxil1, ad
@osi(ps)(1 — e7200=9) 4 re=20(=5) @osi(0s)

which proves the desired result. O

APPENDIX M
PROOFS FOR ULA

A. Proof of Lemma 3
Proof: Part (a): Fix any u such that Dg(u||p) < co. Denote

Fyp x N(O,t1) = p;,  Fyp x N0, 1) = py,
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where F(x) = x — nVf(x). It follows from Lemma 6 that

aosi(p)
2

@es1(po) = (50)

where py = Fyp. Furthermore, it follows from Lemma 7 that

)s aos|(0o)
14 aesi(po)t

Now using Lemma 12 with g, = y;, v, = pr, b, =0, and ¢ =
along with Definition 3, we have the following

aos)(0r (51

1
29

d 1
ED(D(H' o) = _zFl(D(ﬂt Il o) < —awsi(e)Dou |l po)-

Integrating this from ¢ = 0 to t = 257, and using (51) and (50),
we get that

Do (u2y Il p24) ( /2" )
Do (1o |l po) = exp 0 @asi(o) ds

D 1 50 y?
T 14 2naesi(eo) T ¥+ 2naesi(p)
Note that Dg, (]| p) = Do(uo || po) as ®-divergence is invariant

to applying a bijective map to both arguments. It thus follows
that

(52)

Do (2 Il p29)  Da(o * N0, 211) || po + N'(0, 271))
Do(uo Il po) Do(u Il p)

_ Do(P | pP)

~ Doullp)

Finally, the statement follows from the above observation,
Definition 4, and (52).

Part (b): Recall the ULA update pP = Fyp * N(0,2n])
mentioned in (17) and note that N'(0,2n]) is %I-strongly log-
concave, and therefore satisfies ®-Sobolev inequality with
the same constant (Lemma 8). The result then follows from
Lemma 6 and Lemma 7. m]

B. Proof of Theorem 3

Proof: Recall the ULA update pP = Fyp * N'(0,2n]) men-
tioned in (17). Denote the Lipschitz constant of F by y > 0.
We begin by ensuring that F satisfies the conditions required
by Lemma 3. The a-strong log-concavity and L-smoothness
of v implies (1 — nL)I < VF < (1 — na)l where note that
VF(x)=1- nV2 f(x). Therefore, F is y = (1 — na)-Lipschitz.
For Lemma 3(a), it remains to check that F' is bijective. The
continuity of F ensures that it is surjective. For injectivity,
note that, F(x) = F(y) = x—y =n[Vf(x) - Vf(y)]. Taking
norm on both sides and using that Vf is L-Lipschitz, along
with < 1/L, implies that F is injective. Therefore F' meets
all of the requirements set forth by Lemma 3.

Fix an £ > 1 such that p, satisfies a ®-Sobolev inequality.
This is guaranteed by assumption. Then Lemma 15 states that

k-1

Ml (oo < Hai Mlo(poe), € = ep, (P, pi).

i=t

(53)

As py satisfies a @-Sobolev inequality, Lemma 3(b) guarantees
that p; satisfies a ®-Sobolev inequality too for all j> £+ 1.

Denote agsi(p;) by a;, then the claim of Lemma 3(b) can be

rewritten as
262,'77 (18) (o7

1+ > . 54
¥ Y2 G
It thus follows from Lemma 3(a) that
2\ ! 654 2
(HZL;?) PALSy
Y @
Plugging this bound into (53), we obtain
2k=0) ¢,
Mla (00,0 < *——Mla (o). (55)

Our goal now is to derive a simple upper bound on a;/a, .
To that end, further denote ¢; = 1/«;. Then, (54) is equivalent
to ciy1 < y2c; + 2. Subtracting 25/(1 — ¥?) from both sides
and applying the resulting inequality repeatedly, we have

2n 2k—0) 2n
- — < — .
k=T 7S v e 1o v

Recalling a; = 1/c¢; yields
1 1 —~20k=0  ,2k=0
2 ‘}’* i Y

e 04 ay

Zmin{i, i} Zmin%l, i} (56)
a «

a* ay ’
where a* = a(1 — na/2) < a. Therefore, we obtain
a a
—* < max %1, —} s
(074 (073

and hence the claim of the theorem immediately follows
from (55). ]

C. Proof of Corollary 1

Proof: Note that 7 < ¢! for every T € R. Using
Theorem 3 and this observation with 7 = 1 — an, we have

MI (16)
o(Pok) < (1 =m0 < g2k,
max {1, %} Mlo(00,¢)

In view of the above inequality, to bound Mlg(Xo; Xi) < €, it
suffices to bound
€

max {1’ (Id):(p()} Mla(00.0)

which gives the desired complexity bound on k. O

e—2m7(k—€) <

APPENDIX N
PROOFS FOR PROXIMAL SAMPLER

In this section, our goal is to prove Theorem 5. As men-
tioned in Section V-A, the SDPI-based proof for the Proximal
Sampler proceeds by studying the contraction coefficient and
evolution of the ®-Sobolev constant along the forward step and
backward step separately, and then combining them to obtain
the contraction coefficient and ®-Sobolev constant evolution
for the entire Proximal Sampler (Lemma 4).

We denote the Proximal Sampler (10) as Pprox = P Pr o
where P;rrox and P, correspond to the forward and backward
steps, respectively. As each step is an update of probability
distributions on RY, this composition is justified. Regarding
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notation, we denote pf := law(Xy), p} := law(¥y), and
therefore o Porox = P41 » P} Py = pf » and py P = pX .
We repeat the SDE interpretations of both the forward and
backward steps mentioned in Section V.
a) Forward Step: Suppose we start from X ~ pj. Along
the forward step of the Proximal Sampler (10), Yy |
Xo ~ N(Xo,nI), so in particular, p} = p§ = N(0,nI).
Therefore, the action of the forward step Pptox is via a
Gaussian convolution: pPy . = p * N'(0,7]), which can
be interpreted as the solution to the heat flow (generated
by the Brownian motion SDE dX; = dW,;) at time n > 0.
b) Backward Step: For the backward step P, it will be
helpful to think of the corresponding SDE as the time
reversal of the forward step SDE, i.e., the time reversal
of the heat flow, which is known as the backward heat
flow; see [26] and [12, Chapter 8.3].
Fixing a step-size n > 0, we have along the forward step
(dX, = dW,) that if X, ~ v*, then X, ~ v". The backward
heat flow SDE (20) is defined by

dY, = Vlog (" = N )(Y,) dt + dW,.

By construction, if we start the SDE (20) from Yy ~ uo = 7,
then for any ¢ € [0, 7], the distribution of Y, ~ y, along (20)
is given by y, = VX s »-1» and in particular, at time ¢ = 7,
Y, ~up = vX. For the Proximal Sampler, we start the backward
SDE (20) from Y ~ pj, to obtain X; := Y, ~ p}.

We present the proofs corresponding to the forward step in
Appendix N-A, the backward step in Appendix N-B, and the
complete Proximal Sampler in Appendix N-C.

A. Proofs for the Forward Step of the Proximal Sampler

1) Contraction Coefficient for Forward Step:

Lemma 19: Let P, denote the Markov kernel or heat
semigroup corresponding to evolution along dX, = dW, for
time ¢. If p satisfies a ®-Sobolev inequality with optimal
constant ags|(0), then

200 (Pr-p) < 1+ nagsi(p)

Proof: Let 7 be an arbitrary distribution such that Do (7||p) <
oo. And let r, = 7P, and p, = pP,. Therefore, 7y = 7 and
po = p. It follows from Definition 3 and Lemma 12 with
My =T, Ve =ps, by =0, and ¢ = % that

d 29 1
< Dat l1p) Z' =3 Flo(n Il p) < ~aasi(p)Da(: 1 90

(57
Since the forward step is the heat flow, ie., p, = pPJOX =

p % N(0,1D), it follows from Lemma 7 that

! < ! +1

aosi(o) ~ aoesi(po)

Plugging the above inequality into (57) yields that
—aosi(Po)

o) < _~@si(po)
1 + tegsi(po)
Applying Gronwall’s inequality, we have

d
EDw(ﬂz Do (7 |l po).

_ n 1
Da(, Il py) < € "I masio “Dyy o |l po),

which simplifies to

Do (7o Il po)

D < —"
o 1 n) 1 + naosi(po)

The conclusion of the lemma immediately follows from the
above inequality and Definition 4. O

B. Proofs for the Backward Step of the Proximal Sampler

1) Contraction Coefficient for Backward Step:

Lemma 20: Let vg be @-SLC for some @ > 0 and define
vi = vo * N(0,t). Fix some positive constant T > 0. For
t € [0,T], let P7 denote evolution along the following SDE
for time ¢

dX; = Vlogvr_(X;)dt + dW,.

If p satisfies a ®-Sobolev inequality with optimal constant
aosi(p) , then,

14+ aT —at

T
&0, (Pr.p) < (1 +aD)[1 + apsi(p)t] —at

(58)

Proof: Let  be an arbitrary distribution such that Dg(r]|p) <
oo. And let 1, = 7TPZT and p, = thT. Therefore, 7y = 7 and
po = p . From Lemma 12 with y, = 7, v, = p;, b, = Vlogvr_,
and ¢ = 1, and Definition 3, we have that

d 1 4)
EDm(ﬂt Il o) = _E Flo( [l 1) < —aasi(p)Do(m |l p1) -
(59)
Denote agg|(o;) as «, for ¢ € [0, T]. Then Lemma 21 tells us,

o> ao(1 + aT)?
"T A+ AT - D))+ aot[l + (T =1 +aT)

To apply Gronwall’s inequality, we need to evaluate the
following

. ol + a7 0
" o (1 4+a(T - 5))?+ aps(1 + (T — s))(1 + aT)
(1 + aT)? ds

t
/0 ala — ao(1 + aT)) (s - aﬁ;ﬁf{’fﬂ)) (s - IJ;“T)

d 1 ! 1
:/(; §— 14+aT ds_/(; 5§ — 14+aT dS

a—ao(14+aT) @
14+ aT-t(a — ap(1 + aT)) 1+ al —at
= log —log ——
1+ aT 14 aT
1+ aT)1 + apt) — at
= log .
1+aT - at

Applying Gronwall’s inequality to (59) gives Do (n, || pr) <
e Do(mo Il po), ie.,

14+ al — at
(1 4+ aT)(1 + apt) — at

Do(m: Il pr) < Do (o [l po) -

The result follows by using Definition 4 and noting that the
choice of r is arbitrary. m}
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2) Evolution of ®-Sobolev Constant Along Backward Step:

Lemma 21: Let vy be a-SLC for some a > 0, and define
v, = vo * N(0,tI). Fix some T > 0. For ¢ € [0,T], consider
X, ~ p; which evolves according to

dX; = Vlogvr_(X;)dt + dW,,

from X, ~ py where py satisfies a ®-Sobolev inequality with

optimal constant a¢g|(0o) . Then we have that,

t(1+a(T -1)
l1+aT

1 1 ( at )2
< 1-
aesi(pr) — @esi(Po) 1 +aT
(60)
Proof: As vy is a-SLC and v, = vo* N (0, t]), it follows from
[83, Theorem 3.7(b)] that v, is a;-SLC where «a, = a/(1 +ta).
Writing v, « exp (—f;), the backward heat flow SDE can be
rewritten as
dX, = -V fr_ (X)) dt + dWw,.

Now consider a discretization of this SDE with a sufficiently
small step-size n > 0 to get

= Xi — 0V fr-p(Xi) + VnZy,

where Z, ~ N(0,I). We therefore know that Sr—nk 18 Bi-
strongly convex where

Xiet1

a
B = m- (61)

Letting X; ~ px, we therefore have that

Prt1 = U =0V fropspx = N0, q0),

and the mapping I -7V fr_n is (1 —nBk)-Lipschitz continuous.
Denote ¢, = 1/aesi(or). In view of (62), using Lemmas 6
and 7, we have the following recursion

(62)

(2<2) 1

Ck+1 =

T aesi — 0V frospn)
Upon further iteration this yields

2n 2
+n7 < (I-n8)c+n.

k=1 k-1

ck<1‘[<1 B co+n |1+ Y []a-ns)

Jj=1i=j

Plugging in the expression for 8; in (61) and simplifying, we
get

ank 1+ a(T -7k
<{1- 1
k= ( 1+aT) o +Z(1—|—a(T )
Now taking the limit n — 0, nk — ¢, and nj — s, we get

2 ds
Czﬁ(l_ ) co+ (1 +a(T - t))Z/
0

(1+a(T - )2’
which simplifies to

2
C 1- o co+
L= 1+aT 0

The desired claim (60) now follows from the fact that
¢t = l/agsi(p).0

at
1+ aT

(1 +a(T -1)
1+aT

C. Proofs for the Complete Proximal Sampler
1) Proof of Lemma 4:

Proof: Part (a): It follows from Definition 4 and the fact

that Py = PY P that
€Dy (Pprox » 0)
62_ “w Do (7 Pyrox |1 0 Porox)
7:0<Da(lo)<oo Do(r |l p)
- Do (n P prox 0P Prrox)
7:0<Dy(allp)<co Do (P 1o P

DCD(” prox ”p prox)
Do( Il p)

(32)
< SDG)( prox »P) €, (P, prox » prox) (63)

where the inequality is also due to Definition 4. Observe that
Pt s the forward heat flow operation for time n > 0, and

prox
hence pPpmX = p * N(0,nl). It thus follows from Lemma 7
that
@ aesi(p)
a > —, 64
CDS|(p prox) 1 + U(IQ)Sl(p) ( )
and from Lemma 19 that
1
ep, (P, rx,)_— (65)
2ol T naesio)

In view of Lemma 20, P, is the backward heat flow
operation with vy = v¥, T =, and for time 7. Hence, using
(63), (64), (65), and Lemma 20 with T =t = 1, PT Pp_rox,
and p = pPme, we obtain

€Dy (Pprox ,P)

(63),(65) 1 _
T+ nagsip) 0 Fro o B
(5<8> 1 1
T+ naq>3|(p) (I +an)(1 + aesi(p pmx)fl) -«
(64) 1

< )
1 + 2naesi(p) + Paassi(p)

This completes part (a).
Part (b): Observe that Pt

rox 18 the forward heat flow

operation for time 7 > 0, and hence pPIj;OX = p = N(O,nl).
It thus follows from Lemma 7 that
1 (22 1
< +n (66)
@osi(PPlo) ~ @asi(p)

In view of Lemma 21, P, is the backward heat flow

operation with vy = vX, T = 1, and for time ;. Hence, using

(66) and Lemma 21 with T =t = n and py = pPPmX, we obtain
1 (60) 1 1 n
< 5+
a'CDSl(pPprox) a'(DSI(,O prox) I+ m]) 1+ armn
©0 1+ aesit)y 1 n
agsi(p) (1+an?  1+an
Therefore, the desired claim is proved. O
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2) Proof of Theorem 5:
Proof: First, it follows from Lemma 15 for the Proximal
Sampler that for any £ > 1 and k > ¢

k-1

MI(D(P())(’/{) < l_[ &j M'@(P()){g), & = SD(I,(Pprox’p,X)-

i=

(67)

Throughout the proof, let @; denote aggi(p¥). Recall from
Lemma 4(b) that

1 < 1+ ain n
Ta(l+an?  l4an

Fix ¢ such that p, satisfies a ®-Sobolev inequality. This
holds by assumption.

(63)
@it

a) Case 1: o < a;: Using a; > a and (68) with i = ¢,

we have
1 ©®
<

14+ am n_ L 1
T al+an?  14an T a(l +an)

1 +an T
which implies that a,4; > @ . Repeating this argument on (68),
we have that @; > « for all i > €. The contraction coefficient
bound in Lemma 4(a) therefore simplifies to

1 1
P < <
fi=7 + 2na; + nfaa; — (14 na)?’
for all i > ¢. Plugging this inequality into (67), we obtain
Mis (o5 )
(1 + pa)2k=0 -~

b) Case 2: a > a,: Using @ > a, and (68), we have

(728

Mo (o) < (69)

I _ltam Ui
T a1l +am?  14am’
for all i > ¢. We next prove by induction that a; > a, for all

i > €. This is of course true when i = £. Assume for some
i > ¢ that @; > a,. Then, it follows from (70) that

(70)
iy

1 < 14+ am n 1
Tal+am?  l4am  al’

and hence that the claim is true for the case i 4+ 1. Together
with this conclusion, Lemma 4(a) simplifies to

1 1
<
1+ 2ne; + aa; — (1 +nae)*’
for all i > €. Plugging this inequality into (67), we obtain
MICD(p()){g)
(1 + nag?=0 -

Finally, the theorem follows by combining (69) and (71). O
3) Proof of Corollary 2:

@it

& <

Mlo (o) < (71)

Proof: Note that T < ™! for every 7 € R. Using Theorem 5
and this observation with

1 .
thbwe e min{a, @esi(0})},
we have
Mla (o5 ) 19 1 <o _2natk = 0)
Mlo(og,) — (1 4na)**0 ~ L+na )

In view of the above inequality, to bound Ml (Xo; X;) < €, it
suffices to bound

2na(k — €) €
exp| — < >
I +na Mlq)(p(’{g)

which gives the desired complexity bound on k. O

APPENDIX O
EXAMPLES FOR THE ORNSTEIN-UHLENBECK
PROCESS AND THE HEAT FLOW

In this section, we fix ®(x) = xlogx and discuss the
convergence of mutual information for the Ornstein-Uhlenbeck
(OU) process and the heat flow. The entropy functional of a
distribution p is defined to be H(p) = —E,[logp]. Recall that
the standard mutual information is

MIG™) = KL (0 1% ")
= H") - EX[H(,UY|X(' [ )] .

x~p

(72)

A. Convergence Rates in Continuous Time Along Langevin
Dynamics

We provide two propositions showing that the convergence
rates of mutual information along OU process and heat flow
are © (e72*") and © (1/1), respectively. This shows the tightness
of Theorems 1 and 2. Before proceeding, we mention the
following fact which will be useful in the analysis.

Fact 1: [84, Theorem 17.7.3] The entropy power of a
probability distribution p on R? is x

L iHo,
2me

Alp) =

The entropy power inequality states for independent random
variables with distributions p and v,

Alo = v) = Alp) + A(v).

1) Mutual Information Along the OU Process: The OU
process is the Langevin dynamics for a Gaussian target dis-
tribution v = N(c,X) for some ¢ € R? and T > 0. Here, for
simplicity, we consider the case where ¢ = 0 and X = é] for
some « > 0. In this case, (7) becomes

dX, = —aX, dt + V2dw,. (73)
The solution to the OU process is
X, =e Xy + V1.(0Z, (74)
where Z ~ N(0,1) and
_ 2t
Tolt) = —— (75)

We have the following theorem that describes the rate of
convergence of mutual information along the OU process.
Note when pg is a Gaussian, p, is a Gaussian for all 7, and we
can compute the mutual information explicitly; however, our
statement holds for more general initial distributions py.
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Proposition 1: Let X, ~ p; evolve along the OU process
(73) from Xy ~ po, where pq satisfies Cov(pg) < J I, and let
po, be the joint law of (Xp, X;). Then, we have

d aJ adJ
MI <=1 1 < , 76
(pO,t) —= 2 Og( + e2at _ 1) - 2(62“1 _ 1) ( )
and,
d aesHeo)
MI > =1 — 4+ 1] . 77
(pos) 2 5 log (zﬂe(ezm_ Tha (77)
Therefore, along the OU process, as t — oo, we have
Ml(po,) = © (e72*). (78)
Proof: 1t follows from (74) that
o d
pio = N(e™Xo, (DD,  H(pyo) = 3 log (2met, (1)),
and d
E)’E[H(leo)] =35 log (2ret, (1)) . (79)
0

We next bound H(p,) where,

p:(y) = / IPO(X) Par(earxron(y) dx,
Rt

and Py x) is the density of M(c,X). We first derive an upper
bound on H(p,). Using the fact that for a fixed covariance, the
Gaussian distribution maximizes entropy, and the observation
that

Cov(p,) = e 2 Cov(pg) + To (1)1,

we have
H(p:) < HIV(0, Cov(p,)))
1
= %’ log(2re) + 3 log det (¢ 72" Cov(po) + Ta(D)I)
1
< glog(Zﬂe) +5 log det (e J1 + 74(1)])

= Czl log (2rre(e ™ J + 7,(1))) , (80)

where the second inequality follows from the assumption
that Cov(pg) < JI. Next, we derive a lower bound on
H(p,). Considering the solution (74) and letting p denote the
distribution of e Xy and v = N(0,7,(H)), then we have
p; = p *v. By definition, we have

H(p) = H(|aW(€7mX0)) = H(po)—d(l’t.

It thus follows from the

(i.e., Fact 1) that

H(pt) > ﬁ log (€%H(|aw(e—tnX0)) + e%H(N(O,Tn(t)I)))
2

entropy power inequality

_d 2H(po)-2at
= Slog (ed n 2ﬂeT(,(t)) . 81)

Now, (76) immediately follows (72), (75), (79), and (80),
(72)

Ml(po,) = H@z)—E[H@t|o)]

(1981 d . e 2y L)@ d1 al 41
e (0] =" —]o P
= 2%\ Lo 2 %8\ e

adJ
S0,
2(e2xt — 1)

where the last inequality is due to the fact that log(1 + x) < x.
Using (72), (75), (79), and (81), we have

(72)

Ml(po,z) = H(Pt)_Ef[H(Pth)]
E%H(pg)fhrt
— +1
& 2met o (1) +
2H(po)
75) d aed
= —1 — +1]).
2 %% (27re(e2‘”—1) + )

Hence, (77) is proved. It follows from the fact that log(1+x) >
x/2 for x € [0, 1] and (77) that as t — oo,

(79),>(81) d
> <lo
2

adeiHeo)
MI >
(Po.) = 8me(e? — 1)

Finally, (78) follows from the above conclusion and (76). O

Remark 1: Using Stam’s inequality [33],
Ap)Fl(p) > d,

and the Blachman-Stam inequality [85],

1 1 1
> +
Fleo*v) ~ Fl(p)  Fl»)’

instead of using the entropy power inequality (i.e., Fact 1), we
can derive an alternative lower bound,

d ad
Mi > =1 —— +1].
(pO,t) = 7 0g ((ez‘” _ l)Fl(p()) + )
2) Mutual Information Along the Heat Flow: Recall the
target distribution for the OU process discussed in Appendix
O-Alisv=N (O, é[) As a@ — 0, (73) simply reduces to

dX, = V24dw,, (82)

which is the heat flow. It is the SDE corresponding to the heat
equation: 0,0, = Ap;.

We have the following proposition that describes the rate
of convergence of mutual information along the heat flow. Its
proof follows similarly from that of Proposition 1 and hence
is omitted.

Proposition 2: Let X, ~ p, evolve along the heat flow (82)
from Xy ~ po from some py and let py, be the joint law of
(Xo, X;). Then,

1< A:(Cov(pp))
Mi(po,) < 3 ;log (T + 1) ,

where A;(-) is the i-th largest eigenvalue of a matrix, and

d 2H(po)
Mi(oo,) = Elog (er +1].

et

Therefore, along the heat flow, as r — co, we have

Mi(on,) = © (%) .
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B. Convergence Rates in Discrete Time Along ULA

Here we discuss ULA for the OU process, indicating the
tightness of Theorems 3 and 4.

For simplicity, as in Appendix O-A.l, we again consider
the target to be v = N (O, é]) . In this case, the ULA update
(8) becomes:

Xir1 = (1 —na)Xe + v/2nZ, (33)
and the solution to (83) is:
21 — (1 — na)*
Xk=(1—na)kXo+ wz, (84)

a2 — na)

where Z ~ N(0, ). To show a tightness result, we simply take
0o to be N'(0,1) in the proposition below.

Proposition 3: Let X evolve along (83) from Xy, ~ pg =
N(0, ). Then

a0 — na?
MI(Xo;Xk):Ml(PO,k)ngOgI:I-|-(1 )2 na')]

2(1 = (1 = na)*)
Therefore, as k — oo, we have that Ml(pg) = O(da(1 —na)®).
Proof: 1t follows from (84) that

2(1 = (1 = nay*

pro =N ((1 - na)*Xo, «@ =)

1) . (85)

which, together with the fact that Xy ~ py = A (0, I), implies
that X; ~ pr where

N2k 2
kaN(0,2+(1 na)*Qa — na 2)1).

a2 - na) (86)

Using (72) and the formula for entropy of a Gaussian on (86)
and (85), we therefore get that:

(712)

Ml(oox) = H(Pk)—LE[H(Pk\O)]

N2k 2
=£110g|:2—|—(1 na)*a — na 2):|

> 21— (1 — ™)
_d (1- 170[)2"(20z - r]az)
- Elog[l s ] ’

which, together with the fact that log(l + x) > x/2 for x €
[0, 1], proves the desired claim. O

This shows the tightness of Theorems 3 and 4.

C. Convergence Rates in Discrete Time Along the Proximal
Sampler

Let the target distribution be V=N (0, é]) for @ > 0 and
pg = N(mo,c(z)l) for my € R? and ¢y > 0. In this case, the
conditional distribution vV (11) is given by

Iy, . _ Y n
AUy N(1+an,—1+an1).

Explicit computation for the Proximal Sampler for the Gaus-
sian case [26, Section 4.4] reveals that we have pf =
N (my, c31) for k > 0 where

my , 1 , 1
——andci ——=——F -]
1+an a (1+an)? a

Mp41 =

Hence for all £k > 0

mo , 1 1 , 1
=— " adct--—=— -—1. (&7
TS Ut ar YT 0 T Ut an® (C" «) @7

We use this explicit Gaussian solution to compute MI(Xy; X;)
along the Proximal Sampler.

Proposition 4: Let X; ~ pf be iterates along the Proximal
Sampler (10) with v® = A" (0, 11) for & > 0 and p§ = N(0,1).
Then

d a
MI(Xp; Xi) = = 1 1+ —.
(Oa k) ) Og|: +(1+a'77)2k_1:|

Therefore, as k — oo, we have that Ml(pox) = O(da(l +
na)~).

Proof: Recall from (72) that Ml(pox) = H(ox) -
Epo[H(oro)]. It follows from (87) that pr = N(my,cil)
with

1 1 1
2
= ——=—— _[1-2).
my =0 and i (1+an)2k( a/)
(33)

It remains to evaluate py in order to compute Ey.,,[H(oko=x)]-
Consider a fixed x € R? and suppose we wish to
compute pio=y. Then we can view this distribution as
the solution along the Proximal Sampler when started
from N(x,c’) as ¢> — 0. Using (87) again, we

obtain
X 1 1
=N((1 +anf « (1 T +an>2’<) 1) ‘

Using (72) and the formula for entropy of a Gaussian on (88)
and (89), we therefore get that

Prio=x (89)

MI(Xo; Xi) @ H(px) —;E[H(P/do)]

s d [0+ an)®* +a -1
T2 (14 anp* -1

o
(I+ap*-1]

This proves the desired claim. O

d
=§log|:l+

This shows the tightness of Theorem 5.

APPENDIX P
GOING BEYOND STRONG-LOG CONCAVITY

In this section we prove Lemma 5, which bounds the
contraction of mutual information along Langevin dynamics
under a log-Sobolev inequality assumption.

Proof of Lemma 5: Beginning from Definition 2, we have
the following

Mi(po,) = XE) [KL(os0=x Il o]

b B [KLipio-r 1V)] = KL(oy 1)
< E [KLiop=c 0]

<2009 g [KL(ps|0:x I V)]
X~po
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= ¢ 2VE [KL(pyo= Il v) = KL(os [|v) + KL(ps [| v)]
X~Po

QD ~2a(-9) [Ml(po,s) + KL(p, 1 )],

where the first inequality follows from the non-negativity of
KL divergence and the second inequality is from Lemma 9
with ®(x) = xlog x. O
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